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Abstract
A special class of parallel manipulators, known as spherical parallel manip-

ulators (SPMs), can offer a  t hree d egrees-of-freedom ( 3-DOF) p ure rotational 

motion. Among the various 3-DOF SPMs that have been developed, the most 

commonly used one is the 3-RRR type SPM. Many applications, such as ma-

chining, target tracking, and object stabilization require full-circle or infinite roll 

rotation from an SPM. Hence, this thesis aims to design a coaxial SPM with an 

infinite roll rotation f eature, which could be used in such applications.

The thesis starts with a kinematic analysis of the proposed coaxial SPM 

model, providing methods and algorithms for obtaining unique solutions to the 

forward and inverse kinematic problems. Then, it is followed by a numerical es-

timation of its Cartesian workspace and configuration space ensuring no singular 

configurations o r c onfigurations wi th li nk co llisions. To  pe rform li nk collision 

checks, a simulation model of the coaxial SPM was created in the CoppeliSim 

robot simulator for the first t ime. It was found that for the given SPM geometry 

its maximum tilt is equal to 39∘.

Then, a convex approximation of the obtained configuration s pace w as ob-

tained. Subsequently, it was used in a constrained control for external target 

tracking with joystick, and object stabilization based on the IMU orientation 

sensor measurements.

Results presented in this work are supplemented with examples, and the fi-

nal prototype of the functional motion control system based on a coaxial SPM 

structure is presented.
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Abbreviations

• RRR - a chain of three consecutive revolute joints

• C-space - configuration space

• DOF - degree of freedom

• H - helical joint

• IMU - inertial measurement unit

• P - prismatic joint

• PM - parallel manipulator

• QP - quadratic program

• R - revolute joint

• S - spherical joint

• SM - serial manipulator

• SPM - spherical parallel manipulator

• U - universal joint
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Chapter 1

Introduction

1.1 Background

A parallel manipulator (PM) [1] is a mechanism with several independent legs 

connecting its end-effector to the fixed b ase. An alternative to such a  mechanism 

is a serial manipulator (SM) with only one leg linking the end-effector a nd the 

base, as shown in Fig. 1-1. In PMs, the desired position and/or orientation of the 

end-effector, also referred to as a mobile platform, is achieved by the simultaneous 

and coordinated movement of all its actuators, whereas in SMs, the motion of

their actuators can be sequential and non-simultaneous in some cases. They can

be controlled sequentially to reach a specific configuration of the end-effector. In

general, SMs have broader use in industrial settings and are more widely spread

on the robotic manipulators market than PMs, due to the more simplistic nature

of their architecture and control. On the contrary, due to their parallel kinematic

Figure 1-1: Serial and parallel manipulators

1



structure, PMs can still possess several advantages over traditional SMs. These

advantages can be exploited to improve the performance of specific tasks and

applications.

Most PMs have a better load-to-weight ratio compared to SMs since the weight

of an object mounted on the mobile platform is distributed across several parallel

legs. This makes use of more powerful and thus heavier actuators at the base

and the first joints, which are important to withstand the weight of the handled

object and the manipulator itself, less necessary. Consequently, it can lead to a

cheaper manipulator design. Due to a more advantageous load-carrying capac-

ity, PMs are finding their application in robotic exoskeleton designs [2, 3], and

heavy-object handling systems [4–6]. Additionally, parallel kinematic architec-

ture also results in mechanically more rigid and stiffer manipulators since the

end-effector’s position and force are induced simultaneously by several legs. This

leads to fewer vibrations during the manipulator’s motion, which helps PMs to

be used in machining-related applications [7–14]. Furthermore, the possibility of

having more light-weight structures in PMs can decrease the inertia of a manipu-

lator, thus allowing PMs to be suitable for dynamic applications in manufacturing

where high speed of operation is of importance, such as in pick-and-place tasks

[15–17] or object stabilization [18–20]. Another advantage of PMs is their high

accuracy in positioning and orienting objects. Compared to SMs, where actu-

ators’ positioning errors add up, in PMs, such errors are not accumulated but

rather reduced/averaged due to balancing forces exerted by other parallel legs.

Such precision is usually required in medical applications, where PMs can be

used as mechanisms for medical tool handling [21–25], or as haptic medical de-

vices [26–30]. Most of the application examples mentioned above benefit from

several advantages of PMs.

Despite the advantages listed above, PMs have several drawbacks as well,

such as their comparatively small workspace and complicated kinematic analysis

as a consequence of their complex architecture. PMs require a lot of studies and

experiments to be conducted before they find any real application in the industry

sector.

In general, PMs can be classified into three main categories depending on the

2



motion characteristics of their mobile platforms: planar, spatial, and spherical.

It is a common practice to use a robot that matches the required workspace and

mobility specifications as it affects its cost. The mobile platform of a planar

PM [32–36] has two translational degrees-of-freedom (DOFs) and moves in one

plane, mainly x -axis and y-axis, and it also can have a rotational DOF to orient

an object around z -axis. A typical example of a planar PM is a 3-RRR (R

denotes a revolute joint) manipulator shown in Fig. 1-2a. Spatial PMs can have

up to six DOFs, i.e., three translational DOFs, and three rotational ones. A

famous example of a spatial manipulator is the Stewart-Gough platform [4–6,37]

(also known as the Gough-Stewart or simply the Stewart platform) shown on

Fig. 1-2b. Another well-known example of a spatial PM is the Delta robot

[15, 38, 39], which has only three translational DOFs, and can not change the

orientation of its end-effector, though such modifications are introduced when

(a) Planar PM [31]

(b) Spatial PM: Stewart
Platform (courtesy of Physik
Instrumente (PI))

(c) Spatial PM: Delta
Robot (courtesy of B&R Indus-
trial Automation GmbH)

(d) Spherical PM: Agile Eye
(source https://robot.gmc.ulaval.ca/)

Figure 1-2: Examples of parallel manipulators
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needed. The Delta robot is illustrated in Fig. 1-2c. The Stewart-Gough platform

and the Delta robot are successful examples of PMs that were studied in detail and

found their commercial application in tasks as flight simulators and pick-and-place

assembly, respectively. The last group of PMs is spherical parallel manipulators

(SPMs) that can offer three rotational DOFs and orient an object around a fixed

point. They can be treated as an alternative to the standard robot orientation

wrists with serial kinematic architecture [40] and can be used as spherical motion

generators [41], i.e., as active ball joints. Robot wrists are an important part

of a manipulator design and development contributing to its dexterity [42]. The

need for manipulators providing spherical motion is important for orientation

mechanisms [18], machining [43], medical and rehabilitation devices [27,30,44–48],

prosthetics [49], exoskeletons [3] and humanoids [50,51].

1.2 Review of Spherical Parallel Manipulators

1.2.1 3-RRR Spherical Parallel Manipulators

A robot wrist is usually the last structural part in the kinematic chain of most

industrial robotic manipulators, which contributes to an overall improvement

of their dexterity. In particular, its movement is confined by rotational DOFs,

hence it is intended for orienting the end-effector without changing its position.

Conventional serial wrists are commonly designed as the roll-pitch-roll (spherical)

or the pitch-yaw-roll (non-spherical) configurations. Contrary to this, parallel

wrists [42, 52–57] are often based on the model of SPMs capable of generating a

spherical motion [41] and having two or three rotational DOFs with intersecting

axes. A detailed review and comparison study of serial and parallel state-of-the-

art wrists is conducted in the survey paper by Bajaj et al. in [40].

One of the earliest research works that considered a parallel wrist is [58] by

Asada and Granito. In this work, serial and parallel wrists were analyzed and

compared based on their kinematic and static characteristics, demonstrating an

optimization method for wrist performance improvement and finding an optimal

mechanical design. Later, several works [59–62] related to the development of

a three DOF (3-DOF) parallel shoulder module employing dyads with R joints

4



revolute	(R)	joints
links

Figure 1-3: General 3-RRR SPM

were published. These modules can also be used as wrists since they generate

pure spherical motion. The shoulder module design presented in these works is

of the 3-RRR kinematic type, meaning that it has only three R joints at its three

parallel legs.

This kinematic design was later extensively studied by Gosselin et al. For in-

stance, following their earlier research work on a planar 3-RRR PM [63], Gosselin

and Angeles used a similar analysis approach as a foundation for the kinematic

analysis and optimum design of the 3-RRR type SPMs as shown on Fig. 1-3

(hereafter will be referred to as general SPM) in [64]. This article introduced the

standards of notation and terminology for the field of research related to SPMs.

The equations for solving the inverse kinematic problem were derived, with the

forward kinematic problem not being addressed. As a matter of fact, solving the

inverse kinematics of PMs is generally an easier problem compared to solving for-

ward kinematics. Additionally, symmetry-related issues together with conditions

leading to singular configurations were also discussed in the referenced work. It

was reported that given a symmetrical general SPM, the actuators should be

equally spaced, and links of each chain should all have the same dimensions and

ideally be equal to 90∘ for maximization of the workspace and isotropy of the

manipulator. A special case of the general SPM with the axes of the end-effector

joints and the axes of the base joints being independently coplanar and sym-

metrically arranged was later analyzed, and a polynomial solution to its forward

kinematic problem was presented in [65]. This particular geometry allowed to

5



introduce some simplifications to the forward kinematics analysis. A minimal

polynomial of degree 8 was derived meaning that a manipulator of this type ad-

mits a maximum of 8 real solutions, which were also found and illustrated in

that reference for some of the manipulator’s configurations. Another special case

of the general SPM with a collinear positioning of its input joints (and coplanar

end-effector joints) similar to the one in [58] was also examined following the same

approach, and it was found that this manipulator has at most 8 real solutions to

its forward kinematic problem as well. Finally, a methodology for solving forward

kinematics of a 3-RRR SPM of any architecture was completed in [66]. Likewise,

as in [65], a polynomial of degree 8 was obtained and proven to be minimal by

demonstrating examples with 8 real solutions. Following different approaches,

8th-order polynomials for solving forward kinematics of general SPM were also

derived in [67] by Innocenti and Parenti-Castelli, and in [68] by Huang and Yao.

Afterward, multiple works on singularity, workspace analysis, and optimal

design of general SPMs were published. SPM design optimization based on the

unified method involving conditioning and stiffness indices was carried out in [69].

A global dexterous performance index was formulated and used in the design

optimization of general SPM in [70]. Analysis of 3-RRR SPMs singularity based

on Tilt-and-Torsion angles was considered in [71]. It was extended to obtain an

analytical determination of the workspace in [72]. More recent works on general

SPMs include analysis of the effect of a manipulator’s self-rotation angle on the

dexterity and singularity in [73], workspace characterization based on graphical

methods in [74], and dynamic analysis in [75].

Previously mentioned special cases of the general SPM (coplanar and collinear)

were further studied in [77] to achieve the optimal kinematic designs. Subse-

quently, a family of isotropic architectures was obtained by a proper adjustment

of particular geometric parameters. The conducted kinematic optimizations and

identified isotropic designs from this paper resulted in the development of the Ag-

ile Eye manipulator [18–20] (Fig. 1-4a), a 3-RRR SPM with orthogonal axes of

adjacent joints causing an isotropic configuration with high-performance dynam-

ics. An application of this manipulator as a camera-orienting device was demon-

strated with the real prototype. It was reported that it can orient a mounted

6



(a) Agile Eye [18] (b) Agile Wrist [76]

Figure 1-4: SPMs with special design structure

camera within a cone of 140∘ opening with ±30∘ in torsion. Forward kinematics

of the Agile Eye was addressed in [78]. The authors derived a closed-form solution

specific to this manipulator, which is useful for real-time control. Analysis of the

Agile Eye was complemented in [79] by examining its three types of singularity

in the joint and Cartesian spaces with the explanation and illustration of their

physical interpretation. Furthermore, the Agile Eye’s singularity analysis was

extended in [71], and its working and assembly modes were explored in [72] by

Bonev et al. It was also validated that at most 8 solutions exist to the forward

kinematic problem; the same applies to the inverse kinematic problem. Finally,

in [80,81], Kong and Gosselin developed an alternative formulation for the Agile

Eye’s kinematics and proposed a formula for obtaining a unique solution to the

forward kinematic problem corresponding to its current working and assembly

modes. Having a unique solution is very important for the manipulator’s control

purposes. Several research works utilized the Agile Eye and tailored its design

for application as a biomedical device [44, 46, 82]. A more generalized view of

the optimal design with respect to kinetostatic performance characteristics was

provided in [83].

A mechanically modified version of the aforementioned manipulator with en-

hanced load-carrying capacity, named as the Agile Wrist and shown on Fig. 1-4b,

was proposed by Angeles et al. in [76]. The methods for the kinematic analysis of

the general SPM hold true for this manipulator as well. A follow-up work, [84],

focused on the structural optimization of the proposed SPM. Dynamics of the
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Agile Wrist was studied in [85–87], with its motion control techniques suggested

in [88]. Later, Shintemirov et al. worked on an approach for finding a unique

solution to both forward and inverse kinematic problems of this SPM in [89] with

the application of this methodology to numerical optimal control and constrained

orientation control in [90] and [91], respectively.

Somewhat similar to the Agile Eye and the Agile Wrist is the SHaDe (an

acronym standing for Spherical Haptic Device) mechanism (Fig. 1-5a) from [92],

but with different dimensions for the angles of the axes of the base and the end-

effector. A real-time force control scheme with haptic feedback was developed for

the teleoperation of the Agile Eye using the SHaDe as the master device. One

more master haptic device based on the 3-RRR SPM (Fig. 1-5b) was developed

in [28–30] by Saafi et al. However, in their case, an extra actuator was integrated

into one of the mobile platform joints making it redundantly actuated. This

modification was introduced to eliminate some of the manipulator’s singularities.

Another modification of the Agile Wrist can be observed in [93]. It was proposed

to use cylindrical (denoted as C) joints to replace unactuated R joints as a means

to overcome an overconstrained nature of general 3-RRR SPMs. The drawback

of overconstrained manipulators is that they require very high-precision manufac-

turing technologies and assembly processes in order to properly function which is

not always an option due to the increased production costs or lack of machining

facilities. It is noted that the resulting mechanism (3-RCCC) is not a spherical

one anymore, but rather spatial, capable of producing almost spherical displace-

ments. Following the same motivation, the authors in [94] aimed to design a

non-overconstrained variant of the Agile Eye.

1.2.2 Non-3-RRR Spherical Parallel Manipulators

In general, among the large number of structural types of 3-DOF SPMs that were

synthesized and systematized in [95,96] by Karouia and Hervé, in [97,98] by Kong

and Gosselin, and by others in [56, 99–102], the 3-RRR type SPMs are the most

detailly investigated ones as it can be seen from the examples presented so far.

However, there are other SPMs with different architectures being designed as well.

For example, Vischer and Clavel presented their parallel wrist, named Argos, in
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(a) SHaDe [92] (b) [30]

Figure 1-5: Haptic devices based on SPMs

[103,104]. It is a 3-DOF SPM with a 3-R(2R/2S)S (S stands for spherical joint)

architecture able to achieve ±60∘ in roll angle. The referenced works described

its forward and inverse kinematics as well as demonstrated a real prototype and

its calibration. Its singularity analysis was done in [79]. It should be noted that

in the notation used for PM architecture (e.g., 3-RRR, 3-R(2R/2S)S, etc.), the

first digit represents a number of parallel kinematic chains of the type specified

afterward, where an order of letters correspond to their sequence in the chain

starting from the base towards the end-effector.

SPMs with Cylindrical, Universal, and Spherical Joints

Similarly to the proposed replacement of the R joints with the C ones for the

Agile Wrist in [93], [105] introduced SPMs of type 3-RCC, 3-CCR, and 3-CRC.

The C joints can be viewed as a combination of the R and P (prismatic) joints,

i.e., as RP or PR pair sequences. Only after satisfying some necessary geometrical

conditions listed in the article these mechanisms can be considered as true SPMs.

Otherwise, orientational motion can not be attained, and the manipulators would

rather be considered spatial ones. The 3-RCC SPM was also considered in [106].

Instead of using the C joints as a substitution for the R joints for achieving

non-overconstrained designs, another common practice is to use universal (U) and

spherical (S) joints or a combination of them. Generally, RRRRR type chains

provide 5-DOFs and if used as the limbs of an SPM can make them not over-

constrained. A more practical case is to use the U joint instead of a pair of R ones
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(RR). For example, a 3-RUU type SPM was synthesized in [107] by Di Gregorio.

A similar type SPM with no idle pairs was designed in [108] by Karouia and

Hervé. 3-RUU SPM was also considered in [106]. Later, a 3-URC type SPM was

presented in [109] by Di Gregorio. An inverted architecture, 3-CRU, was outlined

in [100] and used in [110, 111] to design a manipulator prototype. 3-URU type

was used in a pure rotational mode in [112].

In a similar way as for the U joint, three consecutive R joints, i.e., RRR,

can be substituted by the S joint. Karouia and Hervé worked on a 3-RRS type

SPM in [113], where they also discussed its variations with a different assembly

order, namely 3-RSR type, and 3-SRR inverted type. The 3-RRS type SPM was

independently synthesized at about the same time in [97] by Kong and Gosselin,

and in [114] by Di Gregorio. One of the interesting features of this type of

SPM is that it possesses no translation singularities. 3-RRS architecture was also

considered in [106]. The 3-RSR type SPMs were treated in [115].

In all of these SPM architectures, the R joints are the ones being actuated,

and the actuators are aimed to be located as close to the base as possible if not

on the base itself. As was mentioned before, such location decreases the weight of

the links, hence decreasing inertia and facilitating faster speeds of manipulators.

Some manipulators consider links with more than 3 joints in a chain such as in

[116].

SPMs with Prismatic Joints

Another popular option is to use prismatic actuators that result in the P joints in

the kinematic structure of the SPM. In [77], the 3-UPS type SPM was presented

and its kinematics was analyzed. Its forward kinematics was formulated and

numerically solved in [117] for real-time control applications. A workspace

optimization for the 3-UPS structure-based parallel orientational platform was

conducted in [118]. In [119], a 3-UPU architecture for a 3-DOF tripod with

spherical rotations was synthesized by Karouia and Hervé. A detailed study

of the kinematics of such architecture was followed up by Di Gregorio in [120],

and in [121] with respect to its singularities. Workspace optimization was done

in [118]. Reference [122] extended these analyses. An alternative method of
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kinematic analysis was considered in [123]. Application of such parallel wrist as

sun tracking systems and its path planning was discussed in [124]. Singularity-free

path planning for 3-UPS and 3-UPU wrists was also considered in [125].

