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Abstract

The last several decades proved to be a golden age for cosmology. From the observational

front, we have significant breakthroughs including the discovery of Cosmic Microwave

Background (CMB), detection of late time cosmic acceleration, and the mapping of Large

Scale Structure (LSS) formation. From the theoretical front, a robust Λ-dominated Cold

Dark Matter (ΛCDM) model was developed to explain those phenomena with remarkable

precision. However, there remain considerable challenges and questions to address within

each front. On the one hand, there are persistent tensions in different observational

datasets such as σ8 tension arising from the conflicting measurements of the amount

of matter clustering in the universe. On the other hand, theoretical frameworks still

grapple in explaining the true nature of the dark sectors of ΛCDM model: dark energy

and dark matter. This thesis consists of three separate studies that aim to address these

issues by investigating the shared mechanism of two cosmic accelerations, the dark matter

properties, and the σ8 tension.

In the first study, we explore a quintessential inflation within an α-attractor formalism

that connects inflation with dark energy. Cosmic acceleration in the early universe, known

as inflation, is essential to explain the observed properties of CMB and predicts the

existence of primordial gravitational waves. Cosmic acceleration in the late universe,

driven by dark energy, is again essential for understanding the universe’s geometry and

structure formation. We demonstrate a robust relation between the present value of

dark energy equation of state w0 and the strength of the primordial gravitational waves

r, 1 + w0 ≈ 4/(3N2r), valid for a broad range of initial conditions. With the chosen

α-attractor potential, we identify the scalar field as the thawing field thus explaining

the large time gap between the two cosmic accelerations and revealing a tight relation

wa ≈ −1.53(1 + w0) ≈ −0.2 (4 × 10−3/r) between the observables of dark energy and

inflation. Thus, we established a medium where a likelihood of observing a dynamical
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dark energy wa ̸= 0 increases at the expense of detecting primordial gravitational wave r

and vice versa.

The second study examines deviations of dark matter properties from the standard

model. ΛCDM assumes the dark matter to cluster with the same gravitational strength

as baryons and evolve with the pressureless equation of state. However, any deviations

in both characteristics, if observed by future cosmic growth measurements, may shed

light on the origin of the longstanding tensions. We take a model-independent approach

by binning the deviations in redshift and computing the constraints by three different

cosmic surveys, which combined, can cover z = [0, 4]. The analysis shows 3 − 14% and

3− 23% level constraints on the clustering and equation of state deviations, respectively.

In obtaining these results, we neglected the general sound speed along with the viscous

sound speed and leave these effects for future work.

The third study investigates the implication of a modified gravity model on the

structure growth, in particular, on σ8 tension. With this model, we derived the modified

background quantities and perturbation equation. Using redshift space distortion data,

we performed MCMC analysis, successfully demonstrating the decrease in the σ8 tension

from 3σ, as observed between the Planck mission and galaxy redshift measurements, to

1σ. It must be stressed that any proposal to alleviate one tension should not aggravate

the other. However, we left the model implications on the Hubble tension for future work.

This thesis explores theoretical and observational challenges by offering new insights

into the cosmic acceleration, dark matter properties, and persistent σ8 tension. Together,

we believe these studies may contribute a glimpse of comprehension to the mysteries of

our universe and possibly point towards new research directions.
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Chapter 1

Introduction

Current understanding of the cosmos has its challenges and questions. Investigating them

prompts us to consider the key developments in the history of cosmology. In this vein,

we should mention that the earliest scientific form of this discipline is known as "celestial

mechanics" which focused on the study of the heavens. The radical change in the celestial

mechanics happened with Newton’s discovery of the law of universal gravitation in 1687

uniting the stellar and terrestrial phenomena. However, it is widely believed that modern

cosmology began in 1917 with Einstein’s last modification of his new theory of gravity [1].

General relativity enhanced the astronomers’ ability to study distant objects paving the

way for the era of observational cosmology and culminating in Edwin Hubble’s discovery

of the universe’s expansion as predicted by George Lemaitre and described by Alexander

Friedmann[2]. This observation inspired the Big Bang model in the 1930s [3]. Not long

after, the discovery of the cosmic microwave background (CMB) confirmed the predic-

tion of the Big Bang model [4]. These dramatic changes transformed cosmology from a

speculative science into a predictive science. Since then, cosmological measurements have

seen a consistent increase in precision. These advances include the CMB measurements

by satellite observations (COBE[5], WMAP[6–8], Planck [9]) and the ground-based tele-

scopes (Atacama Cosmology Telescope [10], BICEP/Keck [11], South Pole Telescope [12]

). Additionally, structure growth measurements such as those based on the Lyman-α for-

est [13–16], galaxy clustering [17] and weak lensing measurements [18–20], the evidence

of the universe’s accelerated expansion from Type Ia supernovae [21, 22] and Baryon

Acoustic Oscillation (BAO) measurements [23, 24], all have fundamentally reshaped our

understanding of the universe’s origin, evolution, composition, and ultimate fate.
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Currently, we have the standard ΛCDM model that exhibits strong agreement with

all the cosmological measurements. It is a framework that includes a cosmological con-

stant Λ to account for dark energy, cold dark matter to explain the unseen matter, and

general relativity (GR) as the theory of gravity. These few assumptions were enough to

explain the origin of CMB, galaxy distributions, and the expansion history of the universe.

According to this model, small inhomogeneity (∼ 10−5 level) in the CMB power spectrum

is attributed to tiny quantum fluctuations during the early universe which were stretched

apart by the exponential expansion of the universe. This period is known as inflation

[25, 26]. However, what happens during inflation is beyond the scope of ΛCDM. An en-

tirely new mechanism and a new matter are attributed to cause this exponential cosmic

expansion. From the ΛCDM’s perspective, inflation only provides initial conditions to

solve the evolution equations. These initial conditions or initial seeds will grow, under

gravitational instability, into non-linear structures including galaxies and galaxy clusters

[27].

Despite the success of ΛCDM in interpreting the observational findings, it relies on

indirectly detected ingredients. For instance, we still don’t know the true nature of the

cosmological constant and we can’t explain its near-zero energy density observed by cosmic

surveys. The fundamental essence of dark matter remains elusive with little understand-

ing of its particle nature. While observational tensions, such as the discrepancy in the

measured value of Hubble constant H0 and inconsistencies in the growth measurements

leading to σ8 tension, might indicate that ΛCDM is incomplete. Inflation is often consid-

ered an extension to the standard model, but the reheating process which explains the

transition to the hot Big Bang is not addressed in ΛCDM.

This thesis consists of three complementary research works that explore the above

issues. In the ensuing Chapters, we will present the findings. But first, we shall introduce

the standard cosmology, discuss the inflationary paradigm and dark energy, address dark

matter properties and structure growth before concluding this Chapter with the outline

of the thesis.
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1.1 FRW Model As the Standard Cosmology

The foundation of the standard Big Bang theory is based on the cosmological principle

that suggests homogeneity and isotropy on large scales. This assumption is elegantly

encapsulated in the Robertson-Walker (RW) metric

ds2 = −dt2 + a2(t)

[
dr2

1− kr2
+ r2

(
dθ2 + sin2 θ dϕ2

)]
, (1.1)

where s corresponds to the proper distance, t is the coordinate time, a is the scale factor

representing the cosmic expansion, and (r, θ, ϕ) corresponds to the comoving coordinates.

We have the dimensionless parameter k representing the spacetime curvature: if k > 0 we

live in a closed universe, k = 0 corresponds to an infinite and flat universe, while k < 0

represents open and infinite universe. Substituting the metric (1.1) into the Einstein

field equation gives the time-like (00) and space-like (ij) components which results in the

Friedman’s first and second equations, respectively

H2 =
8πG

3
ρ− k

a2
,

ä

a
= −4πG

3
(ρ+ 3p) ,

(1.2)

where H = ȧ/a is the Hubble parameter, G represents Newton’s constant, ρ and p are the

energy density and pressure of the matter. Thus, if the condition p < −ρ/3 is satisfied then

the expansion is accelerating (ä > 0) with pressure p acting as an "anti-gravity" term.