As a modification of a 3-UPU and following the work [119], Callegari et al.

presented an SPM in [126] with a combination of the P and C joints where one

of the U joints is substituted by the C joint, i.e., 3-CPU. This topology was later

exploited in [127] to design a parallel wrist. Its position control was considered in

[128]. The 3-CPU wrist can be reconfigured and this aspect was studied in [129].

While reconfiguration this mechanism falls into a translational mode of operation

and thus can be considered as a spatial mechanism, not a pure orientational one.

To stay in one mode of operation, lockable S joints were investigated in [130,131].

SPM with the R joints as the terminal point of the limbs with the P joints 3-RPR

was studied in [132] and [133]. An architecture where a passive P joint is located

at the edge of the limb’s kinematic chain 3-RRP was investigated in [134–138].

The authors called this mechanism a Spherical Star Triangle (SST) manipulator.

Another SPM with a passive R joint and inverted case of the previous topology,

i.e., 3-PRR, was designed in [139, 140]. A reconfigurable SPM with more than 3

joints, 3-RPRP, was presented in [141].

SPMs with Extra Limbs

Most of the manipulators even though being non-overconstrained as one of their

advantages, still require meeting specific assembly conditions to avoid transla-

tional motion, of which some of them are capable. To overcome this drawback

and impose rotational motion about a center of rotation, and to increase stiffness

and load-carrying capacity it is a general practice to add extra limbs to parallel

manipulators. For example, one of the first works that considered kinematics

of 3-SPS-S type SPM, in particular its forward kinematics, was [67]. A special

structure of such SPM with identical pyramids and its forward kinematics was

analyzed in [142]. Its structural optimization was done in [143]. An approach for

finding a unique current solution to the forward kinematic problem was derived

in [81]. Another method for its kinematic analysis was presented in [123]. More

insights into its singularities were given in [144]. A mechanism with the same
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actuated limbs, but with a different passive limb was reported in [145]. It has a

passive limb with three chains with the P joints connected to a single point on

the end-effector with the S joint. The authors named this manipulator as Stewart

Spherical Platform. The 3-UPS type SPM previously mentioned, has a modified

version where a passive limb with the S joint is added in the center of the ma-

nipulator to comprise a new 3-UPS-S type SPM. Again, similar to the 3-SPS-S

type SPM, its kinematics was studied in [67]. Its singularity loci were analyzed

in [71, 146, 147], and their effects on the overall workspace were considered in

[148]. Forward kinematic problem and working modes were studied in [149,150].

Structural optimization was conducted in [151]. Its application for laparoscopic

surgeries was investigated in [152]. Other works with passive spherical limbs in-

clude [153] with 3-SPU-S type SPM, [154] with 3-PSU-S type SPM, [155] with

3-PUS-S type SPM, [156, 157] with 3-PSS-S type SPM, and [158] with 3-RSS-S

type SPM. In [159–164], several underactuated 3-DOF SPMs were derived from

modifications of 3-SPU-S architecture. SPMs with more than three joints per

each actuated limb were considered as well in [165] for 3-RRRS-S topology, and

in [166–168] for 3-RPSP-S topology. An SPM with a passive limb and a helical

(H) joint and double mobile platforms was developed in [169–176] for simula-

tion of hip joint motion. SPMs with active middle limbs also exist, for example,

3-RRR-RUR in [177,178].

Asymmetrical SPMs

The non-3-RRR SPMs discussed so far are symmetrical. Symmetrical PMs can be

considered more general since they are not designed with a specific application in

mind. Oppositely, asymmetrical PMs are tailored for specific applications known

a priori. For example, a 3-DOF parallel mechanism for the design of the mechan-

ical spine was built in [179]. A spherical parallel wrist with the application to the

vertebrae of an eel robot was designed in [180]. Mechanisms for ankle rehabilita-

tion were designed using the 3-RUS/RRR and 3-UPS/RRR architectures in [181]

and [182], respectively. A particular design feature of this mechanism is that it

has an active RRR limb that constrains the motion of its mobile platform, how-

ever, it is not located in the middle as in the case of previously discussed SPMs,
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but outside, making it asymmetrical, preferring one dimension over the other, to

better suit its application as an ankle rehabilitation device. The RSC-RRU-RRS

and 2RSC-RRR SPMs were considered in [106]. The work on the systematic syn-

thesis of asymmetrical SPMs was done by Karouia and Herve in [183]. Others are

with more "exotic" architectures such as the one in [184] which uses parallelogram

linkage as one of its limbs.

1.2.3 2-DOF Spherical Parallel Manipulators

In addition to 3-DOF SPMs, SPMs with 2-DOF are also available. For example,

an RR-RRR-RRR (1-RR-2-RRR) SPM proposed by Kong in [185], which can be

obtained as a modification of the Agile Eye by eliminating one of the actuated

joints and changing the working mode of one of the limbs. Later, its motion

characteristics were compared with that of the 2-DOF serial gimbal structures

and the 2-DOF equal-diameter spherical pure rolling (ESPR) rotational parallel

manipulator (RPM) in [186–188]. ESPR RPM is a special RPM with a non-

fixed center of rotation whose axes intersect instantaneously, and the centers of

rotation lie on a sphere under any configuration as defined in [189]. Hence, ESPR

RPMs are not considered as a subclass of SPMs, even though they also have pure

rotational DOFs. One of the well-known examples of ESPR RPMs is a patented

Omni-Wrist III actuated by two linear actuators and developed by Rosheim et al.

[190–193]. It is a 2-DOF manipulator of 4-RRRR type with 180∘ singularity-free

semi-spherical movement. Variations of this manipulator exist, namely Omni-

Wrist V (3-RSR-SS) and Omni-Wrist VI (4-RSR-SS). Kinematic analysis and

study of mobility and singularity of the Omni-Wrist III, its variations, and two

other mechanisms derived on its basis (T-type and ∆-type) were performed in

[194, 195]. Other notable ESPR RPMs include [196]. Type synthesis of 2-DOF

ESPR RPMs was presented in [197]. Type synthesis of 2-DOF RPMs with a fixed

center of rotation was implemented in [198].

2-DOF SPM similar to the Agile Wrist, but with coincident end-effector joints,

was presented and analyzed in [199–201]. In general, most of 2-DOF SPMs are

designed on the basis of a patented five-bar structure of 5R type [202], and having

2 limbs such as the one in [203,204], which looks like the previously mentioned one
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but with one of the legs removed. Forward kinematics of such mechanisms was

studied in [205, 206]. Workspace and optimal design of this structure were pre-

sented in [207] and [208], respectively. Other works on the 2-DOF 5R SPMs with

a modification of one of the links to a platform include [209–212]. A structurally

enhanced version of this modification is available at [213–216]. SPM where one

of the links is replaced with a slotted arc is presented in [217]. In [218], a mod-

ification with a reverse motion transmission was developed. 2-DOF SPM based

on a six-bar linkage was proposed in [219]. A wrist that is based on spherical

eight-bar linkage was analyzed in [220]. Fully decoupled 2-DOF parallel wrist was

introduced in [221]. Several 2-DOF SPMs with passive limbs were also suggested

in [222–224] with 2-RRR-U, 2-PUS-U, and 2-PUS-U, respectively. [225] deals

with the synthesis of 2-DOF SPMs with legs of the US type. Overconstrained

2-DOF parallel wrists are presented in [53]. Non-overconstrained SPMs with 2

legs are given in [226]. Several 2-DOF SPMs driven by cables are available as

well [227–229].

1.2.4 Spherical Parallel Manipulators with Infinite Rolling

Some applications require an extended, complete full-circle, or infinite rolling of

SPM’s mobile platform around its normal vector, that is in addition to its limited

pitch and yaw rotations. Examples of these applications may include machining

tasks such as drilling [13] and milling, or it can be required for orientation pur-

poses such as for the case of active ball joint [230]. The Agile Eye 3-RRR SPM

previously mentioned [18] (Fig. 1-4a) is capable of only ±30∘ of the end-effector’s

twist. A special case of the general SPM with a collinear (coaxial) arrangement

of its input axes (hereafter - coaxial SPM) does not have this limitation, making

it a potential candidate for such applications.

Coaxial SPM’s kinematic structure shown in Fig. 1-6 was proposed as parallel

orientation wrist in [58]. One of the advantages of this SPM is that it has no

singularities inside its spherical workspace, only on the boundaries, compared

to the serial counterparts. This SPM architecture was further studied in [65] by

Gosselin et al., where it was shown that coaxial SPMs’ forward kinematic analysis

also leads to a polynomial of degree 8 similar to the general SPM. This study
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Figure 1-6: Coaxial SPM

was extended by Bai et al. in [231] where they proposed a method for workspace

analysis and formulated the global singularity surface for coaxial SPM. Refer-

ences [232, 233] proposed a new approach for solving forward kinematics based

on I/O equations of spherical four-bar linkages. A numerical example with eight

solutions to the forward kinematic problem (assembly modes) with their visual

representation was also presented. In [234], Bai et al. focused on workspace

modeling with Euler parameters. Based on this, the authors explored SPM’s

dexterity and singularity. The optimum design for a prescribed workspace was

considered in [235] for a 3-RRS coaxial SPM. Kinematic analysis based on screw

theory was done in [236,237]. In [234,235], a model of coaxial SPM with circular

guide was proposed (Fig. 1-7). Research on this SPM was continued by Wu et al.

In [238], he was dealing with the kinematic synthesis of this manipulator based

on the evaluation of the multi-objective performance criteria. This work aimed

to find structural and geometric parameters to maximize dynamic and kinematic

dexterities. Reference [239] extended design optimization of this SPM and worked

on minimization of the mechanism mass. Modeling and optimization with respect

to stiffness parameters were implemented in [240]. Effects of limb flexibility and

the resulting center shift of the mobile platform were investigated in [241]. A

reconfigurable version of the coaxial SPM with a circular guide and actuated

with four-bar linkages was proposed in [242, 243]. In [244–246], electromagnetic

actuation of this SPM with its control was developed.

Apart from the aforementioned version of SPM, a circular guide was consid-

ered for providing decoupled motion of the mobile platform around the z -axis of
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the manipulator in [247]. An exoskeleton wrist based on coaxial SPM with a cir-

cular guide was developed in [248,249]. A reconfigurable version was designed in

[250–252]. In [253], a 3-RUS-S modification is introduced. The authors decided

to label a circular prismatic guide as the P joint and identified their mechanism

as the 3-PUS-S architecture, however, staying in line with similar works using the

same circular guide it is labeled as 3-RUS-S here. A review of PMs with circular

guides is presented in [254]. One of the drawbacks of the SPM with a circular

guide is its sliding actuators, which lead to increased inertia and can result in a

decreased speed of operation.

Coaxial SPMs with fixed actuators are mainly based on the architecture

proposed by [58]. For example, it was used in the design of marine propul-

sors [255, 256], for rehabilitation device [257], and in robotic link mechanism in

[258–260]. In the latter works, the authors added an extension joint for adding an

extra rotational DOF for remote actuation of the next joint in the arm they de-

sign. A model of a mechanism with the R joints and only two attachments to the

end-effector capable of unlimited rotation around any axis inside the workspace

was analyzed in [261]. In [262], the 3-RSS-S architecture was utilized. The main

difference, apart from the addition of the S joints, is that it uses belts for the

actuation of the system; it also has a fixed limb in the middle of the structure. A

driveable limb was used in [263] to provide an unlimited rolling capability to the

designed SPM. The limb direction was controlled by two orthogonal semi-circular

tracks, similar to the one used in [264] for the design of a positioning system for

brain biopsy. Several SPMs with unlimited rolling and based on asymmetrical

architecture were proposed, among others. Architectures proposed include 2-

RRR-RUR-RRU or 2-RRR-RUR-RPU [265], 2-PUU-RUR-RPS [13,43,266,267],

2-UPU-RUR-RPS [43, 266–268], 2-RRR-RUR-RPS [43, 266, 269–271], PSS-PRU-

RUR [267]. In general, all of these SPMs have a mobile platform composed of

outer and inner rings connected to each other through the rolling bearing. The

inner ring’s decoupled rotation is provided by the RUR link. The outer ring

is controlled by two active links and constrained by one passive link (except

the PSS-PRU-RUR case where there is no passive link). One more example of

the asymmetrical SPM is [272], where it was synthesized and optimized to have
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−55∘ − +15∘ of rolling as having more is not required by the application as a

prosthetic wrist. Analysis of such mechanisms is more complex than that of sym-

metrical SPMs, which demands further efforts for their physical realization. A

hybrid (serial-parallel) architecture where a third rotational DOF responsible for

unlimited rolling is added to the base or the end-effector in a serial chain is also

available [273].

Figure 1-7: SPM by Bai et al. [240]

1.3 Motion Planning and Control of Spherical

Parallel Manipulators

PMs require coordinated and simultaneous actuation of their input joints to

achieve specific motions and follow desired trajectories. During these actions,

it is also crucial to avoid any singular configurations and link collisions. Thus,

studying the workspace and joint space in advance is essential to identify unfea-

sible regions and detect unwanted inputs. However, this analysis is complicated

by the fact that most PMs have multiple solutions to their inverse and forward

kinematic problems, and coaxial 3-RRR SPMs are not an exception.

The Cartesian workspace of an SPM, excluding singular configurations, can

be obtained both analytically and numerically. However, configurations leading

to link collisions depend on the specific manipulator design, such as the shape
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of its links. Numerical analysis of the discretized version of the workspace can

be used to identify these configurations, and it is desired to have a unique solu-

tion corresponding to a particular working mode of an SPM. To generate optimal

trajectories and smooth motions of a manipulator, it is necessary to study its

joint space. This is done using solutions of the forward kinematic analysis. As it

was previously mentioned, forward kinematic analysis of the coaxial SPM results

in a polynomial that has a maximum of eight real solutions [66, 67]. Usually,

such high-order polynomial solutions can not be expressed in closed form and are

very complex. One of the options is to use a numerical approach to solve such

expressions. Numerical methods can also be used to compute unique solutions

to the forward kinematic problem as proposed in [89,90] for a general SPM case.

Later, a constrained orientation control for Agile Wrist was developed based on

the convex approximation of the feasible configuration space that utilized such

unique solutions while its pre-computation stage [91]. This approach allowed

to implement a real-time inertial stabilization of the SPM, in which optimal

trajectories are generated, and singular configurations and configurations leading

to link collisions are avoided.

Accurate application of PM-based devices requires designing a feedback ori-

entation control system that utilizes kinematic and/or dynamical models of ma-

nipulators [274,275]. Various sensors, such as IMUs, can provide feedback on the

orientation of an SPM’s mobile platform [149].

Despite the progress made in SPM research, several open issues still exist.

For instance, developing efficient control algorithms that can handle the complex

kinematics and dynamics of these manipulators remains a challenge. Moreover,

integrating sensing and actuation systems to improve the accuracy and reliability

of SPMs is another area that requires further research. Therefore, future research

should focus on addressing these open issues and expanding the applications of

SPMs in various fields.
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1.4 Hypothesis, Objectives, and Scope of the

Work

After reviewing the literature on SPMs, it becomes evident that much of the

research focuses on the design optimization, kinematic and dynamic analyses of

the SPM models discussed earlier. However, only a few of these models, such

as those developed in [58, 256], are capable of the extended or infinite rotational

motion within their feasible workspace, which has applications in fields such as

machining, medical robotics, stabilization, and orientational platforms. There-

fore, there is a need to investigate the infinite rotational capability of a coaxial

SPM and develop motion control platforms exploiting this capability. In this

thesis, it is hypothesized that motion control platforms can be developed based

on the coaxial SPM with capabilities to infinitely rotate its mobile platform and

achieve target tracking and object stabilization.

Following this, the objective of this thesis is to study the kinematics of the

developed coaxial SPM, the effects of the infinite rotational motion by obtaining

the Cartesian workspace and configuration space of the manipulator, and apply

obtained result for the target tracking and object stabilization on a manufactured

prototype by demonstrations through experimental examples.

The scope of work of this thesis arises from the objective to achieve target

tracking and object stabilization, thus making kinematic analysis and implement-

ing specific motion planning approaches as required to achieve these goals. For

motion planning, it is required to have computed workspace and configuration

space of the coaxial SPM. The obtained configurations space has to exclude sin-

gular configurations and link collisions. An example of the SPM’s motion has to

be provided.

1.5 Thesis Outline

The remainder of the thesis is structured as follows:

Chapter 2 provides a detailed kinematic analysis of the coaxial SPM under

study. It begins with a description of the general terminology and notation,
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followed by the presentation of computation approaches for obtaining unique

solutions to the forward and inverse kinematic problems of the SPM. The chap-

ter also includes a discussion of the infinite rotation motion of the coaxial SPM.

Chapter 3 describes the 3D-printed mechanical prototype developed for con-

ducting experimental tests. It also demonstrates the simulation model designed

in the CopelliaSim robotic simulator to verify link collision detection and control

strategies used later in the thesis.

Chapter 4 presents the numerical methodology used to generate the Carte-

sian workspace and configuration space for the coaxial SPM, including singularity

analysis and link collision detection approaches. Three case studies with the simu-

lation model and the real prototype are presented to demonstrate the application

of the developed configuration space in motion trajectory generation.

Chapter 5 demonstrates the orientation control developed for the coaxial SPM

prototype with external reference tracking and object stabilization capabilities.

Two cases are presented to demonstrate the application of the developed orien-

tation control.