There is a type of "matter" that has a pressure that can oppose gravity’s attraction.

To see this, we observe, from Bianchi identity or energy conservation for a perfect fluid

T µ
ν,µ = 0, the following density evolution equation

ρ̇+ 3H(ρ+ p) = 0. (1.3)

A matter with constant energy density implies p = −ρ satisfying the condition for accel-

erated expansion and this matter is called cosmological constant Λ.

We can introduce an equation of state parameter w = p
ρ

between the energy density

and pressure of the corresponding matter component. Then the dynamic behavior of mat-

ter will be captured in this single parameter. Table 1.1 displays the parameter evolutions

of each matter component given the equation of states.

In cosmology, we often write the Friedmann’s first equation as

H2 = H2
0

[
Ωra

−4 + Ωma
−3 + Ωka

−2 + ΩΛ

]
, (1.4)
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Content EoS a (Scale Factor) ρ (Density) H(t)

Matter w = 0 a ∼ t2/3 ρ ∼ a−3 H(t) = 2
3t

Radiation w = 1
3

a ∼ t1/2 ρ ∼ a−4 H(t) = 1
2t

Λ w = −1 a = exp(H(t− t0)) ρ ∼ const H(t) = const

Table 1.1: Evolution of scale factor, energy density, and Hubble parameter for different
matter contents.

where the fractional energy density Ω is defined as the ratio of present matter energy

density to the critical energy density Ωi = ρi/ρcrit (here i = m, r,Λ) with ρcrit =
3H2

0

8πG
.

Given this concept, the flatness k = 0 is often represented by Ωr + Ωm + ΩΛ = 1, also

consistent with the observations [8].

1.2 Inflation and Dark Energy

Inflation and dark energy are thought to be responsible for two major epochs in the

universe’s history. Inflation, a short period of rapid exponential expansion of spacetime

driven by a high-energy vacuum state or scalar field, generates matter density perturba-

tions and tensor perturbations of spacetime itself. The latter is believed to be the origin

of the primordial gravitational waves, an important signature of inflation. Dark energy,

on the other hand, started to dominate the matter content of the universe only recently,

leading to an accelerated cosmic expansion and suppression of structure growth that had

been going on since the onset of matter domination [28]. While the two epochs share a

similar fate – accelerated expansion, they are separated by billions of years or by some 60

e-folds in expansion. As can be seen in Fig. 1.1, the dark energy-dominated epoch started

only a few billion years ago marking the end of the matter-dominated epoch.

The idea of inflation originated during the 1980s to address several theoretical difficul-

ties and experimental findings. In particular, the CMB discovery put stringent constraints

on our understanding of the cosmic evolution by stipulating flat universe and homogeneous

background temperature coming from the surface of last scattering. A new mechanism

was needed to address these issues. In the following, we will consider these problems.

17



Figure 1.1: Brief history of universe. Figure taken from [29].

1.2.1 Problems In The Absence Of Inflation

1.2.1.1 Horizon Problem

The analysis of CMB temperature fluctuations showed a remarkable uniformity, the tem-

perature anisotropy remaining below △T/T ∼ 10−5 (Fig. 1.2). This presented a challenge

since it meant the CMB photons coming at us from all parts of the sky were in thermal

equilibrium in the past. However, this should not have happened according to the ΛCDM

and to see why, we have to understand the concept of Hubble horizon. In standard cos-

mology, it is characterized by a scale beyond which objects recede faster than light. So

the scales inside the Hubble horizon can interact, but the scales outside are, so to speak,

"frozen". This is a crucial point to understand that the scales outside can’t "talk to"

scales inside. To give a quantitative picture, we want to show what fraction of the night

sky corresponds to those scales that could interact to average out their temperature. In

the following, we want to evaluate the angular size of portions of the CMB that were able

to reach thermal equilibrium according to the ΛCDM model.

Let us introduce another horizon concept – the sound horizon. At early times, the

universe was in a state of primordial plasma and photons couldn’t travel far due to the

Compton scattering off the free streaming electrons. In other words, photons were coupled

to baryons to form a single medium subject to two competing forces: the gravitational

18



force trying to pull everything together and the pressure force of the medium trying to

push everything apart. As a result, the system oscillates producing sound waves. The

maximum distance these sound waves can travel until the time of recombination is usually

referred to as the sound horizon. We can compute it in the comoving coordinate as

dH = cs

∫ t

0

dt′

a(t′)
= cs

∫ τrecom

0

dτ = csτrecom =
1√
3
τrecom. (1.5)

where we used cs = 1/
√
3 as the sound speed of the medium. The general formula

to compute the sound speed is c2s = dp/dρ and during radiation, we have pr = 1/3ρr

substitution of which yields the above value. Next, we compute the comoving distance

from the last scattering surface to the present time using the same formula with only

different integral bounds,

dco =

∫ τnow

τrecom

dτ = τrecom = τnow − τrecom. (1.6)

Once a comoving scale is given, we can project it onto the surface of the last scattering

characterized by the angular scale,

θ ≃ dH
dco

=

1√
3
τrecom

τnow − τrecom
≈ τrecom√

3τnow
, (1.7)

in using this formula, we assumed flat spacetime neglecting the curvature effect. As a

further step, we notice that during the matter domination, the following relation holds

between the scale factor, comoving time, and the temperature a ∼ τ 2 ∼ T−1. However,

the matter domination lasted longer (with Λ starting to dominate only recently), so for

rough estimation, we assume that relation to be valid even at present τnow, to find

θhor ≃
τrecom√
3τnow

≃ 1√
3

(
T0

Trecom

) 1
2

≃ 1◦. (1.8)

Thus, the patch of the universe at the CMB where any interaction could occur to

produce thermal equilibrium accroding to ΛCDM amounts to just 1◦ angular scale in

the night sky. In other words, two photons that were separated by more than θ > 1◦

were not in causal contact. To account for this dilemma, some unknown processes must

have occurred before the radiation epoch. The most simple solution one can provide is the

shrinking Hubble horizon before the radiation era. This idea is the backbone of the cosmic

inflation theory and according to it all the physical scales that we observe today were in

a causal contact in the beginning of time. Fig. 1.3 shows the density fluctuation during
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Figure 1.2: CMB Temperature Fluctuation. The picture was created from nine-year
WMAP data [30].

inflation and its exit out of the shrinking Hubble horizon. Upon exiting, it freezes and

re-enters the Hubble horizon once the radiation takes over. Therefore, all the scales were

in causal contact during inflation giving rise to the uniform CMB temperature fluctuation.

To understand this argument more clearly, let us observe what happens to the co-

moving particle horizon. This is a horizon or a region of space where two events sending

signals to each other at a certain initial time ti can receive it at a later time t. It can be

written as an integral of the comoving Hubble horizon,

dp =

∫ a

ai

d ln a′

a′H(a′)
, (1.9)

where ai is the initial scale factor, 1
aH(a)

represents the comoving Hubble horizon. In the

radiation epoch H ∝ a−2, the integral in Eq. 1.9 converges when taking the limit ai → 0.

This means we can find a scale larger than the horizon since the latter is finite as shown in

Fig. 1.3. However, notice that if H decreases more slowly than a−1, the integral diverges

resulting in an infinite horizon. In turn, this allows us to speculate that all scales were in

causal contact before radiation. Assuming a power law expansion a ∝ tp, we would have

H =
p

t
∝ a−1/p, (1.10)

which transforms the above integral as

dp ∝
∫ a

ai

da′

a′2−1/p
∝ 1

a′1−1/p

∣∣∣a
ai
, (1.11)
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Figure 1.3: All scales that are relevant to cosmological observations were bigger than the
Hubble horizon just at the onset of the radiation epoch. Only those scales that entered
the horizon could interact and evolve according to physical laws.

then the condition of an infinitely large horizon corresponds to p > 1 when taking the limit

ai → 0. Meanwhile, given the expression for the cosmic acceleration ä ∝ p(p− 1)tp−2, we

can notice the condition p > 1 corresponds to the accelerated expansion of the universe.