Chapter 6 concludes the thesis by highlighting its main achievements and

contributions, as well as informing on the limitations of the conducted research

and providing recommendations for future studies and experiments.
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Chapter 2

Kinematic Analysis

2.1 Overview

The design process of any robotic mechanism should start with its kinematic 

modeling and analysis, which is followed by the detailed characterization of its 

Cartesian workspace and its joint space. The operation and control of robot ma-

nipulators are based on the results of their kinematic analysis. Due to the complex 

architecture of PMs, their kinematic analysis is usually a lot more complicated 

if compared to SMs. For example, forward and inverse kinematic problems of 

general 3-DOF 3-RRR SPM, and coaxial SPM in particular, result in at most 8 

solutions each [65]. As is the case for most PMs, inverse kinematics of 3-RRR 

SPMs is easier to solve and can be solved analytically as derived in [61, 64], 

though the problem of obtaining several solutions still exists. Unfortunately, 

forward kinematics of 3-RRR SPMs has no closed-form solutions and is usually 

solved using numerical methods, that are often computationally demanding.

An approach to solve SPM’s forward kinematics based on the derivation of the 

polynomial characteristic equation was described in [66]. It was demonstrated 

that this polynomial is of 8-th order and is minimal; solving it results in at 

most 8 real solutions to the SPM forward kinematic problem. In this approach, 

the orientation of the mobile platform is described by means of Euler angles. 

Another approach for describing the mobile platform’s orientation is based on 

using the input-output equations of spherical four-bar linkages as reported in 

[232]. Solving obtained trigonometric equations using a semi-graphical approach
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was outlined in [233]. Other methods based on solving polynomial expressions

of forward kinematics of 3-RRR SPMs include [68,276]. A method that involves

training neural networks was attempted in [277]. It is also a common practice, to

design special kinematic architectures that result in simplified forward kinematics

as in [65, 78]. In such designs, geometric parameters are selected in a way that

allows for simplifying trigonometric equations. For example, the special geometry

of Agile Eye as in [78] allows obtaining a closed-form solution for the forward

kinematics and succeeded by its application in the real-time control. Redundant

additional sensors such as external video cameras and rotary position sensors can

also be used to simplify the forward kinematic analysis and estimate the actual

orientation of the mobile platform [149, 278–284]. This allows for determining

a single solution corresponding to the manipulator’s assembly mode uniquely,

which is desirable for fast and correct control algorithms. However, it requires the

addition of extra sensors, which in some occasions is not desired as it can increase

the cost of the system. In this regard, a numerical approach for obtaining unique

solutions, corresponding to a working or assembly mode of an SPM’s prototype,

with no extra sensors use, was proposed in [89].

The kinematic analysis of the coaxial SPM studied in this thesis follows

a similar numerical approach as in [89]. Being a specific case of the general

SPM, coaxial SPM’s kinematics is based on the same fundamentals adapted from

[66, 77, 232, 233]. This Chapter briefly introduces these fundamentals (Section

2.2), as well as an approach for obtaining unique forward and inverse kinematic

solutions of the coaxial SPM (Sections 2.3 and 2.4, respectively). Methodology

and algorithms presented in these Sections were published in a conference paper

titled "Computation of Unique Kinematic Solutions of a Spherical Parallel

Manipulator with Coaxial Input Shafts" [285], and presented at the 2019 IEEE

15th International Conference on Automation Science and Engineering. This pa-

per was later extended with an approach and algorithm for generating infinite

rotational motion of the coaxial SPM (Section 2.5). This work was published in

a conference paper titled "Infinite Torsional Motion Generation of a Spherical

Parallel Manipulator with Coaxial Input Axes" [286], and presented at the 2020

IEEE/ASME International Conference on Advanced Intelligent Mechatronics.
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2.2 Kinematic Model

The kinematic structure of a general 3-RRR SPM shown in Fig. 2-1 is composed

of a mobile platform, whose geometry is defined by angle 𝛽, and a fixed base

platform, whose geometry is defined by angle 𝛾. These triangular pyramid-shaped

platforms (outlined in Fig. 2-1 with dotted lines) are connected to each other by

three equally-distributed legs, which are numbered as 𝑖 = 1, 2, 3 in the counter

clockwise direction. Each leg is a chain of two links, a proximal/lower link and a

distal/upper link, with all their joints being of a revolute (R) type. Dimensions of

these links are defined by angles 𝛼1 and 𝛼2, respectively. All joint axes intersect

at a common point, known as a center of rotation, around which the mobile

platform has its 3-DOF spherical motion.

The axes of the joints are defined by unit vectors u𝑖, w𝑖, and v𝑖, for 𝑖 = 1, 2, 3,

and correspond to input joints, intermediate joints, and mobile platform’s joint,

respectively. In the special case of the coaxial SPM, the base platform is

degenerated to a single line due to the coaxial placement of the input joints,

as demonstrated in Fig. 2-2. In this arrangement of the input joints, angle 𝛾 = 0∘.

It is due to this geometric feature an infinite rotational motion of the SPM’s

mobile platform is possible.

Orientation of the coaxial SPM, i.e., of its mobile platform, is described by

unit vectors v𝑖, 𝑖 = 1, 2, 3. To describe orientation, the fixed reference frame

(coordinate system) is used with an origin at the center of rotation. The z -axis is

Figure 2-1: General SPM model
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Figure 2-2: Coaxial SPM model

collinear with input joint axes and is directed upwards. At the home configuration,

the x -axis is located in the plane formed by the z -axis and the unit vector w1.

Moreover, the normal vector of the mobile platform coincides with the z -axis.

The y-axis is determined by the right-hand rule. The axes of the input joints of

the coaxial SPM are defined in the reference frame as:

u𝑖 =

⎡⎢⎢⎢⎣
0

0

−1

⎤⎥⎥⎥⎦ , 𝑖 = 1, 2, 3. (2.1)

Actuation of the manipulator happens through the input joints, and their

positions are defined in the vector form as 𝜃 ≜
[︁
𝜃1, 𝜃2, 𝜃3

]︁𝑇
. Input commands also

can be treated as a movement of proximal links. In this case, input joint positions

are treated as the angular distance between central planes of the proximal links at

the home configurations and at any other configuration of coaxial SPM. So, at the

home configuration, input joint positions are set to 𝜃 =
[︁
0, 0, 0

]︁𝑇
. As depicted

in Fig. 2-3, the clockwise direction of rotation is chosen as the positive direction.

The axes of the intermediate joints of the coaxial SPM are expressed in the
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Figure 2-3: Coaxial SPM’s input joint positions

reference frame as:

w𝑖 =

⎡⎢⎢⎢⎣
cos(𝜂𝑖 − 𝜃𝑖) sin𝛼1

sin(𝜂𝑖 − 𝜃𝑖) sin𝛼1

− cos𝛼1

⎤⎥⎥⎥⎦ , 𝑖 = 1, 2, 3, (2.2)

where angle 𝜂𝑖 = 2(𝑖 − 1)𝜋/3, 𝑖 = 1, 2, 3 is the angular offset distance between

each leg and stays as a constant value for each i -th leg.

To rotate the mobile platform by some angle 𝜎 preserving the direction of its

normal vector n, as pictured in Fig. 2-4, the new instances of unit vectors v𝑖,𝑟𝑜𝑡,

𝑖 = 1, 2, 3, are computed using the Rodrigues’ rotation formula [287]:

v𝑖,𝑟𝑜𝑡 = v𝑖 cos𝜎 + (v𝑖 × n) sin𝜎 + n(n · v𝑖)(1− cos𝜎), 𝑖 = 1, 2, 3 (2.3)

Figure 2-4: Positive direction of the roll-rotation
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2.3 Forward Kinematics

Solving the forward kinematic problem of a coaxial SPM is defined as finding

each possible orientation (pose) of the mobile platform, i.e., the unit vectors v𝑖,

𝑖 = 1, 2, 3, for the given input joint variables, 𝜃.

There exists multiple solutions to the forward kinematic problem of a coaxial

SPM for any given input configuration [66]. For example, as for the cases of

the coaxial SPM with 𝛼1 = 45∘, 𝛼2 = 90∘, and 𝛽 = 60∘ as shown in Fig. 2-5,

and coaxial SPM with 𝛼1 = 45∘, 𝛼2 = 90∘, and 𝛽 = 90∘ as shown in Fig. A-1

at their home configurations, i.e., when angular displacements of all input joints

are equal to zero, 𝜃 =
[︁
0∘, 0∘, 0∘

]︁𝑇
. The eight solutions are given in Table 2.1

and Table A.1, respectively, and were found using SolidWorks CAD software.

These solutions represent different assembly modes of the mentioned SPMs [72],

with only poses (a) and (b) in both figures being of any meaningful use due to

the absence of orientations with almost folded legs, which would require distal

links to pass through each other which physically is not possible. Solutions (a)

represent assembly modes with the left-sided arrangement of their distal links, i.e.,

these links are located to the left of the central symmetry plane of the respective

proximal links at their home configuration. In this thesis, such a pose is called

the l-l-l assembly mode. Following the same explanation, solutions (b) represent

the r-r-r assembly mode. To predict the motion of a manipulator correctly while

it is controlled via the input joints, it is required to obtain unique solutions from

the forward kinematic analysis corresponding to its current assembly mode.

To define the forward kinematic problem, a system of nine independent

equations with nine unknowns can be derived from geometric constraints of a

coaxial SPM [233]:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
w𝑖 · v𝑖 = cos𝛼2, 𝑖 = 1, 2, 3,

v𝑖 · v𝑗 = cos𝛼3, 𝑖, 𝑗 = 1, 2, 3, 𝑖 ̸= 𝑗,

‖v𝑖‖ = 1,

(2.4)

where 𝛼3 = 2 sin−1
(︀
sin 𝛽 cos 𝜋

6

)︀
is the angle between axes of the i -th and j -th

mobile platform joints (Fig. 2-2), and ‖·‖ is the Euclidean norm.
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The system of equations (2.4) is nonlinear, leads to multiple solutions (not lim-

ited to 8 solutions), and can not be solved in a closed form. Therefore, a numerical

method-based approach can be used to compute unit vectors v𝑖, 𝑖 = 1, 2, 3. For

example, trust-region numerical optimization method was used in this thesis for

this case [288]. This method is implemented in fsolve function in MATLAB,

requiring an initial guess vector 𝑥0. The values of this vector are the guesses of

x, y, and z components of the unit vectors v𝑖, 𝑖 = 1, 2, 3, represented as follows:

𝑥0 =
[︁
v1x, v1y, v1z, v2x, v2y, v2z, v3x, v3y, v3z

]︁T
. (2.5)

This method can provide multiple solutions depending on the selection of the

guess vector. Selecting an appropriate vector can ensure that an SPM stays in its

current assembly mode. For example, for the l-l-l assembly mode, it is expected

that the unit vectors v𝑖, 𝑖 = 1, 2, 3, are always positioned further in the positive

direction of link rotations (clockwise). Thus, the guess vector can be chosen as

the positive-shifted instance of the unit vectors w𝑖, 𝑖 = 1, 2, 3, and pointing in the

same z direction as at the home configuration. An example of such shift of the

unit vectors w𝑖, 𝑖 = 1, 2, 3, could be a 10∘ rotation around the z -axis, expressed

using the Rodrigues’ rotation formula [287] as follows:

w𝑖,𝑟𝑜𝑡 = w𝑖 cos 10
∘+

(︃
w𝑖×

⎡⎢⎢⎢⎣
0

0

1

⎤⎥⎥⎥⎦
)︃
sin 10∘+

⎡⎢⎢⎢⎣
0

0

1

⎤⎥⎥⎥⎦
(︃⎡⎢⎢⎢⎣

0

0

1

⎤⎥⎥⎥⎦·w𝑖

)︃(︀
1−cos 10∘

)︀
, 𝑖 = 1, 2, 3.

(2.6)

The resultant guess vector is then formulated as follows:

𝑥0 = [w1x,rot,w1y,rot,−w1z,rot,w2x,rot,w2y,rot,−w2z,rot,w3x,rot,w3y,rot,−w3z,rot]
T.

(2.7)

The z components of the guess vector, i.e. w1z,rot, w2z,rot, and w3z,rot, are

negated as the unit vectors w𝑖, 𝑖 = 1, 2, 3, have these components in the negative

z direction (for cases when 𝛼1 < 90∘), but typically the unit vectors v𝑖 𝑖 = 1, 2, 3,

have z components pointing in the positive z direction. Selecting this guess vector

allows obtaining a unique solution of the forward kinematic problem correspond-
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ing to the l-l-l assembly mode. Note that for the r-r-r assembly mode, Equation

(2.6) will have −10∘ shift (negative direction of rotation).

The process of computing a unique forward kinematics solution is summarized

in Algorithm 1.

Algorithm 1: Obtaining a unique solution of the forward kinematic
problem of a coaxial SPM

Input: 𝜃, 𝛼1, 𝛼2, 𝛽, 𝑥0, 𝜂𝑖, 𝑖 = 1, 2, 3
Output: Unique unit vectors v𝑖, 𝑖 = 1, 2, 3

Calculate 𝛼3 = 2 sin−1
(︀
sin 𝛽 cos 𝜋

6

)︀
;

for 𝑖← 1 to 3 do
Calculate w𝑖 using (2.2) given 𝜃;
Calculate w𝑖,𝑟𝑜𝑡 using (2.6);

Calculate initial guess vector 𝑥0 using (2.7);
Calculate v𝑖, 𝑖 = 1, 2, 3, by solving system of equations (2.4) numerically,
given w𝑖, 𝑖 = 1, 2, 3, with initial guess vector 𝑥0;

A numerical example is included here to demonstrate the application of

Algorithm 1 in determining the unique orientation of the coaxial SPMs with

different mobile platform geometry presented in Fig. 2-5. Three additional

examples are included in Appendix A. Figs. 2-5 and A-1 depict SPMs at their

home configuration, while Figs. A-2 and A-3 represent non-zero input examples

with 𝜃 =
[︁
60∘, 90∘, 120∘

]︁𝑇
and their orientations described as recorded in Tables

A.2 and A.3, respectively. Note the geometry of coaxial SPMs in the figures. For

Figs. 2-5 and A-2, 𝛼1 = 45∘, 𝛼2 = 90∘, 𝛽 = 60∘, whereas, for Figs. A-1 and A-3,

𝛼1 = 45∘, 𝛼2 = 90∘, 𝛽 = 90∘. Following Algorithm 1, solutions corresponding to

l-l-l and r-r-r assembly modes were obtained and verified by comparing with the

results retrieved from SolidWorks CAD software and recorded in Tables 2.2 and

A.4. All calculations were conducted using MATLAB.

Orientations obtained for the poses from Figs. 2-5a and 2-5b, can be com-

pared to the ones from [232]’s Table II, solutions No. (8) and (2), respectively.

They do match if the difference in the base reference frames is accounted for. In

[232], the y-axis is formed between the y-axis and the unit vector w1, whereas

here it is the x -axis formed in this way. So, it is similar to positive 90∘ rota-

tion of the unit vectors v𝑖, 𝑖 = 1, 2, 3 obtained here around the z -axis, in which

the x -component becomes y-component, and y-component becomes negative x -
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component.

Table 2.1: Solutions to the forward kinematics using CAD (Example 1).

Solution v𝑇
1 v𝑇

2 v𝑇
3

Fig. 2-5a [0.500,−0.707, 0.500] [0.362, 0.787, 0.500] [−0.862,−0.079, 0.500]

Fig. 2-5b [0.500, 0.707, 0.500] [−0.862, 0.079, 0.500] [0.362,−0.787, 0.500]

Fig. 2-5c [−0.538,−0.649,−0.538] [−0.733, 0.289, 0.616] [−0.061, 0.769,−0.636]

Fig. 2-5d [−0.616,−0.490,−0.616] [−0.697, 0.332, 0.636] [0.294,−0.790, 0.538]

Fig. 2-5e [0.616, 0.490, 0.616] [0.697,−0.332,−0.636] [−0.294, 0.790,−0.538]

Fig. 2-5f [0.538, 0.649, 0.538] [0.733,−0.289,−0.616] [0.061,−0.769, 0.636]

Fig. 2-5g [0.636, 0.438, 0.636] [−0.831, 0.141, 0.538] [−0.116, 0.779,−0.616]

Fig. 2-5h [−0.636,−0.438,−0.636] [0.831,−0.141,−0.538] [0.116,−0.779, 0.616]

Table 2.2: Comparison of the forward kinematics solutions (Example 1).

Orientation v𝑇
1 v𝑇

2 v𝑇
3

Fig. 2-5a

CAD
[0.500,−0.707, 0.500] [0.362, 0.787, 0.500] [−0.862,−0.079, 0.500]

Fig. 2-5a

calculated
[0.5000,−0.7071, 0.5000] [0.3624, 0.7866, 0.5000] [−0.8624,−0.0795, 0.5000]

Fig. 2-5b

CAD
[0.500, 0.707, 0.500] [−0.862, 0.079, 0.500] [0.362,−0.787, 0.500]

Fig. 2-5b

calculated
[0.5000, 0.7071, 0.5000] [−0.8624, 0.0795, 0.5000] [0.3624,−0.7866, 0.5000]
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 2-5: Solutions to the forward kinematics for zero input (Example 1)
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2.4 Inverse Kinematics

Solving the inverse kinematic problem of the coaxial SPM is defined as finding

each possible input joint variables, 𝜃, given the orientation (pose) of the mobile

platform, i.e., the unit vectors v𝑖, 𝑖 = 1, 2, 3.

The inverse kinematic problem of the coaxial SPM is easier than the forward

one since it can be solved analytically. Although the problem of obtaining multiple

solutions persists. Obtaining unique solutions to the inverse kinematic problem of

a manipulator corresponding to the current configuration is necessary to generate

smooth trajectories for its motion.

Three uncoupled equations used to compute each of input joint variable 𝜃𝑖,

𝑖 = 1, 2, 3, are formulated as [77]:

A𝑖T 2
𝑖 + 2B𝑖T𝑖 + C𝑖 = 0, 𝑖 = 1, 2, 3, (2.8)

with

T𝑖 = tan

(︂
𝜃𝑖
2

)︂
. (2.9)

These equations are derived from the first equation from the system of equa-

tions (2.4), and have coefficients A𝑖, B𝑖, and C𝑖 defined as:

Ai = − cos 𝜂i sin𝛼1vix − sin 𝜂i sin𝛼1viy − cos𝛼1viz − cos𝛼2;

Bi = sin 𝜂i sin𝛼1vix − cos 𝜂i sin𝛼1viy;

Ci = cos 𝜂i sin𝛼1vix + sin 𝜂i sin𝛼1viy − cos𝛼1viz − cos𝛼2,

(2.10)

where v𝑖𝑥, v𝑖𝑦, and v𝑖𝑧 are components of the unit vectors v𝑖, 𝑖 = 1, 2, 3.

Equations (2.8) are decoupled quadratic equations for each input joint variable

𝜃𝑖, 𝑖 = 1, 2, 3 with two roots for each T𝑖. This results in eight combinations of

possible solutions for the input joint variables, representing eight working modes.

Four examples representing coaxial SPM with different geometry of the mobile

platform, and at different orientations are shown in Figs. 2-6 and B-1-B-3. It

can be observed from these figures that the orientation of the mobile platform is

the same in each case, and eight possible solutions are formed by changing the

bending (left-bended or right-bended) of one of the legs while the other two are
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fixed. Obtaining solutions by having two legs fixed, and changing the bending of

the other is also supported by the uncoupled nature of Equation (2.8). Similarly

to the forward kinematic analysis, the location of the distal links can be defined

as left-sided or right-sided relative to the proximal links. Therefore, in this thesis,

this parameter is used to label obtained working modes. Due to the symmetry,

the l-l-l and the r-r-r working modes are preferred.

To compute a unique solution to the inverse kinematic problem that corre-

sponds to the l-l-l working mode, it is necessary to select the solution derived from

the roots with the added square root of the discriminant (the definition of the

positive direction of rotation) while solving Equation (2.8). On the other hand,

the combination corresponding to the roots with the subtracted square root of

the discriminant presents the solution for the r-r-r working mode.

Similarly to the forward kinematics, Algorithm 2 for obtaining unique solu-

tions to the inverse kinematic problem can be outlined and is given below.

Solutions, i.e., input joint variables, 𝜃, corresponding to the l-l-l and r-r-

r working modes are given in Tables 2.3 and B.1. These solutions were re-

trieved using SolidWorks CAD software and compared with the ones obtained

with Algorithm 2 using MATLAB. The results match, with the only difference in

some signs, which are the same locations on the unit circle but measured from

the opposite direction. The sign difference comes from Equation (2.9) and the

used arc-tangent function, atan function in MATLAB, that returns the results

on the closed interval from −180∘ (−𝜋) to +180∘ (+𝜋).

Table 2.3: Comparison of the inverse kinematics solutions (Example 1).

Orientation v 𝜃𝐶𝐴𝐷 𝜃𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑

Fig. 2-6a

⎡⎢⎣ 0.500 0.362 − 0.862

−0.707 0.787 − 0.079

0.500 0.500 0.500

⎤⎥⎦
⎡⎢⎣0.00

∘

0.00∘

0.00∘

⎤⎥⎦
⎡⎢⎣ 0.0000∘

−0.0455∘

0.0473∘

⎤⎥⎦
Fig. 2-6b

⎡⎢⎣ 0.500 0.362 − 0.862

−0.707 0.787 − 0.079

0.500 0.500 0.500

⎤⎥⎦
⎡⎢⎣109.47

∘

109.47∘

109.47∘

⎤⎥⎦
⎡⎢⎣109.4631

∘

109.4480∘

109.4799∘

⎤⎥⎦

32



(a) l-l-l working mode (b) r-r-r working mode

(c) l-l-r working mode (d) r-r-l working mode

(e) l-r-l working mode (f) r-l-r working mode

(g) r-l-l working mode (h) l-r-r working mode

Figure 2-6: Solutions to the inverse kinematics (pose taken from Fig. 2-5a)
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Algorithm 2: Obtaining a unique solution of the inverse kinematics
problem of a coaxial SPM

Input: v𝑖, 𝑖 = 1, 2, 3, 𝛼1, 𝛼2, 𝜂𝑖
Output: Input joint positions vector 𝜃

for 𝑖← 1 to 3 do
Calculate A𝑖, B𝑖, C𝑖 using (2.10) given v𝑖;
Solve equation (2.8) for T𝑖;
Find 𝜃𝑖 using equation (2.9) and select a solution coming from the
root with added or subtracted square root of the discriminant for
l-l-l or r-r-r working mode, respectively;

return 𝜃𝑖, 𝑖 = 1, 2, 3

2.5 Generation of Infinite Rotational Motions

One of the main characteristic features of the coaxial SPM is that it can infinitely

rotate the mobile platform around its normal vector as shown in Fig. 2-4. To

implement such a rotation at the specific pose of the mobile platform a particular

sequence of input joint positions, 𝜃𝑡𝑟𝑎𝑗, has to be applied to the actuators.

The rotational motion of the mobile platform around its normal vector n can

be interpreted as the rotation of the unit vectors v𝑖, 𝑖 = 1, 2, 3, around the same

vector n, which is computed as:

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
n =

v1 + v2 + v3

‖v1 + v2 + v3‖
, 𝛽 ̸= 90∘,

n =
v1 × v2

‖v1 × v2‖
, 𝛽 = 90∘.

(2.11)

The instantaneous orientation of the mobile platform during the rotational

motion is defined by the unit vectors v𝑖,𝑟𝑜𝑡, 𝑖 = 1, 2, 3, and is computed following

Equation (2.3). Angle 𝜎 is a rotation angle measured from the starting configu-

ration till a rotational instant of interest as shown in Fig. 2-4.

Given the orientation of the coaxial SPM, its input joint positions, 𝜃, are com-

puted by solving the inverse kinematic problem, i.e., by following Algorithm 2.

The rotational motion is sampled into a sequence of 𝑆 instants with the rotation

angles as:

𝜎 = {𝜎1, 𝜎2, . . . 𝜎𝑆}. (2.12)
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For the simplicity of the numerical analysis, a uniform sampling interval of

the rotation is used, i.e., 𝛿𝜎 ≜ 𝜎𝑗+1 − 𝜎𝑗, 𝑗 = 1, 2, ... 𝑆 − 1, is constant.

The inverse kinematic problem is solved at each instant. Since Algorithm 2

returns results in the closed interval −180∘ (−𝜋) to +180∘ (+𝜋), appropriate

adjustments should be implemented to the results to ensure smooth motion of

the manipulator.

In case of reaching +180∘ (+𝜋) side by one of the input joint positions 𝜃𝑖,

𝑖 = 1, 2, 3, while its sampled rotation, Algorithm 2 results will start from the

−180∘ (−𝜋) side at the next sampling instant. An extra 360∘ (2𝜋) has to be to

the joint having such value jump starting from the sampling instant it happened

𝜃𝑖,𝑗, 𝑗 = 2, 3, ... 𝑆, till the end of the rotational motion input trajectory 𝜃𝑖,𝑆.

Consequently, the input joints trajectory 𝜃𝑡𝑟𝑎𝑗 that leads to a full 360∘ rotation

of the mobile platform around the vector n is generated. The infinite rotational

motion of the coaxial SPM is achieved by applying the obtained input sequence

𝜃𝑡𝑟𝑎𝑗 repeatedly. However, each following rotation has to be accounted for by

adding an extra 360∘ (2𝜋) to the input sequence 𝜃𝑡𝑟𝑎𝑗 at the time when the

ongoing rotation is finished, again, to ensure motion continuity.

Before applying the generated motion trajectories on the manipulator itself,

it is necessary to verify that none of the input joint positions require any prox-

imal links to surpass the neighboring ones by going through them to achieve

corresponding orientation. An example of such link surpass is the input joints

positions

𝜃 =
[︁
100∘, 200∘, 150∘

]︁T
, which will be obtained as 𝜃 =

[︁
100∘,−160∘, 150∘

]︁T
by

Algorithm 2. In this case, the calculated input joint positions require the proxi-

mal link 2 to move in the opposite direction compared to the other two proximal

links, resulting in its collision with the proximal link 3 while trying to surpass it.

In general, link surpass happens when one of the input joint positions is greater

than the following input joint position in the positive (clockwise) direction of

SPM movement, i.e., 𝜃3 − 𝜃2, 𝜃2 − 𝜃1, or 𝜃1 − 𝜃3 is not greater than 120∘ (the

thickness of SPM links is ignored). To solve this issue an extra 360∘ (2𝜋) needs to

be added for the entire motion trajectory to the proximal link being the earliest

in the positive (clockwise) direction.
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The presented approach for the infinite rotational motion generation is

summarized in Algorithm 3. It applies to the rotational motions at the desired

locations that do not lead to singularities or link collisions. Details on how to

check for singularities and link collisions are presented in Chapter 4.

Algorithm 3: Generation of an input joints trajectory for a full-circle
rotational motion of a coaxial SPM
Input: v𝑖, 𝑖 = 1, 2, 3, 𝛼1, 𝛼2, 𝜂𝑖, 𝜎
Output: Input joints trajectory 𝜃𝑡𝑟𝑎𝑗

Calculate n using (2.11) given v𝑖;
for 𝑗 ← 1 to 𝑆 do

Calculate v𝑖,𝑗, 𝑖 = 1, 2, 3, using (2.3) with 𝜎𝑗 and n;
Calculate input joint positions 𝜃𝑗 for each v𝑖,𝑗, 𝑖 = 1, 2, 3, using
Algorithm 2;
𝜃𝑡𝑟𝑎𝑗(𝑗)← 𝜃𝑗;

/* check for 360∘ jumps in 𝜃𝑡𝑟𝑎𝑗 */
for 𝑘 ← 1 to 𝑆 − 1 do

if 𝜃1,𝑘 − 𝜃1,𝑘+1 > 0∘ then
𝜃1,𝑘+1 = 𝜃1,𝑘+1 + 360∘;

if 𝜃2,𝑘 − 𝜃2,𝑘+1 > 0∘ then
𝜃2,𝑘+1 = 𝜃2,𝑘+1 + 360∘;

if 𝜃3,𝑘 − 𝜃3,𝑘+1 > 0∘ then
𝜃3,𝑘+1 = 𝜃3,𝑘+1 + 360∘;

/* check for link surpass */
if 𝜃3,1 − 𝜃2,1 > 120∘ then

𝜃2,1...𝑆 = 𝜃2,1...𝑆 + 360∘;

if 𝜃2,1 − 𝜃1,1 > 120∘ then
𝜃1,1...𝑆 = 𝜃1,1...𝑆 + 360∘;

if 𝜃1,1 − 𝜃3,1 > 120∘ then
𝜃3,1...𝑆 = 𝜃3,1...𝑆 + 360∘;

return 𝜃𝑡𝑟𝑎𝑗
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Chapter 3

Mechanical Prototype and

Simulation Model

To facilitate the experimental studies on robotic manipulators it is often desirable 

to have a mechanical prototype and a simulation model. Virtual simulations of 

the experiments can help to discover any flaws i n t he m echanical d esign before 

its manufactured, or in control algorithms before they are tested on the manu-

factured prototype. They can also be used to perform additional studies on the 

manipulators such as link collision detection while estimating its workspace. A 

mechanical prototype is necessary to verify that the developed methodology for 

the analysis and control works in real-world settings.

This chapter describes the mechanical prototype of the coaxial SPM under 

study designed using SolidWorks CAD software and manufactured using rapid 

prototyping technologies such as 3D printing. It also reports the methods used to 

create a simulation model of the coaxial SPM in CoppeliaSim (formerly known as 

V-REP) [289] robotic simulator software. The simulation model developed here 

is used in Chapter 4 to detect the configurations l eading to l ink collisions.

The content presented in this chapter was published in a conference paper 

titled "Modeling and simulation of spherical parallel manipulators in CoppeliaSim 

(V-REP) robot simulator software" [290], and presented at the 2020 International 

Conference Nonlinearity, Information and Robotics (NIR).
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(a) (b) (c)

Figure 3-1: Coaxial SPM: (a) CAD model, (b) simulation model, (c) 3D-printed
prototype

3.1 Mechanical Prototype

Before the mechanical design process of a manipulator starts, firstly its geometry

parameters have to be selected. It was decided to model the coaxial SPM with

𝛼1 = 45∘, 𝛼2 = 90∘, 𝛽 = 90∘, similar to the ones from Figs. A-1, A-3, B-1, and

B-3. The values for these parameters were selected to approximately match one

of the Pareto-optimal SPM design solutions (Table 5, Design ID I: 𝛼1 = 47.2∘,

𝛼2 = 91.7∘, 𝛽 = 88.4∘) presented in [239], where a multi-objective design opti-

mization problem was formulated to determine the configuration of a coaxial

SPM with minimum mass and increased dexterity. These values also almost

match numerically optimized design parameters (Table 2, Design ID I: 𝛼1 = 48∘,

𝛼2 = 90∘, 𝛽 = 90∘) presented in [235]. The selection of such geometry will allow

conducting of future comparison studies with the coaxial SPM prototypes pre-

sented in the referenced works, which is outside of the scope of this thesis. It was

also desirable to have 𝛼1 ̸= 𝛼2 to avoid II and III singularity types discussed later

in Section 4.1.

Next, a CAD model with the selected geometric parameters was designed in

SolidWorks CAD software and is depicted in Fig. 3-1a. The l-l-l assembly mode

was selected for the model. Fig. 3-2 illustrates a cross-sectional view of the de-

signed coaxial SPM. The central vertical planes of the proximal links coincide

with planes formed between the z -axis and the symmetry axes of the links’ corre-

sponding actuator gears. This orientation is considered as the home configuration
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actuator

actuator's double helical gear

link's double helical gear

proximal link

distal link

mobile platform

joint's ball bearings
shaft

3D-printed thrust bearings

thrust bearing

base's ball bearings

Figure 3-2: Cross-sectional view of the coaxial SPM CAD model

of the manipulator.

Three ball bearings are used in the base to decrease input joints axes play

(backlash) and mitigate the effects of a single bearing’s internal radial clearance.

Following a similar reasoning, all intermediate and platform joints were equipped

with four ball bearings (two per link). Since the bearing used in the real proto-

type were not very expensive, and thus of less precision accuracy, such measures

were required to have a stiffer structure. The metal thrust bearing between prox-

imal link 3 ’s gear (red-colored on Fig. 3-2) and the base, and two 3D-printed

thrust bearings between link gears (bearing washers are integrated into the de-

sign of the gears) are included to provide smoother motion with less friction. The

double helical gears (herringbone gears) with gear ratio 1:1 are used to transmit

the actuator’s motion to the input joints providing smooth motion with reduced

backlash [291].

The parts of the prototype (links, mobile platform, base, gears) were manu-

factured using 3D printing technology with PLA plastic filament on Ultimaker

Extended 2+ 3D printer. The assembled experimental prototype is shown in

(Fig. 3-1c). Its dimensions are L 200 mm x W 200 mm x H 290 mm (bounding

box at the home configuration). Actuation of the input joints is performed by

three equidistantly located Dynamixel XM540-W150 servomotors from ROBO-

TIS. The servomotors are controlled via MATLAB using Dynamixel SDK (Proto-

col 2.0) API. They also can be controlled in ROS with the ROBOTIS Dynamixel
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SDK package.

3.2 Simulation Model

Simulation tools are widely used for modeling manipulator’s kinematics and dy-

namics, path planning and trajectory optimizations, performance evaluation, and

verification of control algorithms with simulations performed prior to the real-

world experiments on the manufactured prototypes. There exist plenty of sim-

ulation tools that allow visualization and performing kinematic and/or dynamic

analyses of PMs. Most of them are created to solve a particular problem or

tailored to a specific type of robot [292–297]. Among the general-purpose sim-

ulators, Gazebo simulator [298] developed by Open Source Robotics Foundation

is the most well-known example. It is ROS [299] compatible, supports multi-

ple physics engines, and can provide realistic 3D rendering. It can also work

with dynamic robot bodies with C++-based scripting. Another known simulator

example is Webots tool [300] developed by Cyberbotics Ltd mainly to simulate

mobile wheeled robots. Robots in Webots can be programmed with C/C++,

Python, Java, MATLAB or ROS through an API. The other examples include:

RoboDK [301] for simulating industrial robot-manipulators, Adams capable of

multibody dynamics simulation of closed-loop kinematic chains, etc. Analysis of

the listed simulators revealed that they are not well suited for simulating PMs

and require advanced knowledge of the software.

It was decided to use CoppeliaSim [289] general-purpose robot simulation

tool developed by Coppelia Robotics. It is available for research and academic

purposes for free. CoppeliaSim is compatible with ROS, and it supports internal

and external scripting with C/C++, Python, MATLAB through external API.

Physics engines such as ODE, Bullet, Vortex, Newton, and MuJoCo are integrated

in CoppeliaSim. The main reason for selecting this tool was the fact that it can

handle the inverse/forward kinematics of any type of mechanism with workspace

visualization, sensor simulation, distance calculation, and collision detection. It

also has built-in examples of several PMs that helped to model the coaxial SPM

under study. CoppeliaSim is also useful for the future dynamic analysis as it
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Figure 3-3: CoppeliaSim scene hierarchy

can include the inertia of all manipulator parts, actuators, gears, etc. Using the

external API and Python or MATLAB scripts it will be useful to generate vari-

ous test-scenarios for the coaxial SPM’s dynamic analysis. The limitations of the

CoppeliaSim robot simulator include limited physics simulation accuracy for very

complex objects in real-time control settings. Thus, the simulation model of the

manipulator has to be simple and without unnecessary details such as screws,

bolts, etc.

To prepare the created CAD model for import into CoppeliSim, it is neces-

sary to simplify its model by removing non-crucial design details such as fixtures,

interior holes, and gear teeth. It will help to speed up calculations for the soft-

ware, for example, for link collision detection. Afterward, it was imported to

CoppeliaSim in STL format as a combined assembly and divided inside into sev-

eral parts corresponding to the manipulator’s links. The resulting model of the

coaxial SPM, shown in Fig. 3-1b, consists of 8 shapes: the base, 3 distal links, 3

proximal links, and the mobile platform. Actuators and gears were combined with

the base and do not play a role in the manipulator’s actuation in the developed

simulation model. Actuation is implemented through proximal links by applying
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angular displacement directly on them from the central rotational axis. It is also

necessary to assemble the parts in a way that resembles the closed-loop kinematic

architecture of the manipulator as shown in Fig. 3-3. So, two closed loops were

constructed in the simulation model. The specific settings are described in detail

in [290] and included in Appendix C.