Once we assume it happened before radiation, the shrinking Hubble horizon (or infinitely

large particle horizon) follows as a consequence. Thus, we have a simple mechanism to

explain the uniform temperature of the CMB.

This leads us to ask: "How long did inflation last?". The answer to this question is

significant since all the observed scales on the night sky exited the Hubble horizon over a

specific interval of time during inflation, with the largest scales only now re-entering, as

seen in Fig.1.3. As a result, we are interested in a period from the end of inflation (tend)

to an earlier time (ti) when the smallest and the largest scales we observe today were

created, respectively. What happened before the creation of the observed largest scale is

an irrelevant question as long as the observational objective is concerned. As discussed

earlier, the comoving particle horizon during inflation is much larger than the particle

horizon of the radiation, dust, and dark energy-dominated epochs. Then, we can write

|τinfl| > τ0, (1.12)
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where τinfl =
∫ tf
ti

dt
a
=
∫ af
ai

da
a2H

is the duration of inflation and τ0 represents the period

from the onset of radiation until now. The absolute value of τinfl indicates that we start

the time counting from the end of inflation so that the accelerated expansion happens at

some negative comoving time −τinfl.

If we recall Friedmann’s first equation in Eq. 1.2, we notice the flatness of potential

(the dominant term during inflation) translates to the Hubble parameter being almost

constant,

τinfl =

∫ af

ai

da

a2H
=

1

Hinfl

(
1

ai
− 1

af
) ≈ 1

aiHinfl

, (1.13)

the last approximation comes from ai ≪ af due to inflation. Next, when computing τ0,

a key point to consider is that most of the expansion after the end of inflation happened

during radiation dominated era. Between the time radiation ended and now, space ex-

panded by about 8 e-folds which is much smaller than the expansion that took place

before. Thus, the approximate statement that only the radiation domination happened

after inflation is a valid as long as the spacetime expansion is concerned. During that

time, the Hubble parameter changes as H ∝ a−2, so that a2H = const = afHinfl. Then

the proper time from the end of inflation until now becomes

τ0 =

∫ a0

af

da

a2H
=

1

a2fHinfl

(a0 − af ) ≈
1

a2fHinfl

, (1.14)

where we used af ≪ a0 = 1. During radiation, the temperature changes with the expan-

sion of space as T−1 ∝ a. Therefore we can write,

af
ai

>
a0
af

=
Tf

T0

. (1.15)

The current average temperature of the universe is about T0 ∼ 10−4eV as provided by

CMB measurements. While the reheating temperature is considered on the order of the

Grand Unified Theory (GUT) scale Tf ∼ 1016 GeV giving us af
ai

> a0
af

> 1029. On the

other hand, notice that Hubble parameter Hdt = da
a

implies∫
Hdt = ln

a

aconst
. (1.16)

We recognize this integral as the number of e-folds Ne the universe has to expand from

its initial size aconst to a final size a. This number is usually referred to as the duration

of inflation. With this new concept, we have

Ne = ln
af
ai

> 66, (1.17)

a minimal duration, inflation has to occur to resolve the horizon problem.
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1.2.1.2 Flatness Problem

It was mentioned earlier that CMB favors flat spacetime. However, a tremendous fine-

tuning is required for spacetime to remain flat since any small deviation can grow very

rapidly. We will show this, first, by recalling Friedmann’s equation,

H2 =
ρ

3M2
P

− k

a2
, (1.18)

where Mp = (8πG)−1/2 is the reduced Planck mass. We can transform the above equation

using the density parameter or the total abundance Ω = ρ
3M2

pH
2 ,

Ω−1 − 1 = −3M2
Pk

ρa2
. (1.19)

If the universe is flat k = 0, we would have Ω = 1. However, should there exist an

initial small perturbation, it would grow fast. To show this, we observe that during the

matter-dominated universe ρ ∝ a−3, the scale dependence of the density parameter is

Ω−1 − 1 ∝ a, (1.20)

and during radiation-dominated universe ρ ∝ a−4, it is

Ω−1 − 1 ∝ a2. (1.21)

Therefore, any small deviation from unity at early times would become enormous at late

times. The initial value of Ω must be fine-tuned very carefully. To give a rough estimation,

one requires at the Planck scale

|Ω(Mp)
−1 − 1| ≲ 10−60 (1.22)

to have a flat spacetime now. Even if everything started at the Big Bang Nucleosynthesis

(BBN), when the universe was 1 sec old, it still requires an incredible fine-tuning of Ω on

the order of 10−16. It suggests that the universe’s flatness observed by CMB would not

be possible unless some very special initial conditions are assumed.

Now, going back to Eq. 1.19 we can observe that the small deviation from flatness

would not grow if the dominant energy content evolve as ρ ∝ a−2. On the other hand,

from the continuity equation, we have ρ ∝ a−3(w+1) implying the upper bound for the

equation of state of the dominant matter content:

w < −1/3. (1.23)
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Again, this statement corresponds to the accelerated expansion of the universe at early

times.

Thus, there is a solution for both the horizon and flatness problems – accelerated

cosmic expansion. The inflation period allows for Ω−1−1 to decrease significantly so that

even at the current epoch we can have Ω−1 − 1 ≃ 0 regardless of pre-inflation value.

Although, all the characteristics of this process closely resemble the properties of

the Λ-dominated expansion of the universe, we can’t assume that it was the cosmological

constant preceding the radiation-dominated epoch. The most compelling reason against it

is that Λ does not redshift away, its energy density remains constant. Therefore, radiation

and matter domination cannot follow after the Λ-dominated universe. We need to have a

matter content that has a dynamic behavior, i.e. a fluid that acts as Λ for a short period

and then decays very quickly.

1.2.2 Inflationary Mechanism

As observed previously, we cannot rely on the cosmological constant to explain the accel-

erated expansion before the radiation epoch. We need a new mechanism to account for

the shrinking Hubble horizon at early times. It should necessarily be a fluid with negative

pressure and with non-trivial dynamic behavior to decay after producing enough cosmic

expansion.

At the level of quantum field theory, all the particles are manifestations of some field

in space and correspond to the relativistic generalization of the Schrodinger wavefunction.

The quantization of a field’s excitation corresponds to a particle’s state and the properties

of a field translate to the properties of a particle like its mass, charge or spin, etc. From

the field theory point of view, a scalar field is the simplest field belonging to the class of

relativistic bosons with spin zero. Other fields corresponding to photons (boson with a

unit spin) and fermions such as electrons are characterized by vector and spinor fields,

respectively. The situation with scalar fields is different since they don’t change under

rotation reflecting the isotropic nature of the universe. In the 1980’s, several prominent

physicists including Alan Guth, Andrei Linde, Paul Steinhardt, and Andreas Albrecht

proposed an inflationary framework based on this scalar field called inflaton [31–33]. As

of now, we discovered only one fundamental scalar field – the Higgs field. This thesis

work focuses solely on the consequences of a single scalar field inflation. The Lagrangian
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involves a minimally coupled scalar field ϕ that participates passively in the interaction

with gravity through spacetime and has a self-interacting property through its potential

energy V (ϕ). The action is simple, in the sense, that the kinetic term (1
2
∂µϕ∂

µϕ) appears

in linear order which is not the case for more complicated models. We have

Sϕ =

∫
d4x

√
−g

[
−1

2
∂µϕ∂

µϕ− V (ϕ)

]
. (1.24)

where the first term in the square bracket corresponds to the kinetic energy of the inflaton

field, while the second term is its potential energy.