As was mentioned earlier, the CoppeliaSim simulator has a built-in link col-

lision detection module that allows for fast interference checking between any

manipulator part or collection of parts. It uses data structures based on a binary

tree of oriented bounding boxes [289, 302] for accelerations. Colliding links are

visually flagged by changing their color as pictured with the black color in Fig. 3-

4. In this figure, the collision between four SPM links, i.e., proximal link 2, distal

link 2, proximal link 3, and distal link 3, is observed. In this thesis, CoppeliaSim

was used to detect link collision while estimation of its Cartesian workspace and

configuration space (C-space) as detailed in Section 4.2.

A numerical example demonstrating the correspondence between the coaxial

SPM’s orientation obtained in CoppeliaSim and the calculated one is given below.

As an example, the input joint positions 𝜃 =
[︁
60∘, 90∘, 120∘

]︁𝑇
are considered (as

in Table A.3). To determine the orientation of the mobile platform, i.e., the unit

vectors v𝑖, 𝑖 = 1, 2, 3, the approach from Algorithm 1 is used. Using MATLAB,

Figure 3-4: Simulation model of the coaxial SPM with detected link collision
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Figure 3-5: Calculated and simulated orientations of the coaxial SPM

the resulting orientation of the coaxial SPM is obtained as:

v1,𝑐𝑎𝑙𝑐 =
[︁
−0.8626, 0.0790, −0.4997

]︁𝑇
,

v2,𝑐𝑎𝑙𝑐 =
[︁
0.5002, −0.8659, 0.0003

]︁𝑇
,

v3,𝑐𝑎𝑙𝑐 =
[︁
0.3618, 0.7866, 0.5003

]︁𝑇
.

(3.1)

The simulated orientation of the mobile platform has the following unit vec-

tors:

v1,𝑠𝑖𝑚 =
[︁
−0.8623, 0.0794, −0.5001

]︁𝑇
,

v2,𝑠𝑖𝑚 =
[︁
0.5001, −0.8660, 0.0000

]︁𝑇
,

v3,𝑠𝑖𝑚 =
[︁
0.3622, 0.7866, 0.5001

]︁𝑇
.

(3.2)

Time evaluations of the mobile platform orientation vectors v𝑖, 𝑖 = 1, 2, 3,

during the SPM motion from the home configuration to the configuration corre-

sponding to 𝜃 =
[︁
60∘, 90∘, 120∘

]︁𝑇
are shown in Fig. 3-5. The unit vectors v𝑖,

𝑖 = 1, 2, 3, are represented individually by their x, y, and z components. The

simulated motion of the coaxial SPM closely matches the expected numerically

pre-calculated behavior. This comparison is made based on 25 samples and in-

terpolation values between them.
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Based on the presented and the other numerous computation results and

experimental trials on placing the manipulator in various arbitrary configurations,

it was observed that CoppeliaSim was able to accurately simulate the coaxial SPM

model, supported by numerical calculations using Algorithm 1.
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Chapter 4

Configuration Space and Workspace 

Analyses

Before a manipulator finds its real-world applications, it is necessary to study its

Cartesian workspace and joint space to detect singular configurations and avoid

link collisions. The singularity- and collision-free motion planning between any

two manipulator configurations have to be performed. This is specifically true for

PMs due to their complex architecture, which can require a deeper link collision

study than their serial counterparts. Examples of performed trajectory planning

for PMs include: [303] for the Stewart platform, [304] for a planar 3-DOF PM,

[305] for a 3-DOF parallel wrist based on the general SPM model, [124] for a

3-UPU wrist manipulator for sun tracking, etc.

For the coaxial SPM, it is also necessary to ensure that it has no near-

singularity configurations and link collisions while its rotational movement around

the normal vector of the mobile platform. This chapter presents a method for

the numerical analysis of configuration space and the Cartesian workspace of the

coaxial SPM for the case of singularity and link collision-free infinite rotational

motions.

The results presented in this chapter were published in advance of the thesis

in a journal paper titled "Infinite rotational motion generation and analysis of a

spherical parallel manipulator with coaxial input axes" [306], and available online

at Mechatronics journal at ScienceDirect web-portal.
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4.1 Singularity Detection

PMs, similarly to SMs, are also prone to singularities. A singular configuration

of a manipulator is pose at which it gains or loses some of its DOFs. One of the

first research works that considered singularities of PMs was [307]. Three types of

singularities were identified, and their physical interpretations were explained. As

described in [72], some singularities correspond to the set of input joint positions

for which the finite number of assembly modes changes. An example of such a

case is when the mobile platform can be slightly moved while the manipulator’s

links are fixed. This type of singularity happens within the workspace of a parallel

manipulator and is called second type in [307] and parallel singularities in [308].

In overall, such singular configurations are not reachable due to the physical

interference of the links. Bonev and Gosselin published the work dedicated to

this type of SPM singularities [71] since they can appear inside the Cartesian

workspace and require more attention. Other types of singularities correspond

to the set of manipulator orientations for which the finite number of working

modes changes. In these configurations, the mobile platform is fixed but the

input joint can be moved. It happens when the leg links are fully unfolded or

folded. It is the boundary of a particular working mode’s workspace, so this type

of singularities happens on the boundary of the workspace and is called first type

in [307] and serial singularities in [308]. There also exists the third type [307]

happening only for specific link parameters, and for the cases when one of the

previously mention singularity type occurs. For control purposes, it is necessary

to keep a manipulator away from singular and near-singular configurations as its

controllability is weak at these locations.

Singularity analysis of the coaxial SPM is based on the analysis of the rela-

tionship between the input joint rates and output angular velocity of the mobile

platform as follows [307]:

J1𝜔 + J2𝜃 = 0, (4.1)

that can be equivalently represented as:

𝜃̇ = J𝜔, (4.2)
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where 𝜔 is the angular velocity of the mobile platform, 𝜃̇ is the input joint rates,

and J is the Jacobian matrix that maps the angular velocity 𝜔 to the vinput joint

rates 𝜃̇.

The Jacobian matrix can be defined as [77]

J = −J−1
2 J1, (4.3)

J1 and J2 are both n × n Jacobian matrices (𝑛 = 3 for coaxial SPM), and

configuration dependent, i.e., J1 = J1(v𝑖,𝜃) and J2 = J2(v𝑖,𝜃). For the 3-RRR

type SPMs, these matrices are expressed as [307]:

J1 =

⎡⎢⎢⎢⎣
(w1 × v1)

𝑇

(w2 × v2)
𝑇

(w3 × v3)
𝑇

⎤⎥⎥⎥⎦ , (4.4)

J2 = 𝑑𝑖𝑎𝑔(w1 × u1 · v1,w2 × u2 · v2,w3 × u3 · v3). (4.5)

Singular configurations happen when either J1 or J2 or both simultaneously

singular, i.e., det(J1) = 0 and/or det(J2) = 0. There exist three types of singular-

ity cases for PMs as was mentioned earlier, and they can be detected mathemat-

ically based on values of det(J1) and det(J2). The first singularity type occurs

when det(J2) = 0. The second singularity type occurs when det(J1) = 0. The

third singularity type occurs when det(J1) = 0 and det(J2) = 0, simultaneously.

In this thesis, conditioning index 𝜁(J) ∈ (0, 1) is used to estimate the proxim-

ity of a particular SPM configuration to singularity. It is is defined as [77]:

𝜁(J) =
1

‖J‖ ‖J−1‖
, (4.6)

where ‖J‖ is estimated as:

‖J‖ =

√︃
𝑡𝑟

(︂
J𝑇 1

3
𝐼J
)︂
, (4.7)

and I denotes a 3× 3 identity matrix.

Depending on the value of the conditioning index, 𝜁(J), a configuration of
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an SPM can be treated as non-singular, near-singular, and singular. Singular

configurations have values of 𝜁(J) equal to 0, near-singular configurations have

values of 𝜁(J) close to 0, whereas non-singular configurations have 𝜁(J) equal to

1. This index is commonly used for design optimization, and dexterity analysis of

SPMs such as in [27,154,265,309]. To distinguish between near-singular and non-

singular configurations, a threshold value 𝜁(J)𝑚𝑖𝑛 is defined. The same definition

of the near-singularity based on a condition number of the Jacobian matrix is

exploited in [310] to determine the near-singular configurations of the Stewart

platform. The methodology based on the computation of the conditioning index,

𝜁(J), was previously applied by the thesis supervisors to compute the workspace

of the Agile Wrist model used in [91].

For a sampled rotational motion of the mobile platform around its normal

axis, 𝜁(J) has to be computed at each rotational instant. If any of 𝜁(J) values

during the rotation is below 𝜁(J)𝑚𝑖𝑛 threshold value, this rotational motion’s

trajectory is considered to be not singularity-free and is avoided.

4.2 Link Collision Detection

Analysis for link collisions of PMs is a very time-consuming and complex task. It

is complicated by the fact that usually lots of simplifications are accepted to ease

the analysis, and it usually is specific to a particular geometry of a manipulator.

Multiple approaches to link collision detection exist. One of the methods is based

on the approximate estimation of the shape of the manipulator’s links by enclosing

them into bounding boxes, or ellipsoids as in [90]. The drawback of this method is

that it gives only a rough estimate of the collision due to the link approximation

that also reduces the overall computed feasible configuration space. Another

method is based on the pre-calculated configuration space obtained from the

experiment with the real prototype as in [91]. The experimental Agile Wrist

setup was set to go through a set of possible input joint positions at a slow speed

from the home configuration, and the real collisions were recorded by reading the

motor’s current. In the event of a collision, the electric current in at least one of

the actuators was sharply increasing. This method detects link collisions more
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accurately than the first one, but it requires the availability of the operational

SPM prototype. Another issue with this method is that it disregards orientations

achievable in general, but not reachable from the home configuration directly.

As a result of these methods, a configuration space with all feasible input joint

positions can be generated and compared as in [91] showing that the second

method outperforms the first.

In this thesis, the link collision detection methodology is based on a differ-

ent approach. It uses virtual simulation tools such as CoppelieSim, described in

Chapter 3. This approach ensures more accurate link collision detection at all

possible configurations without approximating link shapes and is a faster process

as it does not require the availability of an experimental manipulator prototype

with implemented motion control. Using CAD or simulation software to deter-

mine the manipulator’s workspace was also considered in [311,312].

In case of link collision, the simulator’s link collision module signals that

visually by coloring collided links and can send collision flag data with the IDs of

the collided links to a remote client, such as MATLAB or Python-based script,

upon request. CoppeliaSim’s collision detection module implements the algorithm

for efficient and exact interference detection amongst complex polygonal models,

e.g. SPM links, based on a hierarchical representation of the models using tight-

fitting oriented bounding box trees. At run-time, the algorithm traverses two

such trees and tests for overlaps between oriented bounding boxes [302,313].

A CoppeliaSim-based collision check routine is repeated at each rotational

instant of the sampled rotational motion of the mobile platform around its normal

vector. If any of the manipulator’s links collide during the rotational motion, this

motion is treated as not safe and is avoided.

4.3 Configuration Space

A set of all attainable input joint positions is the configuration space or C-space

that provides information on which input commands can or can not be applied

to the manipulator’s actuators. Its computation is necessary to generate feasible,

smooth, and optimal input reference trajectories as a part of the motion planning
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process.

The feasibility of an input joint position, 𝜃, is determined based on the singu-

larity analysis described in Section 4.1 and link collision detection with a simula-

tion model of the coaxial SPM described in Section 4.2. A feasible trajectory can

not bring a manipulator to the configuration that is singular, near-singular, and

(or) has links colliding. An input trajectory can be sampled, and each sampling

instant is checked to satisfy the feasibility test.

For the purposes of fast real-time control, the configuration space can be pre-

calculated offline for a manipulator to verify its input joint position without the

need to go through the feasibility test each time. A full joint space available for

a manipulator has to be pre-tested in this case.

For coaxial SPM, its joint space is described by the cube with the sides defined

by the input joint positions, 𝜃𝑖, 𝑖 = 1, 2, 3. The space can be sampled to obtain a

3D grid of nodes independently checked for singularity and link collisions. Test

nodes that pass the test are included in the feasible configuration space, whereas

the nodes that do not pass this test are excluded and must be avoided by the

manipulator.

Coordinates of the generated 3D grid of nodes belong to the sets

𝜑𝑖 = {𝜃𝑖,1, 𝜃𝑖,2, . . . 𝜃𝑖,𝑁𝑖
}, 𝑖 = 1, 2, 3, (4.8)

where 𝑁𝑖 is the size of the set to which an input joint position 𝜃𝑖 belongs. For

simplicity and symmetry, set sizes used are made equal, and a uniform sampling

interval is used, i.e., 𝑁1 = 𝑁2 = 𝑁3, and 𝛿𝜑 ≜ 𝜃𝑖,𝑗+1 − 𝜃𝑖,𝑗, 𝑗 = 1, 2, ... 𝑁𝑖 − 1 is

constant.

As mentioned in Section 2.5, there exist input joint positions that result in

links surpassing each other, meaning that the order of the links is violated. Given

a physical prototype of the coaxial SPM, there is a specific sequence of its dis-

tal links, i.e., distal link 1 - distal link 2 - distal link 3, if viewed from the top.

This order of the distal links can not be broken in real-world settings as it will

require the links to pass through each other; however, it is possible in simula-

tions such as in CoppeliaSim since it is just a simulation model. To decrease

computational burden, input joint positions having such effect, and thus their
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corresponding nodes from the 3D grid, are excluded from the analysis without

any tests performed with them. The remaining nodes are subjects of singularity

and link collision checks.

Let a set 𝒱 represent the union of all feasible input joint positions of the

coaxial SPM. A procedure to estimate the set 𝒱 is outlined in the Algorithm

4. Having set 𝒱 helps to evaluate the control limits of a manipulator and detect

any dependencies between actuators, e.g., safety margins for actuators’ operation.

This set can also be used while generating optimal motion trajectories, such as

trajectories with the shortest path in the joint space.

Algorithm 4: Numerical computation of the configuration space

Input: 𝛼1, 𝛼2, 𝛽, 𝑥0, 𝜂𝑖, 𝜑𝑖, 𝑖 = 1, 2, 3
Output: Set 𝒱
𝒱 ← ∅;
for 𝑎1 ← 1 to 𝑁1 do

for 𝑎2 ← 1 to 𝑁2 do
for 𝑎3 ← 1 to 𝑁3 do

𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟𝑖𝑡𝑦 ← 𝑓𝑎𝑙𝑠𝑒;
𝑐𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛← 𝑓𝑎𝑙𝑠𝑒;
/* link surpass check */
if 𝜃3(𝑎3)− 𝜃2(𝑎2) > 120∘ or 𝜃2(𝑎2)− 𝜃1(𝑎1) > 120∘ or
𝜃1(𝑎1)− 𝜃3(𝑎3) > 120∘ then

𝑐𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛← 𝑡𝑟𝑢𝑒
break

𝜃 ←
[︀
𝜃1(𝑎1) 𝜃2(𝑎2) 𝜃3(𝑎3)

]︀T;
/* forward kinematics */
Calculate w𝑖 and v𝑖, 𝑖 = 1, 2, 3, given 𝜃 using Algorithm 1;
/* singularity detection */
Calculate J given u𝑖, w𝑖 and v𝑖, 𝑖 = 1, 2, 3,using (4.3)-(4.5);
Calculate 𝜁(J) given J, using (4.6) and (4.7);
if 𝜁(J) < 𝜁(J)𝑚𝑖𝑛 then

𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟𝑖𝑡𝑦 ← 𝑡𝑟𝑢𝑒
break

/* link collision detection */
Send 𝜃 to the coaxial SPM motion simulator;
if 𝑐𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛 ℎ𝑎𝑛𝑑𝑙𝑒 == 1 then

𝑐𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛← 𝑡𝑟𝑢𝑒
break

/* update the space */
if 𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟𝑖𝑡𝑦 == 𝑓𝑎𝑙𝑠𝑒 and 𝑐𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛 == 𝑓𝑎𝑙𝑠𝑒 then
𝒱 ← 𝒱 ∪ {𝜃}

return 𝒱
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For the coaxial SPM, the 3D grid of nodes is bounded by input joint values

ranging between 0∘ and 360∘ with the sampling interval 𝛿𝜑 = 5∘. A grid of 373,248

test nodes (𝑁1 = 𝑁2 = 𝑁3 = 72, 72x72x72 = 373,248) is generated in the result.

The set 𝒱 has 0 test nodes in it at the beginning.

The computation process of the feasible configuration space at its various

stages is illustrated in Fig. 4-1. The first intermediate set was obtained by ex-

cluding nodes resulting in link surpass and is shown in Fig. 4-1a. While observing

the 3D shape of this set, it was noticed that it has a triangular cross-section pro-

file throughout the diagonal axis of the 3D grid, as depicted in a shaded circle

underneath the first figure. The diagonal axis is a line stretching from the node

𝜃 =
[︁
0∘, 0∘, 0∘

]︁T
till the node 𝜃 =

[︁
360∘, 360∘, 360∘

]︁T
in the grid. This line

also corresponds to the trajectory of the infinite rotational motion of the mobile

platform around z -axis, as will be shown in Section 4.5. Following this trajectory,

coaxial SPM rotates around itself with zero tilt of the mobile platform.

The nodes from the first intermediate set were checked for singularity. The

threshold conditioning index was chosen as 𝜁(J)𝑚𝑖𝑛 = 0.2. This value can be set

lower to obtain a larger configurations space, or higher to be more conservative

with singular configurations. In this thesis, this value was selected to be more

conservative on the obtained C-space. After performing a singularity detection

routine on all of these test nodes, several smaller disconnected subsets appeared

as shown in Fig. 4-1b on the cross-sectional view part of the figure. Computed

subsets belong to different working modes of the coaxial SPM, with the central

one (the largest one) corresponding to the current l-l-l working mode. It complies

with the fact that coaxial SPM’s working modes can be switched by passing

singularity points, which happen when the manipulator legs’ links are fully folded

or unfolded.