The Lagrangian has a dual role in the field theory. On the one hand, it acts as a

source of the conserved quantities giving rise to physical observables such as the energy-

momentum tensor Tνµ. To that end, one needs to vary the action with respect to the

metric to obtain the system’s thermodynamic properties. In a sense, this process gives us

macroscopic information about the system. On the other hand, Lagrangian encodes the

equation of motion of the field in itself which is obtained by varying it with respect to the

field. The situation is similar to what we do with thermodynamics to understand "what

happens" macroscopically and in statistical physics to comprehend "why it happens"

microscopically. We will do both procedures to obtain a complete understanding of the

field and its consequences for conventional cosmological evolution.

1.2.2.1 Macroscopic Properties of Inflaton

As mentioned earlier, obtaining the energy density or the pressure of the single fluid

system amounts to the metric variation of the corresponding Lagrangian as

δSϕ =

∫
d4x

[
δ
(√

−g
)(

−1

2
∂µϕ∂

µϕ− V (ϕ)

)
+
√
−g

(
−1

2
∂µϕ∂νϕg

µν

)]

=

∫
d4x

[
1

2

√
−ggµνδgµν

(
−1

2
∂αϕ∂

αϕ− V (ϕ)

)
+
√
−g

(
−1

2
∂µϕ∂νϕ

)(
−gµαgνβδgαβ

) ]

=

∫
d4x

√
−g

2

[(
−1

2
∂αϕ∂

αϕ− V (ϕ)

)
gµν + ∂µϕ∂νϕ

]
δgµν .

By recalling the definition of Tνµ, the stress-energy tensor becomes

T µν
ϕ =

2√
−g

δSϕ

δgµν
=

(
−1

2
∂αϕ∂

αϕ+ V (ϕ)

)
gµν + ∂µϕ∂νϕ. (1.25)

We use the FRW metric and separate the spatial and time-like components to obtain

T00 =
1

2
ϕ̇2 +

1

2

(∇ϕ)2

a2
+ V (ϕ), (1.26)
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Tij = ∂iϕ∂jϕ− a2gij

(
1

2
ϕ̇2 +

1

2

(∇ϕ)2

a2
− V (ϕ)

)
, (1.27)

where the gradient (∇ϕ)2 = gij∂iϕ∂jϕ is taken with respect to the comoving coordinates.

In the perfect fluid form, we have the energy density ρϕ = T00 and pressure pϕ = 1
3
gijTij

as

ρϕ =
1

2
ϕ̇2 +

1

2

(∇ϕ)2

a2
+ V (ϕ), (1.28)

pϕ =
1

2
ϕ̇2 − 1

6

(∇ϕ)2

a2
− V (ϕ). (1.29)

In the discussion of the flatness problem, we showed the condition w < −1/3 for the

accelerated expansion to occur. However, we can realize rich possibilities within this new

framework since the equation of state for the inflaton field is

w =
ρϕ
pϕ

=
1
2
ϕ̇2 − 1

6
(∇ϕ)2

a2
− V (ϕ)

1
2
ϕ̇2 + 1

2
(∇ϕ)2

a2
+ V (ϕ)

. (1.30)

If the kinetic term (ϕ̇2) dominates, w = 1, there will be no inflationary scenario; the

gradient energy (∇ϕ) dominance requires w = −1/3 which lies at the boundary between

expansion with or without acceleration; lastly, the potential energy (V (ϕ)) dominance

corresponds to w = −1. The last case can produce all the theoretical and experimental

implications of the cosmological constant. However, the possibility of the gradient energy

dominance will be absent from our discussion. This is because, during inflation, any

inhomogeneities in the energy will be diluted away with the exponential stretching of the

spacetime and this is characterized by the division of the scale factor in the expression

above.

The ultimate goal is a transient Λ-like behavior in the early universe. One way to

accomplish this is to have the kinetic term subdominant. In that case, the potential is

approximately flat mirroring the behavior of the cosmological constant. Still, as soon

as the potential steepens, the field acquires more kinetic energy exiting the acceleration

phase thus ending the inflation. This is one of the attractive features of the scalar field

to be able to accommodate the transient state of the acceleration of the universe with

relatively simple dynamics.

The next stepping stone to narrate the universe’s history is to explain how to get

the radiation era. Originally, Guth proposed a scenario where the scalar field is trapped
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Figure 1.4: Scalar field and Inflation. Case (a) corresponds to a scenario where the field
is trapped in a local minimum of the potential and decays through quantum tunneling.
However, this is ineffective in producing reheating. Another inflationary scenario consists
of two phases. In phase (b), the field tunnels to a shallow region of the potential and
rolls slowly toward the true minimum establishing the inflation period. In phase (c), the
kinetic energy dominates the field energy and marks the beginning of the reheating period
where the field oscillates and transfers its energy to other relativistic fields which starts
the conventional cosmological evolution.

in a false minimum of the potential so that the kinetic energy completely vanishes to

give way to inflation. To exit this state, the field has to undergo quantum tunneling to

reach the true minimum of the potential. This is probabilistic and difficult to realize how

to transition to the radiation epoch. This is the "old inflation" model. The new model

proposed by Linde suggests that the field rolls down its potential slowly until it becomes

steep driving the field toward the true minimum. As a result, the field cannot climb over

its potential barrier since it is the global minimum. Here the field oscillates with its huge

energy storage. Eventually, the field loses all its energy and transfers it to other fields

starting the reheating period.
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1.2.2.2 Microscopic Properties of Inflaton

Until now, we presented a qualitative picture of the field dynamics that result in cosmic

inflation. What we have done is to probe the response of the scalar field system to the

spacetime geometry in a macroscopic way. However, the field itself is the primary variable

of the system described by the Lagrangian in Eq. 1.24. We have to know the intricacies

of the field’s interaction with itself and with other fields to have a quantitative picture of

the whole inflationary process. To completely characterize the field at this microscopic

level, we derive the governing dynamical equations of this field. To do that, we vary the

action with respect to the field

δSϕ =

∫
d4x

√
−g [−gµν∂µϕ∂ν(δϕ)− V ′(ϕ)δϕ]

=

∫
d4x

[
∂ν
(√

−ggµν∂µϕ
)
(δϕ)−

√
−gV ′(ϕ)δϕ

]
=

∫
d4x

√
−g

[
1√
−g

∂ν
(√

−ggµν∂µϕ
)
− V ′(ϕ)

]
δϕ,

(1.31)

where we used the integration by parts for the first term and set the field variation at

infinity to zero. We require δSϕ = 0 which gives us

1√
−g

∂ν
(√

−ggµν∂µϕ
)
− V ′(ϕ) = 0. (1.32)

As discussed earlier, any inhomogeneity in the field and in the geometry of the space-

time will be diluted. Then using the homogeneous and isotropic RW metric gνµ =

diag(−1, a2(t), a2(t), a2(t)), we obtain

1

a3
∂t

(
−a3ϕ̇

)
+

1

a2
∇2ϕ− V ′(ϕ) = 0. (1.33)

After a simple algebraic manipulation, we have the equation of motion for the inflaton

field

ϕ̈+ 3Hϕ̇− 1

a2
∇2ϕ+ V ′(ϕ) = 0, (1.34)

or simply

ϕ̈+ 3Hϕ̇+ V ′(ϕ) = 0, (1.35)

where we ignored the gradient energy of the field. Assuming inflaton was the only domi-

nant component in the early universe, we can write the first Friedmann equation as

H2 =
8πG

3
ρϕ =

1

3M2
P

(
1

2
ϕ̇2 + V (ϕ)

)
(1.36)
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As one can see from Eq. 1.35, the field’s motion depends on the two competing forces.

The slope of potential energy sources the motion of the field. However, due to spacetime

response to the field’s motion, we have a friction term due to Hubble expansion which is

proportional to the field velocity and damps any variation in the field.

1.2.2.3 Slow-roll Inflation

Once we know the general equation of motion for the scalar field, we can impose several

constraints on the field’s microscopic characteristics to acquire the inflationary phase.

1) The field potential should be much larger than its kinetic energy to act as a

cosmological constant that accelerates cosmic expansion,

1

2
ϕ̇2 ≪ V (ϕ), (1.37)

ensuring wϕ ≈ −1 during inflation.

2) The acceleration of the field should be small, otherwise, the field reaches a faster

pace in a short amount of time violating the first constraint.

ϕ̈ ≪ 3Hϕ̇. (1.38)

These are called the slow-roll conditions. With these constraints, the inflaton’s equa-

tion of motion and Friedmann’s equation are simplified as

3Hϕ̇ ≃ −V ′(ϕ),

H2 ≃ V (ϕ)

3M2
P

.
(1.39)

Conventionally, slow-roll parameters are expressed as

ϵϕ =
1

2
M2

P

(
V ′(ϕ)

V (ϕ)

)2

,

ηϕ = M2
P

V ′′(ϕ)

V (ϕ)
.

(1.40)

With the slow-roll conditions, we can write the general formula for Ne in Eq. 1.16 as

Ne =

∫ te

ti

H(t)dt

=

∫ ϕe

ϕi

H

ϕ̇
dϕ

≈ − 1

Mp

∫ ϕe

ϕi

1√
2ϵϕ

dϕ.
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One needs to ensure that these parameters are indeed "slow". From Friedmann’s second

equation, we have

Ḣ = − 1

2M2
p

ϕ̇2, (1.41)

then dividing by H2, while assuming H2 ≈ M2
p

3
V , and substituting Eq. 1.40 gives

− Ḣ

3H2
≃ M2

P

6

(
V ′(ϕ)

V (ϕ)

)2

=
ϵϕ
3

≪ 1, (1.42)

where we used 1/2 ϕ̇ << V (ϕ). Therefore, requiring ϵϕ ≪ 1 satisfies our demand that

the fluid acts as the cosmological constant. On the other hand, we can compute the field

acceleration by taking the derivative of the simplified inflaton equation of motion

ϕ̈ ≃ ∂t

(
−V ′(ϕ)

3H

)
≃ −V ′′(ϕ)ϕ̇

3H
+

V ′(ϕ)

3H

Ḣ

H2
, (1.43)

the last term is negligible since ϵϕ = Ḣ
H2 ≪ 1, then∣∣∣∣∣ ϕ̇

3Hϕ

∣∣∣∣∣ ≃
∣∣∣∣V ′′′(ϕ)

9H2

∣∣∣∣ = 1

3
M2

P

V ′′(ϕ)

V (ϕ)
=
∣∣∣ηϕ
3

∣∣∣≪ 1. (1.44)

Thus, we see that the slow-roll conditions translate to the conditions on the slope V ′(ϕ)

and curvature V ′′(ϕ) of the filed potential. Therefore, we say the inflation ends when the

following conditions are broken:

ϵϕ ≪ 1, |ηϕ| ≪ 1. (1.45)

Here, it is relevant to say a few more words on the curvature of the potential by

noticing its direct relation with the effective mass of the scalar field as

m2
eff =

d2Vϕ

dϕ2
. (1.46)

This mass should be small due to the flat scalar field potential to produce inflation.

In other words, to ensure the scalar field motivated inflation, we must have an almost

massless field compared to the Planck mass scale.

Despite the importance of the slow roll parameters, they are not physical observables

and we are not interested in them from the observational point of view. As it will be

shown in due time, they determine the actual physical quantities such as the spectral

index ns and the tensor to scalar ratio r. These quantities will be discussed in detail

later. The slow-roll parameters are related to the physical observables as

r = 16ϵH

ns = 2ηH − 4ϵH + 1,
(1.47)
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where the subscript indicates the Hubble slow-roll parameters that describe the kinematics

of inflation and defined as

ϵH =
1

4πG

(
H ′(ϕ)

H(ϕ)

)2

= − Ḣ

H2
= 4πG

ϕ̇2

H2

ηH =
1

4πG

(
H ′′(ϕ)

H(ϕ)

)
= −1

2

Ḧ

ḢH
= − ϕ̈

Hϕ̇

(1.48)

The relation to the potential slow-roll parameters is ϵϕ = ϵH , ηϕ = ηH + ϵH .

We have certain observational bounds for these quantities, obtained by several cosmic

surveys. For example, the spectral index has the bound of ns = 0.9649 ± 0.0042 at the

68% confidence level following the Planck 18 results [34]. Meanwhile, the tensor-to-scalar

ratio is constrained to r0.002 < 0.1 at 95% confidence level by the BICEP measurements

[35], where the subscript in r corresponds to the pivot scale k = 0.002 Mpc−1 at which

the measurement was carried out. When combined with the Planck 18 data the upper

bound for tensor-to-scalar ratio gets even lower r < 0.056, making it even more difficult

to detect.

1.2.2.4 Slow-roll Inflationary Models

There are several classes of inflationary models developed during the 1980s. The moti-

vation behind them was either finding a natural extension of the Standard Model or just

finding the functional form for the potential that satisfies the slow-roll conditions. The

potential of single scalar field models can generally be represented as a series expansion

V (ϕ) =
∞∑
n=0

cn

(
ϕ

λ

)n

(1.49)

where λ is some constant associated with ultraviolet (UV) cutoff and the constant should

be cn = O(1) unless there is a good argument for why these coefficients must be large.

However, the Planck scale is believed to be the high energy physics limit so that λ <

Mp = 1. Then the series diverges for ϕ > 1 and may converge for ϕ < 1. The former

is associated with the large field and the latter with small-field models. In the following,

we will briefly consider these two models.

1. Large field models

This model corresponds to chaotic inflation as introduced by Linde [36]. It is called

chaotic because one doesn’t need to choose any special initial conditions to drive the

inflation. As long as the field is large, we are guaranteed to have inflation, and any
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Figure 1.5: Different models with potential energy V (ϕ). [Left panel] The field starts to
roll down to the true minimum of the potential from an initially high energy position,
which corresponds to the large field model. This scenario is conventionally characterized
as chaotic inflation. [Right panel] Small field model has a local maximum in the center
where the field is located initially. Since this state is unstable, the field starts to move to
the global minimum producing inflation along the way.

specificity of the initial condition is "washed out". Given the potential of the model (refer

to panel (a) of Fig. 1.5),

V (ϕ) = λϕn, (1.50)

we can find the slow-roll parameters as

ϵϕ =
n2

2

(
MP

ϕ

)2

, ηϕ = n(n− 1)

(
MP

ϕ

)2

, (1.51)

giving us the number of e-folds

Ne ≃
1

2n

ϕ2
i

M2
P

. (1.52)

To satisfy Ne ≈ 50 − 60 e-folds, one requires ϕ >> Mp. From the observational

perspective, it is interesting to show the impact of the free parameter n of the model on

the r− ns plane (see Fig. 1.6). As one can see as the potential gets steep with the higher

power n, the spectral index starts to deviate from 1 more and more while overproducing

the tensor-to-scalar ratio. Therefore constraints put by Planck 18 and BICEP results

disfavor monomial potential with big power law relations. However, active research is

currently underway to push for large field models by claiming that in supergravity theories

the scalar field has a geometric structure that can naturally accommodate inflation like

α-attractor models.

2. Small field models
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Figure 1.6: Large field model and its impact on r and ns. Thick and thin dots correspond
to 60 and 50 e-folds, respectively. As can be seen, the free parameter n will have a stronger
imprint on the observables as its value increases.

In this scenario, a field is initially located on top of a local maximum of the potential

and starts to move towards the plateau producing the inflationary phase (see panel (b)

of Fig. 1.5). The attractive feature of this model is its subplanckian scale, unlike chaotic

inflation. However, the field’s state on the local maximum is a disadvantage since it

requires fine-tuning of the initial conditions. Field’s initial velocity might be slightly

bigger/less to stop/sustain inflation.