Afterward, a collision detection routine was implemented in CoppeliaSim with

MATLAB integration for the remaining test nodes that correspond to singularity-

free configurations. The final set of the feasible input joint positions, 𝒱 , i.e., the

configuration space (C-space) of the coaxial SPM’s prototype under study was

obtained and is available in Fig. 4-1c. The cross-section profiles of the sets in

Figs. 4-1b and 4-1c also have their shapes constant throughout the diagonal axis
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of the grid.

Analysis of the obtained set of the feasible configurations 𝒱 reveals that it

stretches from the node 𝜃 =
[︁
0∘, 0∘, 0∘

]︁T
to the node 𝜃 =

[︁
360∘, 360∘, 360∘

]︁T
with a maximum offset of each input joint position being not larger than 100∘

from the diagonal line mentioned before. Based on this, it is concluded that

actuators’ input positions can not vary from each other by more than ±100∘ for

the coaxial SPM under study. Otherwise, some of the links will collide.

It is worth mentioning that the computed set 𝒱 expands infinitely in the

negative and positive directions following the
[︁
0∘, 0∘, 0∘

]︁T
-
[︁
360∘, 360∘, 360∘

]︁T
diagonal axis and having a same-shaped cross-sectional profile along this axis.

This result confirms that coaxial SPMs are capable of infinite rotational motion,

and input trajectories leading to it are not bounded, i.e., can go beyond the tested

3D grid bounded by 𝜃𝑖 ⊆ [0∘, 360∘], 𝑖 = 1, 2, 3.

4.4 Cartesian Workspace

Computation of the Cartesian workspace (or simply workspace) is necessary to

find spatial limitations for the movement of the manipulator. For the coaxial

SPM case, its workspace corresponds to all reachable locations by the mobile

platform where it can perform infinite rotational motions.

For a numerical estimate of the workspace of the coaxial SPM, a grid of

points 𝒲𝑡𝑒𝑚𝑝 is generated. In this thesis, an icosahedral grid [314] normalized

to a unit sphere is selected as the base grid. It has almost equally-distributed

test points. The interval between test points is calculated based on the applied

g-level (grid division level). The number of test points is 𝑁 = 2×102𝑚+2, where

𝑚 = {0, 1, 2, 3, 4, ...} is the g-level. The average interval is equal to 1
2𝑚

√︁
2𝜋
5

. If a

lower precision of the workspace is acceptable, it is worth increasing the interval

between points by selecting lower g-level values to reduce computation time.

Since the orientation of the mobile platform is described in terms of the unit

vectors v𝑖, 𝑖 = 1, 2, 3 in our case, it is necessary to reconstruct those vectors at

each test point. It can start by selecting unit vector v1 to be defined by the cross

product of the test point (i.e., its coordinates as normal vector n) and the vector
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Figure 4-1: Sets with cross-sectional views from different stages of the feasible
configuration computation process: (a) set of nodes with no link surpass, (b) set
of singularity-free nodes, (c) set of link collision-free nodes
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pointing in the positive z direction:

v1 =
n×

[︁
0, 0, 1

]︁𝑇
‖n×

[︁
0, 0, 1

]︁𝑇
‖
. (4.9)

This is a somewhat random selection, however, it does not play a significant

role since the coaxial SPM will be tested for all sampled rotational instants at

this test point. The remaining vectors v2 and v3 are found using the Rodrigues’

rotation formula as follows:

v2 =v1 cos 120
∘ + (n× v1) sin 120

∘ + n(n · v1)(1− cos 120∘), (4.10)

v3 =v1 cos 240
∘ + (n× v1) sin 240

∘ + n(n · v1)(1− cos 240∘). (4.11)

After that, an input joint sequence 𝜃𝑡𝑟𝑎𝑗 resulting in a 360∘ rotation is cal-

culated from the unit vectors v𝑖,𝑟𝑜𝑡, 𝑖 = 1, 2, 3 using (2.3) and Algorithm 2 for

obtaining unique inverse kinematics solutions. All sampled rotational instants

are checked for singularity and link collision using the methods outlined in the

previous subsections (Sections 4.1 and 4.2). After evaluating the feasibility of

each test point from the set 𝒲𝑡𝑒𝑚𝑝, and selecting singularity and collision-free

test points, a final set 𝒲 , representing the union of all points belonging to the

Cartesian workspace is obtained. Algorithm 5 details the procedure for deter-

mining set 𝒲 .

For the numerical workspace estimation for the coaxial SPM, an icosahedral

grid of test points assigned to the set 𝒲𝑡𝑒𝑚𝑝 was generated with g-level l = 5 or

𝑓𝑎𝑐𝑡𝑜𝑟 = 32, meaning that each triangle of the icosahedron is subdivided into

32×32 sub-triangles. It resulted in a total of 10,242 test points around the whole

unit sphere. At each point, rotation of the unit vectors v𝑖, 𝑖 = 1, 2, 3, was sampled

into 360 instants (𝛿𝜎 = 1∘), and at each instant, unique input joint positions were

calculated using Algorithm 2. Following this approach, the input joint sequences

𝜃𝑡𝑟𝑎𝑗 providing a 360∘ rotation of the mobile platform at each test point were

generated. During the process of numerical estimation, it was found that some

input joint sequences contained values with imaginary parts, i.e., non-existing
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Algorithm 5: Numerical computation of the Cartesian workspace

Input: 𝑙, 𝜎, 𝛼1, 𝛼2, 𝛽, 𝑥0, 𝜂𝑖, 𝑖 = 1, 2, 3
Output: Set 𝒲
𝒲 ← ∅;
𝒲𝑡𝑒𝑚𝑝 ← icosahedral grid generated using [314];
for 𝑗 ← 1 to 𝑁 do

𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟𝑖𝑡𝑦 ← 𝑓𝑎𝑙𝑠𝑒;
𝑐𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛← 𝑓𝑎𝑙𝑠𝑒;
Set test node coordinates as n = 𝒲𝑡𝑒𝑚𝑝(𝑗);
Reconstruct v𝑖,𝑗, 𝑖 = 1, 2, 3, following (4.9)-(4.11);
Generate rotational motion trajectory 𝜃𝑡𝑟𝑎𝑗 for a single rotation given
v𝑖,𝑗, 𝑖 = 1, 2, 3, using Algorithm 3;

/* singularity detection */
for 𝑘 ← 1 to 𝑆 do

Calculate w𝑖,𝑗,𝑘 and v𝑖,𝑗,𝑘, 𝑖 = 1, 2, 3, given 𝜃𝑡𝑟𝑎𝑗(𝑘) using
Algorithm 1;

Calculate J given u𝑖,𝑗,𝑘, w𝑖,𝑗,𝑘 and v𝑖,𝑗,𝑘, 𝑖 = 1, 2, 3, using
(4.3)-(4.5);

Calculate 𝜁(J) given J, using (4.6) and (4.7);
if 𝜁(J) < 𝜁(J)𝑚𝑖𝑛 then

𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟𝑖𝑡𝑦 ← 𝑡𝑟𝑢𝑒
break

if 𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟𝑖𝑡𝑦 == 𝑡𝑟𝑢𝑒 then
break

/* link collision detection */
Send 𝜃𝑡𝑟𝑎𝑗 to robot simulator;
if 𝑐𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛 ℎ𝑎𝑛𝑑𝑙𝑒 == 1 then

𝑐𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛← 𝑡𝑟𝑢𝑒
break

/* update the workspace */
if 𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟𝑖𝑡𝑦 == 𝑓𝑎𝑙𝑠𝑒 and 𝑐𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛 == 𝑓𝑎𝑙𝑠𝑒 then
𝒲 ←𝒲 ∪ n

return 𝒲

solutions, so the test points resulting in it were excluded from the rest of the

analysis as they correspond to an unattainable region. Furthermore, test points

on the negative side of the unit sphere were also excluded from the analysis as it is

expected that the manipulator cannot operate in that region (physical limitation).

A conditioning index 𝜁(J)𝑚𝑖𝑛 = 0.2 was used to detect near-singular config-

uration for the remaining test points. It is expected that during the rotational

motion, the conditioning index 𝜁(J) will not remain to be the same, as some of

the links are moving to cause the manipulator to come closer or further from

near-singular configurations. And as was observed from Figs. 4-7b and 4-7a,
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Figure 4-2: Test sets from different stages of the Cartesian workspace computa-
tion: (a) set near-singular and singularity-free and test points; (b) top view of
(a); (c) set of link collision-free test points; (d) top view of (c)

conditioning index is indeed changing. So, at each of the test points a single

rotational motion was sampled, and all test points having at least when near-

singular configuration while rotation were disregarded, such as the ones shown in

red in Fig. 4-2a and 4-2b.

Similarly to this approach, link collision checks were performed for all sampling

instants of the rotational motion at each test point. The resulting set is shown

in Figs. 4-2c and 4-2d. The red points represent locations with link collisions

present, so they are disregarded and not included in the final set𝒲 corresponding

to the coaxial SPM’s Cartesian workspace. The resultant set 𝒲 contains data

points normalized to a unit circle, that can be easily multiplied by some correction

value depending on the real radius of the manipulator’s workspace, usually the

distance from the center of rotation till the to central point of the mobile platform.

Analysis of the obtained workspace reveals that for the coaxial SPM under study

can achieve 39∘ as the lowest tilt angle of its mobile platform. So, within this
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Figure 4-3: Case studies of the infinite rotational motion generation

tilt angle, it is expected that the coaxial SPM can perform full rotations of the

mobile platform with no singularities and link collision present.

4.5 Infinite Rotational Motion Generation

To demonstrate the application of the proposed methods to estimate the workspace

and configuration space of the coaxial SPM, three numerical examples with infi-

nite rotational motion are given below.

Example 1: Infinite Rotational Motion at Worspace’s Edge Region

An orientation of the coaxial SPM, corresponding to the node

n =
[︁
−0.274, −0.555, 0.786

]︁𝑇
is used in the first example. It results in 38.22∘

tilt angle of the mobile platform as illustrated in Fig. 4-3a, where arrow z rep-

resents z -axis of the coordinate system and vector n is the mobile platform’s

normal vector shown from the center of rotation. The unit vectors v𝑖, 𝑖 = 1, 2, 3,

describing one of the possible orientations of the manipulator at this test node

are calculated following (4.9)-(4.11):

v1 =
[︁
−0.8967, 0.4427, 0.0000

]︁𝑇
,

v2 =
[︁
0.1471, −0.8314, −0.5358

]︁𝑇
,

v3 =
[︁
0.7495, 0.3887, 0.5358

]︁𝑇
.

(4.12)
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Figure 4-4: Generated rotational motion joint trajectories

Once these unit vectors are obtained, the procedure is continued with Algo-

rithm 3. Rotational instants of the unit vectors (4.12), v𝑖,𝑟𝑜𝑡, 𝑖 = 1, 2, 3, are cal-

culated by applying (2.3) for a single 360∘ rotation cycle with 𝛿𝜎 = 1∘. The input

joint positions 𝜃 are then calculated using Algorithm 2 at each rotational instant.

The generated input joint trajectory 𝜃𝑡𝑟𝑎𝑗 is shown in Fig. 4-4a in the form of a

helix-shaped path inside the feasible configurations space, previously computed.

The generated trajectory almost reaches the side edges of the C-space, indicating

that the coaxial SPM operates near the edge of its workspace. For consistency, all

generated trajectories are shown within the feasible configuration space bounded

by input joint positions 0∘ and 360∘.

Figure 4-5a illustrates the evolution sequence of the generated input joint

positions 𝜃𝑡𝑟𝑎𝑗 for the three actuators of the SPM prototype, whereas Fig. 4-6a

presents the input joint rates of change, calculated as 𝜃𝑖,𝑗+1 - 𝜃𝑖,𝑗. Input joint rates
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Figure 4-5: Evolution of input joint positions

of change are periodic and identical to each other with 120∘ phase shifts between

them. It means that only one input joint position can be generated for simplicity

and ease of calculations; the remaining input joint positions are obtained by

adding 120∘ and 240∘ phase shifts. These values are coming from the location

of mobile platform joints with respect to each other. If they are not equally dis-

tributed, then these values will not be true. A similar periodic behavior during the

rotational motion is observed in the sample evolution of the conditioning index

𝜁(J) shown in Fig. 4-7a. It implies that during the infinite rotational motion of

the coaxial SPM the conditioning index is not constant and can go beyond the

threshold value, which indicates that the motion can be unfeasible.

The generated input joint trajectories, before being applied on the SPM pro-

totype, were tested on the simulation model in CoppeliaSim resulting in dynamic

visualization of the expected infinite rotation as presented in Fig. 4-8 as six sam-
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Figure 4-6: Evolution of input joint rates of change

pling instants. Time evolution of the unit vectors v𝑖, 𝑖 = 1, 2, 3, characterizing the

instantaneous orientation of the coaxial SPM during the rotational motion, were

compared with the numerically computed reference unit vectors v𝑖,𝑟𝑜𝑡, 𝑖 = 1, 2, 3,

similarly to the procedure presented in Chapter 3.2, Fig. 3-5. The matching

of the simulated and pre-computed desired rotational motion trajectories verifies

the correctness and pointing accuracy of the proposed numerical framework for

generating input joint trajectories used for realizing infinite rotational motion of

the mobile platform around its normal vector at the desired orientation.

The input trajectories were also applied on the experimental prototype of the

coaxial SPM as shown in Fig. 4-9 in the same format. The visual evaluation

of the experimental prototype behavior confirmed the overall correctness of the

proposed framework assuming an open-loop control approach. Design of a closed

loop orientation control system for eliminating the effects of the manipulator’s
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Figure 4-7: Evolution of conditioning index 𝜁(J)

dynamics, potential frictions in transmission gears and joints, and mechanical

inaccuracies in the physical SPM prototype on its pointing accuracy is beyond

the scope of the thesis work and can be a part of future research.

Example 2: 360∘ Rotational Motion at Workspace’s Middle Region

An orientation of the coaxial SPM, corresponding to the point

n =
[︁
0.165, −0.326, 0.931

]︁𝑇
is used in the second example. It results in 21.43∘

tilt angle of the mobile platform as illustrated in Fig. 4-3b. Similarly to Exam-

ple 1, the generated input trajectory, input joint positions and rates of change,

conditioning index 𝜁(J) computed for this example are presented in Figs. 4-4b,

4-5b, 4-6b, 4-7b, respectively. The snapshots of the resulting rotation of the sim-

ulation model and experimental prototype are given in Fig. 4-10 and Fig. 4-11,

respectively.

Example 3: 360∘ Rotational Motion in Workspace’s Central Region

An orientation of the coaxial SPM, corresponding to the point n =
[︁
0, 0, 1

]︁𝑇
is used in the third example. It results in 0∘ tilt angle (i.e., no tilt) of the

mobile platform as illustrated in Fig. 4-3c. Similarly to Examples 1 and 2, the

generated input trajectory, input joint positions and rates of change, conditioning

index 𝜁(J) computed for this example are presented in Figs. 4-4c, 4-5c, 4-6c, 4-7c,

respectively. In this case study, input joint rates of change and conditioning index
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𝜁(J) are constant values. The input trajectory is a straight line connecting nodes[︁
0∘, 0∘, 0∘

]︁𝑇
and

[︁
360∘, 360∘, 360∘

]︁𝑇
. The snapshots of the resulting rotation

of the simulation model and experimental prototype are given in Fig. 4-12 and

Fig. 4-13, respectively.

(a) 𝜎 = 0∘ (b) 𝜎 = 60∘ (c) 𝜎 = 120∘ (d) 𝜎 = 180∘ (e) 𝜎 = 240∘ (f) 𝜎 = 300∘

Figure 4-8: Simulated rotational instants around n = [−0.274,−0.555, 0.786]𝑇

(a) 𝜎 = 0∘ (b) 𝜎 = 60∘ (c) 𝜎 = 120∘ (d) 𝜎 = 180∘ (e) 𝜎 = 240∘ (f) 𝜎 = 300∘

Figure 4-9: Experimental rotational instant around n = [−0.274,−0.555, 0.786]𝑇
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(a) 𝜎 = 0∘ (b) 𝜎 = 60∘ (c) 𝜎 = 120∘ (d) 𝜎 = 180∘ (e) 𝜎 = 240∘ (f) 𝜎 = 300∘

Figure 4-10: Simulated rotational instants around n = [0.165,−0.326, 0.931]𝑇

(a) 𝜎 = 0∘ (b) 𝜎 = 60∘ (c) 𝜎 = 120∘ (d) 𝜎 = 180∘ (e) 𝜎 = 240∘ (f) 𝜎 = 300∘

Figure 4-11: Experimental rotational instants around n = [0.165,−0.326, 0.931]𝑇

(a) 𝜎 = 0∘ (b) 𝜎 = 60∘ (c) 𝜎 = 120∘ (d) 𝜎 = 180∘ (e) 𝜎 = 240∘ (f) 𝜎 = 300∘

Figure 4-12: Simulated rotational instants around n = [0, 0, 1]𝑇

(a) 𝜎 = 0∘ (b) 𝜎 = 60∘ (c) 𝜎 = 120∘ (d) 𝜎 = 180∘ (e) 𝜎 = 240∘ (f) 𝜎 = 300∘

Figure 4-13: Experimental rotational instants around n = [0, 0, 1]𝑇
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Chapter 5

Orientation Control

To generate motion trajectories including the optimal ones for a manipulator it 

is required to compute its configurations space (also called C-space), as was done 

in Section 4.3. However, storing the data with all the feasible configurations and 

checking whether the specific t rajectory i s f easible i s c omputationally expensive 

and can not be done in real-time. For fast and optimal calculations it is necessary 

to have C-space in the form of a convex set. One can generate an inner convex 

approximation from the non-convex configuration space, and use i t f or real-time 

control of the manipulator. In this chapter, a methodology for obtaining such 

estimation is presented making it offline, i. e., pr e-calculating it , su ch th at the 

results can be used in real-time. Having this convex set can allow to detect if 

the input configuration is feasible or not without making all the necessary checks 

presented so far. It can be done simply by quick estimation if the input configu-

ration of some trajectory is within the boundaries of the convex approximation. 

This can be used in the case of the external reference tracking control example 

such as following the joystick command which sometimes can lead to input con-

figurations outside of C -space. It is also possible to bring the manipulator to the 

closest feasible orientation.

The final e xperimental s ystem was d eveloped i n t he ROS f ramework, which 

allows easy communication between sensors and actuators in the form of rostopic 

and rosnodes. An example of motion planning of a robot in ROS can be found 

in [315].
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5.1 Convex Approximation of the C-Space

As estimated in Section 4.3, configuration space of a coaxial SPM is a 3D-space in

which each axis corresponds to one of the input joint positions, i.e., 𝜃1, 𝜃2, or 𝜃3.

There exist regions in the joint space that represent sets with unfeasible configu-

rations which have to be avoided by the manipulator. Unfeasible configurations

are defined as the ones that lead to singular or near-singular configurations or

result in link collisions. The obtained configuration space is not bounded by the

planes parallel to the planes formed by axes corresponding to 𝜃1-𝜃2, 𝜃1-𝜃3, or

𝜃2-𝜃3, it stretches infinitely in the diagonal direction, i.e., in the direction of the

vector between 𝜃 = [0∘, 0∘, 0∘]𝑇 and 𝜃 = [360∘, 360∘, 360∘]𝑇 , in both positive and

negative directions. It can also be observed that the obtained space is non-convex

meaning that generating quickly optimal trajectories will not be possible unless

a convex version of the space is obtained [316]. It can be done by excluding some

of the feasible configurations for the sake of obtaining the convex approxima-

tion of the configuration space from its inside region, the so-called inner convex

approximation.

Different methods to generate internal convex approximations of a non-convex

set were proposed when an analytical expression is given for the non-convex set

[317–319], with no standard approaches available in the case when an analytical

expression of a set is not available. In this thesis, an approach to make a convex

estimate of C-space similar to the one described in Algorithm 1 in [91] is used.

This approach is based on performing iterative numerical estimates for each node

from C-space expanding from its center on by one to detect if its inclusion in the

formed convex set does not result in obtaining a non-convex space.

In the remainder of this section, this iterative method for obtaining an inner

approximation of C-space is explained. Let set 𝒱 denote a set of all feasible nodes

of the C-space, and set ℱ will denote a set of all unfeasible nodes (forbidden area),

with set 𝒫 denoting nodes that will belong to the obtained convex estimate of

the C-space. Then, if a procedure is started from the input configuration 𝜃𝑠𝑡𝑎𝑟𝑡,

the space is slowly expanded. A simplified graphical representation with some of

the parameters is shown in Fig. 5-1

As an initial step, a collection of polytopes 𝒞 is defined as a list containing
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Figure 5-1: Graphical representation of the estimation of the convex approxima-
tion of the C-space

all cubes with edge length, 𝜖, centered around the nodes of ℱ , namely 𝒞𝑘, 𝑘 =

1, ..., |ℱ|, with | · | standing for the cardinality of a set. Then, the starting node

𝜃𝑠𝑡𝑎𝑟𝑡, which can be the home configuration, is assigned to a temporary convex

approximation 𝒫𝑡𝑒𝑚𝑝. The idea is that at each iteration the nearest unchecked

points to 𝒫𝑡𝑒𝑚𝑝 from the grid will be checked to satisfy convexity and if they pass

the checks are added to 𝒫𝑡𝑒𝑚𝑝. In the beginning, there is only one node in this set,

namely 𝜃𝑠𝑡𝑎𝑟𝑡. A set 𝒱𝑁 is the set containing nodes with the smallest distance to

𝒫𝑡𝑒𝑚𝑝. At the first iteration, the nodes of this set of six nodes from non-diagonal

directions of 𝜃𝑠𝑡𝑎𝑟𝑡.

At each iteration, a distance, 𝑑𝑘, is measured from the updated polytope 𝒫𝑡𝑒𝑚𝑝

towards all 𝑘 nodes that are inside set 𝒱 but were not included in the list of nodes

forming a convex set 𝒱𝒫 , altogether such set is denoted as 𝒱 ∖ 𝒱𝒫 with its size
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being 𝑘. For all nodes v𝑘 ∈ 𝒱 ∖ 𝒱𝒫 , the distance is defined as:

dist(v𝑘,𝒫𝑡𝑒𝑚𝑝) ≜ inf{‖v𝑘 − 𝜃‖2 : 𝜃 ∈ 𝒫𝑡𝑒𝑚𝑝}. (5.1)

It can be determined numerically by solving the following Quadratic Program

(QP) [316]:

(dist(v𝑘,𝒫𝑡𝑒𝑚𝑝))
2 = min

𝜃
‖v𝑘 − 𝜃‖22

s.t. A𝑝𝜃 ≤ b𝑝

(5.2)

where A𝑝𝜃 ≤ b𝑝 is the H-representation of polytope 𝒫𝑡𝑒𝑚𝑝.

The nodes with the minimal distance 𝑑𝑚𝑖𝑛 are included in the set of the

nodes to be checked at this iteration, namely 𝒱𝑁 , with the size 𝑗. Using the

H-representation, a temporary version of a polytope with each node v𝑗 being

added one by one to define it as 𝒫 ′
𝑡𝑒𝑚𝑝 = co(𝒫𝑡𝑒𝑚𝑝, v𝑗) is sequentially checked

against all sets of 𝒞 for any intersections. If the intersection does not happen,

then 𝒫 ′
𝑡𝑒𝑚𝑝 is treated as 𝒫 ′

𝑡𝑒𝑚𝑝 and the convex set 𝒱𝒫 is amended by one more

node v𝑗. If the intersection exists, then from the set of the feasible nodes 𝒱 , the

node v𝑗 is eliminated. This iterative procedure is repeated until no nodes are left

in 𝒱 . In the result, the polytope 𝒫 from the final version of 𝒫𝑡𝑒𝑚𝑝 is defined using

H-representation as:

𝒫 = {𝜃 ∈ R3 : A𝑝𝜃 ≤ b𝑝}. (5.3)

The procedure described above is recorded as Algorithm 6 below. This Algo-

rithm is the same as Algorithm 1 from [91]. However, in this thesis, the configu-

ration space analyzed is larger and can be extended to account for the infinite roll

rotation feature of the coaxial SPM. As a part of future work, a faster method

has to be considered such as inscribing a cylinder inside the C-space, and com-

pared with the C-space obtained with the given algorithm. In this thesis, it is

believed that using this specific approach is conservative and allows to increase in

the size of the C-space, however a thorough comparison needs to be conducted.

The configurations space obtained in Fig. 4-1c was convex-approximated using

this algorithm. The resultant C-space is shown in Fig. 5-2. Due to the heavy

computational burden of Algorithm 6, not all nodes from the original C-space

were considered. A step of 20∘ was used to select the nodes used in the initial
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Figure 5-2: Convex Configuration Space

sets 𝒱 and ℱ . The remaining points were disregarded in the current stage of the

research. It also should be noted that because coaxial SPM has infinite rotations,

its configuration space is not bounded, and to account for this the previously

reported C-space (from Section 4.3) was modified to include some configuration

exceeding the original 3D grid and it was also center at
[︁
0∘, 0∘, 0∘

]︁
, i.e., the home

configuration. It has the H-representation described by A𝑝 matrix of the size

42x3, and b𝑝 matrix of the size 42x1, i.e., it is described with 43 inequalities.

The A and b matrices are given in Appendix D.

5.2 Constrained Control with Joystick Inputs

Once the new convex estimate of the configuration space is obtained, it is used

in the constrained orientation control in real-time. The estimated polytope 𝒫

defined in its H-representation form is used to check whether any input configu-

ration is inside the convex C-space or not. The input trajectory is sampled with

some time interval, and at each sampling instant, the checks are performed. If it

is outside then the closest possible input configuration within the convex C-space

is used instead. The value of the closest constrained input joint position vector,

𝜃𝑐𝑜𝑛𝑠𝑡𝑟, is obtained as the projection of the reference input position vector, 𝜃𝑟𝑒𝑓 ,
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Algorithm 6: Convex approximation of the configuration space

Input: 𝒱 , ℱ , 𝜃𝑠𝑡𝑎𝑟𝑡

Output: Set 𝒫
/* collection of unfeasible areas */
𝒞 ← ∅;
for 𝑘 ← 1 to |ℱ| do
𝒞 ← {𝒞, 𝒞𝑘};

/* initialization of 𝒫𝑡𝑒𝑚𝑝 */
𝒫𝑡𝑒𝑚𝑝 ← {𝜃𝑠𝑡𝑎𝑟𝑡};
/* initialization of vertex list 𝒫𝑡𝑒𝑚𝑝 */
𝒱𝒫 ← {𝜃𝑠𝑡𝑎𝑟𝑡};
𝑖← 0;
while 𝒱 ∖ 𝒱𝒫 ̸= ∅ do

𝑖← 𝑖+ 1;
for 𝑘 ← 1 to |𝒱 ∖ 𝒱𝒫 | do

v𝑘 ← k -th element of 𝒱 ∖ 𝒱𝒫 ;
/* distance computed as in 5.2 */
𝑑𝑘 ← dist(v𝑘,𝒫𝑡𝑒𝑚𝑝);

𝑑𝑚𝑖𝑛 ← min{𝑑𝑘}𝒱∖𝒱𝒫
𝑘=1 ;

𝒱𝑁 ← {v𝑗 : 𝑑𝑗 == 𝑑𝑚𝑖𝑛};
for 𝑗 ← 1 to |𝒱𝑁 | do
𝒫 ′

𝑡𝑒𝑚𝑝 = co(𝒫𝑡𝑒𝑚𝑝,v𝑗);
intersect← false;
for 𝑘 ← 1 to |ℱ| do

if 𝒫𝑡𝑒𝑚𝑝 ∩ 𝒞𝑘 ̸= ∅ then
intersect← true;
break;

if intersect == false then
𝒫𝑡𝑒𝑚𝑝 ← 𝒫

′
𝑡𝑒𝑚𝑝;

𝒱𝒫 ← 𝒱𝒫 ∪ {v𝑗};
else
𝒱 ← 𝒱 ∖ {v𝑗};

𝒫 ← 𝒫𝑡𝑒𝑚𝑝;
return 𝒫

onto 𝒫 , solved as the QP in the form:

𝜃𝑐𝑜𝑛𝑠𝑡𝑟 = argmin
𝜃
‖𝜃 − 𝜃𝑟𝑒𝑓‖22

s.t. A𝑝𝜃 ≤ b𝑝

(5.4)

The input joint position vector, 𝜃𝑐𝑜𝑛𝑠𝑡𝑟, is within the C-space and ensures

that the manipulator will not have singularities and link collisions. To test the
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proposed constrained orientation control via external reference tracking the de-

veloped coaxial SPM prototype was equipped with a UM7 IMU sensor from

CHRobotics. The sensor was mounted on top of the mobile platform with its

reference frame parallel to the coaxial SPM’s reference frame, but with an offset

on the z -axis. This sensor combines triaxial accelerator, rate gyro, and mag-

netometer data using an extended Kalman filter to produce an estimate of the

orientation of the mobile platform in the form of an orientation quaternion at

each sampling instant, q𝑚𝑝, where subscript mp stands for the mobile platform.

The quaternions were converted to the vector form using the following equation:

v𝑚𝑝,𝑖 = qvℎ𝑜𝑚𝑒,𝑖q*, 𝑖 = 1, 2, 3, (5.5)

using the Hamilton product, where q* is the quaternion conjugate, vℎ𝑜𝑚𝑒,𝑖 is the

home configuration.

The sensor readings were sent wirelessly to the control computer similar to

the approach in [320]. This was required to ensure that sensor wires are not

screwed up by the manipulator’s motions/rotations; it can affect the quality of

sensor measurements. The external reference position is provided by the gamepad

joystick from Microsoft Xbox, whose orientation can also be described in the form

of quaternion, q𝑟𝑒𝑓 . It has two tracked buttons that can provide orientation input,

however, the data is given in the form of x and y components of their location

on a unit circle. The z component is found as:

𝑗𝑜𝑦𝑠𝑡𝑖𝑐𝑘𝑧 =
√︁
1− 𝑗𝑜𝑦𝑠𝑡𝑖𝑐𝑘2

𝑥 − 𝑗𝑜𝑦𝑠𝑡𝑖𝑐𝑘2
𝑦 (5.6)

Control of the coaxial SPM was implemented using the Robot Operating Sys-

tem (ROS) framework. It allows the integration of different parts of the developed

system together and provides easy communication between the sensors and actu-

ators UM7 IMU, Xbox joystick, and Dynamixel XM540-W150 servomotors). To

communicate with the joystick, the joy package was used (http://wiki.ros.org/joy).

The UM7 package (http://wiki.ros.org/um7) was used to communicate with the

IMU sensor. The actuators were controlled with Dynamixel Workbench API

from ROS. The control algorithm was implemented in C code and included the
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Figure 5-3: External reference position set by the joystick (joystick is not shown)

calculation of inverse kinematic problem from the joystick’s reference input, and

QP solver for finding the closest constrained input joint position vector, 𝜃𝑐𝑜𝑛𝑠𝑡𝑟.

In particular, the CVXGEN tool [321] for embedded convex optimizations was

used to obtain the C code implementation of the QP solver routine (based on

interior point methods). These calculations were made in real-time, based on the

previously offline-generated convex C-space 𝒫 .

An example of external reference tracking is shown in Fig. 5-3. This reference

position was set externally by the joystick, and an extended rotational motion

of the mobile platform was executed in this position. The referenced input joint

positions, 𝜃𝑟𝑒𝑓 , were obtained by solving the inverse kinematic problem for the

joystick’s position q𝑟𝑒𝑓 . The constrained input joint positions 𝜃𝑐𝑜𝑛𝑠𝑡𝑟 were also

calculated by solving the inverse kinematic problem for the IMU sensor position

data q𝑚𝑝. A comparison of the resultant input joint position is presented in

Fig. 5-4. These positions can also be viewed on the C-space in the form of 3D

trajectory as depicted in Fig. 5-5. Based on these figures, it can be concluded

that the developed coaxial SPM’s external reference tracking framework is fully

operational and functional.
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5.3 Inertial Stabilization

Since it was confirmed that the developed control framework is capable of

external reference tracking, inertial stabilization based on the same constrained

control approach can be implemented. The coaxial SPM-based stabilization sys-

tem has to hold the object in the reference position while ensuring the absence of

singularities and link collisions. In this scenario, the base is not stationary, but

rather goes through some motions, and the stabilization control has to balance

the mobile platform. To obtain the data about the base position, an additional

UM7-LT IMU sensor was installed in the base of the coaxial SPM. The orienta-

tion of the base platform is provided in the form of an orientation quaternion at

each sampling instant, q𝑏𝑎𝑠𝑒. Employing the quaternion-based rotation sequence

rule [322], the resulting quaternion for calculation input joint position to achieve

stabilization of the mobile platform is calculated as:

Figure 5-4: Comparison of the referenced input joint positions, 𝜃𝑟𝑒𝑓 , obtained
using inverse kinematics from q𝑟𝑒𝑓 with the constrained input joint positions
𝜃𝑐𝑜𝑛𝑠𝑡𝑟 as calculated from the IMU sensor data q𝑚𝑝
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q = q−1
𝑏𝑎𝑠𝑒 × q𝑟𝑒𝑓 (5.7)

The inertial stabilization control algorithm was implemented using the ROS

framework and C programming language, similar to the external reference track-

ing scenario. The resulting list of nodes and topics is given in Fig. 5-6. To test

the inertial stabilization framework, a home configuration was used as the refer-

ence position, and the coaxial SPM’s base was moved as shown in Figs. 5-7a and

5-7b. The sampling frequency from the orientation IMU sensors was set to 50 Hz

(the sampling frequency with which the given IMU sensor was stably working).

Orientations (in the form of quaternions) of the coaxial SPM’s mobile platform,

q𝑚𝑝, and base platform q𝑏𝑎𝑠𝑒 are depicted in Fig. 5-8. The resulting input joint

positions, 𝜃𝑐𝑜𝑛𝑠𝑡𝑟 are shown with a black dashed line in Fig. 5-9. From the figure,

it is seen that when the coaxial SPM is tilted too much it results in the input

joint position vector going out of the convex C-space as illustrated with a red tra-

jectory in Fig. 5-10. In this figure, the red trajectory is the unconstrained one,

𝜃𝑟𝑒𝑓 , obtained from the q quaternion. In contrast, the black trajectory, 𝜃𝑐𝑜𝑛𝑠𝑡𝑟,

is constrained and is obtained as a result of the constrained orientation control

framework. As seen in the left view, the constrained trajectory does not leave

the boundaries of the C-Space, ensuring the safe stabilization of the coaxial SPM.

A part of the red trajectory outside the convex configuration space corresponds

to the input angle positions at samples approximately 300-425. In this part of

the manipulator’s motion, the mobile platform can no longer stay in the refer-

enced home position, but rather stays in the closest one at each sampling instant,

demonstrated in Fig. 5-7c.

Overall, this chapter demonstrated the application examples of the final mo-

tion control system based on the coaxial SPM model with implemented trajectory

tracking and stabilization control.
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Figure 5-5: Trajectory for motion from Fig. 5-3: (a) full view, (b) zoomed-in
view
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(a) Stabilized orientation, at
one of the sampling instants

(b) Stabilized orientation, at
another sampling instant

(c) Stabilized orientation out-
side of the constrained config-
uration space

Figure 5-7: Inertial stabilization example
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Figure 5-8: Orientations of the coaxial SPM’s mobile platform, q𝑚𝑝, and base
platform q𝑏𝑎𝑠𝑒
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Figure 5-9: Constrained input joint positions 𝜃𝑐𝑜𝑛𝑠𝑡𝑟 as calculated from q using
Equation (5.7)

79



θ 
 (

de
g)

3

θ  (deg)
2

θ  (d
eg)

1

θ 
 (

de
g)

3

θ 
 (

de
g)

3

θ  (deg)2

θ  (deg)1θ  (deg)1

θ 
 (

de
g)

2

Figure 5-10: Trajectory for motion from Fig. 5-7 from different view angles, from
left to right: top view, right view, left view, view from an angle
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Chapter 6

Conclusions and Future Work

6.1 Summary

In this thesis, it was investigated if motion control platforms can be developed 

based on the coaxial SPM with capabilities to infinitely rotate its mobile platform 

and achieve target tracking and object stabilization.