A particular example of the small field model is given by a hilltop potential,

V (ϕ) = V0

(
1−

(
ϕ

µ

)n)
. (1.53)

Considering the special case when p = 4, we plug this potential into Eq. 1.41 and integrate
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Figure 1.7: Hilltop potential with p = 4. The dashed black box is the constraint we have
from the experimental observations. With µ > 30, the potential overproduces the tensor
perturbation while in the case of µ < 6, potential shows a higher scale variation of the
spectral index.

to obtain

N = − 1

Mp

∫ ϕe

ϕi

V

V ′dϕ =
1

8Mp

[
ϕ2
i − ϕ2

e + µ4(
1

ϕ2
i

− 1

ϕ2
e

)

]
. (1.54)

If the range for the number of e-folds is Ne ∈ [46, 60], we can check its consequences

on the observables. We use the relation between Ne and ϕi, ϕf – field’s initial and final

states during inflation. From Fig. 1.7, we can see an optimal range for µ within which the

field value can change to produce the right amount of inflation. The dashed black box

corresponds to the observationally viable ranges for ns and r.
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1.2.2.5 Quantum Fluctuation of Inflaton Field

Before discussing any quantum effects, we note that the classical GR still holds even

during inflation. The reason is that the threshold energy density for quantum gravity

is on the order of ∼ M4
P = (1018GeV)4 while inflationary energy density is estimated

to be ρ ∼ H2M2
P = (1016GeV)4 which is significantly smaller. Furthermore, flat and

homogeneous FRW is still believed to apply due to the exponential stretching of spacetime

during inflation. However, small curvature fluctuations persist in the background which

will be the seed for the structure growth.

Earlier, we demonstrated how single-field inflation can solve the horizon and flatness

problems in a detailed manner. However, one can do even more to explain the origin of

the cosmological structure and its imprint on the CMB power spectrum. To accomplish

that, one has to simply recall that the scalar field is the quantum field. The latter is

subject to quantum fluctuations due to Heisenberg’s uncertainty principle: a field in its

ground state cannot stay motionless. Therefore, we consider a small fluctuation of the

field δϕ(τ, x) around its homogeneous background ϕ̄(τ). We assume the fluctuation to be

small compared to the background field value δϕ ≪ ϕ̄ such that

ϕ = ϕ̄+ δϕ, (1.55)

and to investigate the evolution of this small fluctuation, we perturb Eq. 1.34. This time

we don’t neglect the gradient energy of the field since the new fluctuation term contains

spatial dependence. However, the term involving the second derivative of the potential is

negligible due to the small mass scale of the field mϕ ≪ H. Then, we have

δϕ̈+ 3Hδϕ̇− 1

a2
∇2δϕ = 0, (1.56)

which, in the conformal coordinate system, becomes

δϕ′′ + 2
a′

a
δϕ′ −∇2δϕ = 0. (1.57)

where prime denotes derivatives w.r.t conformal time τ . The modes are coupled by the

Laplacian operator ∇2. The homogeneity and isotropy of the universe dictate that there

is no preferred location or direction in the universe. This assumption naturally leads to

Fourier transformation δϕ =
∫

d3k
2π3 δϕk(τ)e

ik·x, a linear system where each mode evolves

independently ∇2 → −k2, that is, it depends only on the mode k not on its location or
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direction. Then investigating just one of these modes is enough to have a general picture

of the fluctuation. In Fourier basis, we have

δϕ′′
k + 2

a′

a
δϕ′

k + k2δϕk = 0, (1.58)

now, we move the field fluctuation itself to the conformal coordinate and write

χk(τ) = a(τ)δϕk(τ), (1.59)

then the above equation transforms into

χ′′
k −

a′′

a
χk + k2χk = 0. (1.60)

It is convenient to have a context to compare k2 with a′′

a
directly. To do that, we relate

it to the conformal time. First, we observe that during inflation H ≈ const, therefore

τ =

∫
dt

eHt
= − 1

aH
, (1.61)

then it follows that a′′

a
= 2

τ2
. Finally, we obtain

χ′′
k + k2

(
1− 2

(kτ)2

)
χk = 0. (1.62)

The comoving scale has an inverse relation with the wave-number λc = 2π
k

, at the

same time, it is bigger than the Hubble radius λc > (aH)−1 during inflation since all

scales will be stretched beyond the horizon sooner or later. Then considering Eq. 1.61,

we have |kτ | ≪ 1 for scales outside the horizon and |kτ | ≫ 1 inside the horizon while

|kτ | ≈ 1 marks the horizon crossing. For subhorizon scales, Eq. 1.62 reduces to an ordinary

harmonic oscillator with the solution χk = e±ikτ . Therefore, we look for solutions in the

form,

χk(k, τ) = fk(τ)e
±ikτ , (1.63)

with fk(τ) being constant for subhorizon scales. Solving for fk gives fk(τ) = A+ B
τ

with

B = ± i
k
A. After absorbing A into the definition of χk, we can write

χ±
k (τ) =

(
1∓ i

kτ

)
e∓ikτ . (1.64)

At this point, we notice that the implications of this equation are twofold. First, the

superhorizon modes kτ ≪ 1 will freeze with different modes causally disconnected. This

is seen by the corresponding solution |χk| = (kτ)−1 ⇔ ϕk = H
k

where H ≈ const during
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inflation. Second, the amplitude of subhorizon modes kτ ≫ 1 will be suppressed |χk| =

1 ⇔ ϕk =
1
a

due to spacetime expansion.

Inflaton fluctuations will be written as

δϕ̂(x, τ) =

∫
d3k

(2π)3
1√
2ka

[
âkχ

+
k (τ)e

ik·x + â†kχ
+∗
k (τ)e−ik·x

]
. (1.65)

where âk and â†k are the creation and annihilation operators, respectively. This indicates

that in quantum mechanics the field perturbations become operators. We will be inter-

ested in the ground state of inflaton since it corresponds to its initial state where the small

fluctuations disturb the field to start rolling down its potential producing inflation. Due

to the homogeneity of the universe, we can pick one position x and investigate it expecting

that every other position will result in the same outcome. We consider the location x = 0

for simplicity. We know the average fluctuation is ⟨0|δϕ̂(0, τ)|0⟩ = 0 which reflects the

random nature of quantum fluctuations. On the contrary, the variance, corresponding to

the non-zero quantum uncertainty in the field, is not zero. It shows the spread or the

energy stored in the fluctuations. One observes that the only non-zero combination of

annihilation and creation operators is âkâ
†
k′ , then the variance becomes

⟨0|δϕ̂2(0, τ)|0⟩ =
∫

d3k

(2π)3

∫
d3k′

(2π)3
1√
2k

1√
2k′

H2τ 2χ+
k χ

+∗
k′ ⟨0|âkâ

†
k′|0⟩

=

∫
d3k

(2π)3

∫
d3k′

(2π)3
H2τ 2

2k
|χ+

k |
2(2π)3δ3(k− k′) =

∫
d3k

(2π)3
H2τ 2

2k
|χ+

k |
2.

(1.66)

Focusing only on the superhorizon modes |χk| = 1/kτ , we write

⟨0|δϕ̂2(0, τ)|0⟩ =
∫

d3k

(2π)3
H2

2k3
=

∫
dk

k

(
H

2π

)2

=

(
H

2π

)2

ln

(
kmax

kmin

)
, (1.67)

since the largest scales (kmin) leave the horizon first, kmin ∼ (τi)
−1 = aiH and smallest

scales leave the horizon at the end of inflation, kmax ∼ (τe)
−1 = aeH, the variance can be

related to the number of e-folds as

⟨0|δϕ̂2(0, τ)|0⟩ =
(
H

2π

)2

ln

(
ae
ai

)
=

(
H

2π

)2

Ne. (1.68)

This means that the amplitude of variance grows linearly with Ne implying that as in-

flation lasts longer, more and more scales have the chance to leave the horizon and be

frozen. Defining the power spectrum Pϕ(k) of the inflaton perturbation as

⟨0|δϕ̂2(0, τ)|0⟩ =
∫

d3k

(2π)3
Pϕ(k), (1.69)
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we see that

Pϕ(k) =
H2

2k3
∝ k−3. (1.70)