To test the thesis hypothesis, forward and inverse kinematics of a coaxial 

SPM was studied at the beginning. Algorithms to obtain unique solutions to the 

forward and inverse kinematic problems were presented. Next, the extended and 

(or) infinite r otational m otion o f t he p resented m anipulator was a nalyzed with 

one more algorithm to generate such motions presented.

The results of the kinematic analysis of the coaxial SPM were applied in esti-

mating the Cartesian workspace and feasible configuration s pace. While obtaining 

these spaces using a numerical approach, singular configurations and configura-

tions leading to link collisions were excluded, ensuring the safe operation of the 

coaxial SPM.

Afterward, coaxial SPM’s configuration s pace w as u sed t o g enerate motion 

trajectories for external reference tracking and stabilization. For this purpose, 

the C-space previously obtained was convex-approximated to be used in real-

time application examples. IMU orientation sensors were used to measure the 

orientations of the mobile and base platforms, and the joystick gamepad was 

used to provide external reference commands. The final m otion c ontrol system 

was developed using the ROS framework and C programming language.
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As the result of the work conducted in the scope of this thesis, it was shown

that coaxial SPMs could be used as 3-DOF motion control platforms with target

tracking and object stabilization, and the operational physical prototype of the

system was developed. Overall concluding that the hypothesis was true.

Potential applications of the developed manipulator and its developed real-

time control framework include rehabilitation devices where a wider range of

rotations is required, surgical robotics where full-circle rotation of the tools is

required (e.g., laparoscopic surgeries), motion control systems and stabilization

platforms, as well as some machining devices (e.g., turning and milling machines).

6.2 Contributions

The main contributions of this thesis are:

• Developed algorithms for obtaining unique kinematic solutions to the for-

ward and inverse kinematic problems of the coaxial SPM

• Developed simulation model of the coaxial SPM in CoppeliaSim and uti-

lized it for link collision estimations helping to foster PM analysis in this

simulator software

• Found that for the given SPM geometry its maximum tilt is equal to 39∘

• Developed an orientation control framework with infinite rotation capability

using IMU feedback and joystick control in the ROS framework

6.3 Limitations of the Reported Research

During the research related to the thesis, one of the obstacles was the accuracy

of the manufactured prototype since it was 3D printed. A better approach would

be to manufacture it using CNC milling with metal. However, that would in-

crease the cost of the prototype, and at the current stage having a 3D printed

version is enough, since some design modifications can be introduced easier and

faster. Another issue was the poor accuracy of the IMU sensor used (UM7 from
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CHRobotics); the measurements provided were not stable, and the effect of sensor

drifting was present.

Since a numerical approach was used in obtaining the configuration space, its

representation cannot be the most precise one. A higher sampling of the tested 3D

space would be desirable, however, it would come at the expense of the increased

computation time.

6.4 Future Work

For future research in the direction of this thesis, an optimization of the ma-

nipulator’s design to obtain a larger configuration space is possible, since the

current geometric parameters were selected to match other works in this field,

and optimized for other performance parameters.

Velocity control for the actuators can be investigated for the generation of

infinite rotational motions as it was observed that there is some dependency

between such rotations and input joint position rates.

Dynamic analysis can also be conducted to be incorporated into the overall

stabilization control framework, taking the effect of external forces into effect.

A less conservative convex approximation of the configuration space can be

obtained by inscribing a cylindrical shape inside the C-space. This can poten-

tially simplify the computational burden on the control system and increase the

response rate required for fast real-time control.
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Appendix A

Example of the Solutions to the

Forward Kinematics Problem

Table A.1: Solutions to the forward kinematics using CAD (Example 2).

Solution v𝑇
1 v𝑇

2 v𝑇
3

Fig. A-1a [0.000,−1.000, 0.000] [0.866, 0.500, 0.000] [−0.866, 0.500, 0.000]

Fig. A-1b [0.000, 1.000, 0.000] [−0.866,−0.500, 0.000] [0.866,−0.500, 0.000]

Fig. A-1c [0.000,−1.000, 0.000] [−0.520, 0.500,−0.693] [0.520, 0.500,−0.693]

Fig. A-1d [0.000, 1.000, 0.000] [0.520,−0.500,−0.693] [−0.520,−0.500, 0.693]

Fig. A-1e [−0.693,−0.200,−0.693] [−0.173, 0.700, 0.693] [0.866,−0.500, 0.000]

Fig. A-1f [0.693, 0.200, 0.693] [0.173,−0.700,−0.693] [−0.866, 0.500, 0.000]

Fig. A-1g [0.693,−0.200, 0.693] [−0.866,−0.500, 0.000] [0.173, 0.700,−0.693]

Fig. A-1h [−0.693, 0.200,−0.693] [0.866, 0.500, 0.000] [−0.173,−0.700, 0.693]
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Figure A-1: Solutions to the forward kinematics for zero input (Example 2)
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure A-2: Solutions to the forward kinematics for non-zero input (Example 3)
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure A-3: Solutions to the forward kinematics for non-zero input (Example 4)
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Table A.2: Solutions to the forward kinematics using CAD (Example 3).

Solution v𝑇
1 v𝑇

2 v𝑇
3

Fig. A-2a [−0.676,−0.690, 0.259] [0.781,−0.406, 0.473] [−0.234, 0.674, 0.701]

Fig. A-2b [0.467,−0.540, 0.701] [0.039, 0.880, 0.473] [−0.935,−0.240, 0.259]

Fig. A-2c [0.204,−0.687, 0.697] [0.183, 0.807, 0.562] [0.883,−0.030,−0.468]

Fig. A-2d [0.416, 0.780,−0.468] [0.790,−0.245, 0.562] [−0.493, 0.520, 0.697]

Fig. A-2e [−0.497,−0.764, 0.413] [0.746, 0.038, 0.665] [0.483,−0.528,−0.699]

Fig. A-2f [−0.216, 0.682,−0.699] [0.406, 0.627, 0.665] [−0.909,−0.048, 0.413]

Fig. A-2g [−0.204, 0.687,−0.697] [−0.183,−0.807,−0.562] [−0.883, 0.030, 0.468]

Fig. A-2h [−0.416,−0.780, 0.468] [−0.790, 0.245,−0.562] [0.493,−0.520,−0.697]

Table A.3: Solutions to the forward kinematics using CAD (Example 4).

Solution v𝑇
1 v𝑇

2 v𝑇
3

Fig. A-3a [−0.862, 0.079,−0.500] [0.500,−0.866, 0.000] [0.362, 0.787, 0.500]

Fig. A-3b [0.862,−0.079, 0.500] [−0.500, 0.866, 0.000] [−0.362,−0.787,−0.500]

Fig. A-3c [0.362, 0.787,−0.500] [0.500,−0.866, 0.000] [−0.862, 0.079, 0.500]

Fig. A-3d [−0.137,−0.782, 0.608] [−0.781, 0.410,−0.471] [0.918, 0.372,−0.137]

Fig. A-3e [−0.362,−0.787, 0.500] [−0.500, 0.866, 0.000] [0.862,−0.079,−0.500]

Fig. A-3f [0.781, 0.609,−0.137] [−0.036,−0.881,−0.471] [−0.746, 0.272, 0.608]

Fig. A-3g [−0.781,−0.609, 0.137] [0.036, 0.881, 0.471] [0.746,−0.272,−0.608]

Fig. A-3h [0.137, 0.782,−0.608] [0.781,−0.410, 0.471] [−0.918,−0.372, 0.137]
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Table A.4: Comparison of the forward kinematics solutions (Examples 2-4).

Orientation v𝑇
1 v𝑇

2 v𝑇
3

Fig. A-1a

CAD
[0.000,−1.000, 0.000] [0.866, 0.500, 0.000] [−0.866, 0.500, 0.000]

Fig. A-1a

calculated
[0.0003,−1.0000, 0.0003] [0.8659, 0.5003, 0.0003] [−0.8662, 0.4997, 0.0003]

Fig. A-1b

CAD
[0.000, 1.000, 0.000] [−0.866,−0.500, 0.000] [0.866,−0.500, 0.000]

Fig. A-1b

calculated
[0.0003, 1.0000, 0.0003] [−0.8662,−0.4997, 0.0003] [0.8659,−0.5003, 0.0003]

Fig. A-2a

CAD
[−0.676,−0.690, 0.259] [0.781,−0.406, 0.473] [−0.234, 0.674, 0.701]

Fig. A-2a

calculated
[−0.6759,−0.6898, 0.2594] [0.7814,−0.4064, 0.4735] [−0.2340, 0.6740, 0.7007]

Fig. A-2b

CAD
[0.467,−0.540, 0.701] [0.039, 0.880, 0.473] [−0.935,−0.240, 0.259]

Fig. A-2b

calculated
[0.4667,−0.5396, 0.7007] [0.0387, 0.8799, 0.4735] [−0.9353,−0.2405, 0.2594]

Fig. A-3a

CAD
[−0.862, 0.079,−0.500] [0.500,−0.866, 0.000] [0.362, 0.787, 0.500]

Fig. A-3a

calculated
[−0.8625, 0.0791,−0.4998] [0.5001,−0.8659, 0.0002] [0.3620, 0.7866, 0.5002]

Fig. A-3b

CAD
[0.862,−0.079, 0.500] [−0.500, 0.866, 0.000] [−0.362,−0.787,−0.500]

Fig. A-3b

calculated
[0.8622,−0.0798, 0.5002] [−0.4999, 0.8661, 0.0002] [−0.3627,−0.7865,−0.4998]

90



Appendix B

Example of the Solutions to the

Inverse Kinematics Problem

Table B.1: Comparison of the inverse kinematics solutions (Examples 2-4).

Orientation v 𝜃𝐶𝐴𝐷 𝜃𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑

Fig. B-1a

⎡⎢⎣0.000 0.866 − 0.866

−1.000 0.500 0.500

0.000 0.000 0.000

⎤⎥⎦
⎡⎢⎣0.00

∘

0.00∘

0.00∘

⎤⎥⎦
⎡⎢⎣ 0.0000∘

−0.0007∘

0.0007∘

⎤⎥⎦
Fig. B-1b

⎡⎢⎣0.000 0.866 − 0.866

−1.000 0.500 0.500

0.000 0.000 0.000

⎤⎥⎦
⎡⎢⎣180.00

∘

180.00∘

180.00∘

⎤⎥⎦
⎡⎢⎣−180.0000

∘

179.9993∘

−179.9993∘

⎤⎥⎦
Fig. B-2a

⎡⎢⎣−0.676 0.781 − 0.234

−0.690 − 0.406 0.674

0.259 0.473 0.701

⎤⎥⎦
⎡⎢⎣ 60.00∘

90.00∘

120.00∘

⎤⎥⎦
⎡⎢⎣ 59.9657∘

89.9718∘

120.1282∘

⎤⎥⎦
Fig. B-2b

⎡⎢⎣−0.676 0.781 − 0.234

−0.690 − 0.406 0.674

0.259 0.473 0.701

⎤⎥⎦
⎡⎢⎣208.84

∘

204.96∘

141.71∘

⎤⎥⎦
⎡⎢⎣−151.1401

∘

−155.0368∘

141.5797∘

⎤⎥⎦
Fig. B-3a

⎡⎢⎣−0.862 0.500 0.362

0.079 − 0.866 0.787

−0.500 0.000 0.500

⎤⎥⎦
⎡⎢⎣ 60.00∘

90.00∘

120.00∘

⎤⎥⎦
⎡⎢⎣ 59.9527∘

89.9993∘

119.9545∘

⎤⎥⎦
Fig. B-3b

⎡⎢⎣−0.862 0.500 0.362

0.079 − 0.866 0.787

−0.500 0.000 0.500

⎤⎥⎦
⎡⎢⎣310.53

∘

270.00∘

229.47∘

⎤⎥⎦
⎡⎢⎣ −49.4799

∘

−90.0007∘

−130.5520∘

⎤⎥⎦
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(a) l-l-l working mode (b) r-r-r working mode

(c) l-l-r working mode (d) r-r-l working mode

(e) l-r-l working mode (f) r-l-r working mode

(g) r-l-l working mode (h) l-r-r working mode

Figure B-1: Solutions to the inverse kinematics (pose taken from Fig. A-1a)
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(a) l-l-l working mode (b) r-r-r working mode

(c) l-l-r working mode (d) r-r-l working mode

(e) l-r-l working mode (f) r-l-r working mode

(g) r-l-l working mode (h) l-r-r working mode

Figure B-2: Solutions to the inverse kinematics (pose taken from Fig. A-2a)
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(a) l-l-l working mode (b) r-r-r working mode

(c) l-l-r working mode (d) r-r-l working mode

(e) l-r-l working mode (f) r-l-r working mode

(g) r-l-l working mode (h) l-r-r working mode

Figure B-3: Solutions to the inverse kinematics (pose taken from Fig. A-3a)
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Appendix C

Setting CoppeliaSim

C.1 Creating Coaxial SPM Model in CoppeliaSim

The initial stage of simulating a robot involves creating a manipulator model in

CoppeliaSim that adheres to all mechanical constraints, ensuring that the model’s

motion simulation mirrors that of the physical prototype. The first step was to im-

port the SolidWorks-designed manipulator model into CoppeliaSim, ensuring that

the CAD model isn’t too heavy, or else it could negatively affect visualization and

calculation modules in CoppeliSim. Therefore, the CAD model was simplified by

removing insignificant design features like holes and small details. Afterward, the

whole assembly was imported as a single mesh in STL format, with the number

of triangles being reduced using the "decimate the mesh" function, followed by

splitting the manipulator model into separate links using the "automatic mesh

division" function. The stationary base link was created by merging the base

platform, actuators, and gears. The imported CAD model was then reoriented to

match the coordinate system of the kinematic model discussed Chapter 2. The

model of the coaxial SPM in CoppeliaSim consists of seven shapes represent-

ing the manipulator links: the base, 6 mobile links, and mobile platform. The

legs were colored differently to improve visual aspects of the simulation model.

Finally, the model was ready to be assembled, similar to the closed-loop chain

kinematic architecture of the manipulator as shown in Fig. 3-3.

There are 2 closed loops in this scene. The first one is base - proximal link 3 -

distal link 3 - mobile platform - distal link 1 - proximal link 1, and the second one
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is base - proximal link 3 - distal link 3 - mobile platform - distal link 2 - proximal

link 2. In order to close the loop it is necessary to use dummy objects that are

connected to the base and the last elements in the loops; all of them should be

located in the center of the base. It is due to those dummy objects the simulator

can simulate PMs.

In order to make the kinematics calculation module to work properly the IK

groups have to be enabled, added, and activated in the simulator settings. In the

case of the coaxial SPM it is necessary to have 2 IK groups with 2 IK elements in

each (closure-tip-1 linked to closure-target-1, and closure-tip-2 linked to closure-

target-2, also shown in Fig. 3-3 with dashed arrows). All constraints (X, Y, Z,

Alpha-Beta, Gamma) have to be enabled in the settings of IK groups.

The Damped Least Squares (DLS) calculation method with the damping co-

efficient equal to 0.0001 was selected for the kinematics calculation module. It

should also be noted that all joints used are revolute and are also used as the in-

termediate elements in the above-mentioned loops. The actuated joints are set to

the inverse kinematic mode in Scene Object Properties menu, whereas remaining

joints are set to the passive mode.

One of the important features of CoppeliaSim robot simulator is its built-

in collision detection module that allows fast interference checking between any

shape or collection of shapes. To have this feature in the simulation of the coaxial

SPM it is necessary to enable all collision detections under calculation module

settings. Afterward, new collision objects have to be added without enabling

explicit handling mode. In this thesis, collision checks between each link versus

all other links (entities) have been implemented, resulting in 8 collision objects.

Whenever the link collision happens CoppeliaSim changes link colours to indicate

the collision event, and sends his information to an external client.

Each link in CoppeliaSim has a position and an orientation in the 3D space.

In order to determine the position and the orientation of the link we can use

either absolute coordinates or joint coordinates. Due to the fact that the origin

of the global coordinate system is located in the center of the bottom surface of

the base, dummy objects were added to the center of rotation and all joints. In

this way, the vectors representing these joints, i.e. u𝑖, w𝑖, and v𝑖, are calculated
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as the difference between each link dummy and the center of rotation dummy.

C.2 Model Interfacing with MATLAB and Mo-

tion Control

The first step in linking MATLAB to CoppeliaSim is to copy vrchk.m, re-

moteApiProto.m, remApi.m, and remoteApi.dll files from CoppeliaSim in-

stallation folder or website (www.coppeliarobotics.com) to MATLAB working

folder. These files contain necessary API information and functions. After es-

tablishing communication with the simulator using vrep.simxStart function, the

motion control of the simulated coaxial SPM can be realized. In order to be

able to control simulated joints via MATLAB, at first, joint handles have to be

obtained from the simulator using

vrep.simxGetObjectHandle function. Afterward, a joint position can be read or

varied using vrep.simxGetJointPosition and vrep.simxSetJointPosition functions,

respectively. If collision detection handle is required to be returned to MATLAB,

this is done using vrep.simxGetCollisionHandle and vrep.simxReadCollision func-

tions. Handles are returned from CoppeliaSim in the form of unique numbers

assigned to each object, joint positions are returned as angle values in radians,

collision events variable takes values 1 when indicating the collision and 0 if no

collision occurs.

The coaxial SPM simulation model is actuated via MATLAB commands sent

to actuated joints (highlighted in red in Fig. 3-3). Before sending any commands

to the simulator it is also necessary to verify that input joint vector 𝜃 does not

lead to a singular configuration. It is done in MATLAB using the approach for

computing the coaxial SPM unique kinematic solutions and verifying that the

Jacobian matrix at this specific SPM configuration is full-rank.
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Appendix D

A𝑝 and b𝑝 Matrices of the Convex

C-Space
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Figure D-1: A𝑝 and b𝑝 matrices
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