Perturbation analysis of general relativity shows that a small fluctuation in inflaton,

which is the dominant source during inflation, leads to a perturbation in the energy-

momentum tensor and subsequently in the metric tensor of the spacetime. Without going

too much into detail at this point, we can simply state that the curvature perturbation,

coming from the tensor part of metric perturbation, has a direct relation with the inflaton

perturbation [37],

PR(k) =

(
H

ϕ̇

)2

Pϕ(k), (1.71)

If we define a dimensionless power spectrum as

∆2
R ≡ k3

2π2
PR(k) =

(
H

ϕ̇

)2(
H

2π

)2

=
1

8π2M2
P

H2

ϵH
, (1.72)

we will see the consequence of the following argument: inflation ends at slightly different

times, with δt = δϕ/ ˙̄ϕ, meaning the different patches of the universe are expanded by

slightly different amounts accompanying the spread in the energy density proportional to

the fluctuation in the scale factor at the end of inflation,

δρ

ρ
∼ δa

a
= Hδt =

H2

2π ˙̄ϕ
. (1.73)

Therefore, one can roughly say the curvature perturbation, or its dimensionless version,

quantifies how much of the original quantum field fluctuations per number of e-folds

(δϕ ∼ H/2π) can be effectively converted into the curvature perturbations which lead to

the density perturbation.

In the dimensionless power spectrum ∆2
R we have an implicit scale dependence hidden

in H and ϕ̇. To see this, notice that during horizon crossing k = aH, different scales leave

at slightly different times. Within that time period both H and ϕ̇ change slightly due to

the slow-roll conditions. Conventionally, this scale dependence is given by the relation,

ns − 1 =
d ln∆2

R
d ln k

, (1.74)

where the dimensionless power spectrum is found as

∆2
R = As

(
k

k⋆

)ns−1

, (1.75)
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We can connect the spectral index with the slow-roll parameters using Eq. 1.74. First,

notice
d

d ln k
= k

d

dk
= aH

d

d(aH)
≃ a

d

da
=

1

H

d

dt
=

ϕ̇

H

d

dϕ
, (1.76)

where we used H ≈ const and dropped the overbar on ϕ for simplicity. Combining the

slow-roll and Friedmann equations (see Eq. 1.39) gives

ϕ̇

H
≃ −V ′(ϕ)

3H2
≃ −M2

P

V ′(ϕ)

V (ϕ)
. (1.77)

Given the above relations, we can easily track the following derivation

ns − 1 ≈ −M2
P

V ′(ϕ)

V (ϕ)

1

∆2
R

d∆2
R

dϕ

≈ −M2
P

V ′(ϕ)

V (ϕ)

[
−V ′(ϕ)

V (ϕ)
− V ′′(ϕ)

V ′(ϕ)

]
= 2ηϕ − 6ϵϕ. (1.78)

Until this point, we have been deriving the direct consequences of quantum fluctua-

tions in inflaton. Small fluctuations in the huge energy deposit of the scalar field in the

early universe lead to a substantial back reaction from spacetime in the form of metric

fluctuations. This leads to the curvature perturbation because the variation in the field’s

energy density curves the spacetime in various amplitudes. It is a scalar perturbation with

dynamical evolution and its characterized mainly by spacetime expansion, horizon cross-

ing, etc. Another form of metric perturbation is the tensor perturbation which originates

from the quantum fluctuation in the gravitational field. In other words, it is synonymous

to the intrinsic fluctuation of the spacetime curvature. This should not lead to confusion

with the earlier concept of curvature perturbations which represent the modifications of

the shape of spacetime by creating potential wells and hills. Thus, the fluctuations in

the gravitational field produces ripples in the spacetime geometry that propagate as the

transverse and traceless gravitational waves. All inflation does to them is to stretch them

beyond the Hubble horizon during inflation. Since they don’t originate from inflaton

field fluctuation, we will not bother ourselves deriving an expression for the tensor power

spectrum. The result can be found in many cosmology books [37]

∆2
t (k) =

8

M2
P

(
H

2π

)2

, (1.79)

where we can see an explicit dependence on the energy scale of inflation. Eq. ?? with the
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slow-roll Friedmann equation reveals(
H

ϕ̇

)2

≈ 1

2ϵϕ

1

M2
P

, (1.80)

showcasing weaker amplitude for tensor power spectrum compared to the scalar power

spectrum in Eq. 1.72, making it an observational challenge to detect. Conventionally,

one considers a quantity that can make comparison easy between tensor and scalar per-

turbation by introducing the scalar-to-tensor ratio as

r ≡ ∆2
t

∆2
R

= 16ϵϕ. (1.81)

This parameter gives additional information about the energy scale of the inflation since

it is related to the potential of the inflaton as

V 1/4 ∼
( r

0.01

)1/4
1016 GeV, (1.82)

so that if it is r ≈ 0.01, we may expect an energy scale of inflation to be on the order

of the GUT scale. The term r can also serve to distinguish between inflationary models

through the Lyth bound. The latter is derived by observing r = 8
M2

P

(
ϕ̇
H

)2
and recalling

that H doesn’t vary much during inflation,

△ϕ

MP

≈ 2
( r

0.01

)1/2
. (1.83)

This demonstrates that large r is produced by superplanckian variations in the field.

It further demonstrates the power of measuring r to constrain inflationary models. As

mentioned earlier, we have good observational bounds for the parameters ns and r while

precisions are only improving with time. For example, large field models corresponding to

chaotic inflation have been ruled out since they produce way more primordial gravitational

waves in contradiction with the latest findings about the tensor-to-scalar ratio [34, 35, 38].

1.2.3 Observational Evidence for Dark Energy

In this subsection, we shift our attention to the late universe. Observation of the acceler-

ated cosmic expansion had a lasting effect on the development of the standard model in

cosmology [21, 22]. We go through these observational evidence for dark energy.
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1.2.3.1 Supernovae Ia

The Type Ia supernovae (SN Ia) are created by the explosion of the white dwarf stars

when their mass exceeds the Chandrasekhar mass limit. In standard theory, they are

believed to pop up everywhere in the universe regardless of their location meaning they

have a common absolute magnitude (denoted as M) independent of the redshift z. In

other words, they are so bright that we can observe them to large distances. Hence, their

spectral evolution (lightcurve) is well studied by atomic physics both in emission and

absorption. By observing them at different wavelengths and times, one can standardize

them to connect their apparent brightness to the their intrinsic brightness and hence

measure their distance. Therefore, we consider them ideal standard candles to measure

the distance or the redshift z and the apparent magnitude m of any astronomical object.

Speaking of the distance, the concept that is frequently used in this type of measurement

is the luminosity distance dL defined as

d2L ≡ Ls

4πF
, (1.84)

where Ls is the absolute luminosity of the source and F is the energy flux. Theoretically,

one can find dL in terms of the properties of the universe’s geometry (determined by FRW

metric),

dL =
(1 + z)

H0

∫ z

0

dz′√∑
i Ω

(0)
i (1 + z′)3(1+wi)

. (1.85)

The crucial property of this integral is its dependence on the matter content of the universe

characterized by the density parameter Ωi. The presence of dark energy can significantly

increase the luminosity distance of an object. One can show it by by taking, for example,

Ωm + Ωd = 1 where Ωm refers to non-relativistic matter, Ωd refers to the dark energy

density, and its equation of state is w = −1. This means evaluating the integral for z′

involves smaller Ωm for much of the integral.

The apparent and absolute magnitude are related to the luminosity distance by

m−M = 5 log10

(
dL

Mpc

)
+ 25. (1.86)

Thus, if we can measure the apparent magnitude m and know the absolute magnitude M ,

we can obtain the luminosity distance. Then using Eq. 1.85 yields the matter content of

the universe. To illustrate this, let us consider two supernovae: 1992P at low (z = 0.026)
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and 1997ap at high redshift (z = 0.83) with known apparent magnitudes m = 16.08 and

m = 24.32, respectively. First, we have to find the absolute magnitude of the standard

candles and it can be done by observing the approximation dL ≈ z/H0 for z ≪ 1. For

1992P supernovae and using Eq. 1.86 results in M = −19.09. Using the same Eq. 1.86

with the absolute magnitude for 1997ap supernovae results in dL ≈ 4800Mpc or

H0dL ≃ 1.16, for z = 0.83,

where we used H−1
0 = 2998h−1 Mpc with h = 0.72. However Eq. 1.85 suggests other

values,

H0dL ≃ 0.95, Ω(0)
m ≃ 1,

H0dL ≃ 1.23, Ω(0)
m ≃ 0.3, Ω

(0)
Λ ≃ 0.7.

Thus, the two approaches give almost the same answer for H0dL when the existence of

the dark energy accounting for 70% universe’s matter content is assumed. Statistically

speaking, one cannot claim that the universe’s expansion is accelerating based on a single

data. Perlmutter et al. [22] studied 42 SN Ia supernovas at z = 0.18− 0.83 redshift range

and found Ωm = 0.28+0.09
−0.08 meaning most of the matter in the universe is the dark energy

ΩΛ = 0.72.

According to these investigations, the cosmic expansion started to accelerate very

recently. We can see this from

z < zc ≡

(
2Ω

(0)
Λ

Ω
(0)
m

)1/3

− 1, (1.87)

obtained from the acceleration condition Eq. 1.2. For Ω
(0)
m = 0.3, Ω

(0)
Λ = 0.7 we get

zc = 0.67 which is close to today ztoday = 0.

Other candles can also probe the acceleration phase of the universe. The FRIIb radio

galaxies studied in [39, 40] yield similar results. However, their constraints are weaker

compared to the Type SN Ia measurements. Another promising candle to probe the ac-

celeration for high redshifts (z > 5) is the Gamma Ray Bursts (GRB) [41]. So if there

is appreciable dark energy at early times, we can learn about it through the informa-

tion provided by GRB measurements. However, at present, cosmologists see systematics

dominating radio galaxies and GRB.
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Another method that gives a standard ruler to determine dark energy is the Baryon

Acoustic Oscillation (BAO) [42]. We can see BAO in the non-integrated Sachs-Wolfe

effect, the first dominant term:

△T

T
∼ (

1

4
δk + Φ) + Doppler shift + ISW + . . . (1.88)

where δk is the density perturbation, Φ is the decaying gravitational potential due to

spacetime expansion. Once the scale k enters the horizon, it oscillates under the effect of

two competing forces – gravitational force and pressure force (resulting from the photon-

baryon coupling). Sound horizon has a scale just enough for the pressure waves to make

one oscillation; smaller scales make many more while larger scales don’t have enough time

to make a single oscillation. When we add up all the contribution from different parts of

the universe, we will have constructive interference for the sound horizon scale. The total

effect is the first peak in the CMB power spectrum. It is the dominant linear order term

where non-linear effects are negligible and thus most precisely determined. We can use the

sound horizon as the standard ruler. Using the comoving sound horizon (rs.h = 150Mpc)

and measuring the angular size (θ) of two points in the sky, we can determine the angular

diameter distance

DA =
rs.h

θ
.

Likewise, we can calculate DA theoretically for a flat universe,

DA =
1

1 + z

∫ z

0

dz

H(z)
,

this means the presence of dark energy (inside H) changes the geometry of the universe.

By comparing the values of angular diameter distance from two approaches, we can find

out the composition of the matter content.

1.2.3.2 Age of the Universe

We know the age of the oldest stellar populations (ts) and they can provide a lower bound

for the universe’s age (t0) since we expect t0 > ts. However, with the flat CDM model

without dark energy, it is impossible to satisfy this consistency check, as we show below.

Jimenez et al. found t = 13.5±2 Gyr as the age for the Globular clusters in our galaxy

by using a method-independent approach [43]. While Richer et al. [44] and Hansen et al.

[45] showed the globular cluster M4 to have an age t = 12.7 ± 0.7 Gyr by implementing
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the white dwarfs cooling sequence method. These discoveries require the universe’s age to

be t > 11− 12 Gyr. At the same time, assuming ΛCDM model, Planck18 data produces

the age of the universe t0 = 13.799± 0.021Gyr [46].

We demonstrate what is the problem with a flat universe consisting of only dust.

The universe’s age can be calculated as

t0 =

∫ tf

ti

dt =

∫ tf

ti

da

aH
=

∫ ∞

0

dz

(1 + z)H0

√
Ω

(0)
r (1 + z)4 + Ω

(0)
m (1 + z)3 + Ω

(0)
K (1 + z)2 + Ω

(0)
Λ

.

(1.89)

where one can ignore the radiation Ω
(0)
r since the effect coming from z > 1000 is negligible

(the radiation dominated period is short). With Ω
(0)
K = 1−Ω

(0)
m (no dark energy Ω

(0)
Λ = 0),

we have

t0 =
1

H0

∫ ∞

0

dz

(1 + z)2
√

1 + Ω
(0)
m z

. (1.90)

Integrating this for Ω
(0)
m = 1 gives

t0 =
2

3H0

, (1.91)

and we know the most accurate value for the Hubble parameter is H−1
0 = 9.776h−1 Gyr

with 0.64 < h < 0.8 [47]. Substitution yields t0 = 8 − 10 Gyr, giving much younger

universe than the oldest globular cluster.

However, a flat universe with Ω
(0)
m + Ω

(0)
Λ = 1 can easily fix this contradiction

H0t0 =

∫ ∞

0

dz

(1 + z)

√
Ω

(0)
m (1 + z)3 + Ω

(0)
Λ

=
2

3

√
Ω

(0)
Λ

ln

1 +

√
Ω

(0)
Λ

Ω
(0)
m

 . (1.92)

Substituting Ω
(0)
m = 0.3 and Ω

(0)
Λ = 0.7, we get

t0 =
0.964

H0

(1.93)

which gives the universe’s age t0 = 13.1 Gyr for h = 0.72. Thus, ΛCDM model can

elegantly solve the age crisis. This is another hint that we are missing an extra matter

component of the universe – dark energy.

1.2.3.3 CMB and LSS Measurements

Observations concerning the early and late time processes such as CMB [48] and Large

Scale Structure (LSS) [49, 50] provide independent information about dark energy. In
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the case of CMB, dark energy’s implication on the power spectrum is indirect since it

was subdominant at early times and came to dominate the universe’s energy density only

recently (z ≈ 0.7). In the LSS measurements, the impact of dark energy plays a crucial

role since they focus on the late-time evolution of the universe (from z ≈ 3 to today).

The existence of dark energy has a twofold significance on CMB. First, its presence

modifies the geometry of the universe which has direct manifestation in the location of the

first peak in the CMB power spectrum. The peak corresponds to the sound horizon during

recombination. The calculation of its location involves the angular diameter distance DA

between the CMB and the present time. To determine DA, we have to know about the

properties of spacetime geometry which is affected by the late time dark energy domina-

tion. Second, dark energy has an imprint on the Integrated Sach-Wolfe (ISW) effect. It

enhances the large-scale anisotropies (low multiples, l ≲ 10) since CMB photons, during

their journey, enter potential wells and their energy increases. However, the gravitational

potentials decay due to the accelerated expansion and photons spend less energy to climb

out of the well, in total, gaining net energy.

In LSS measurements, dark energy’s imprint is directly observed since it suppresses

the structure growth by expanding the space, reducing the gravity effect. The growth

rate f is commonly used to describe the structure growth

f ∝ d ln δ

d ln a
, (1.94)

where the density perturbation δ slows down due to Hubble expansion. Observations such

as weak lensing, galaxy clustering, and redshift space distortion (RSD) directly involve

the suppressed growth rate.

Combining SN Ia, CMB, and LSS measurements provide tight constraints, ruling out

the flat universe that consists of only dust [51]. Compiling these independent observations

strongly suggests the existence of cosmological constant with density parameter Ω(0)
Λ = 0.7

and the equation of state w = −1. Apart from the fine-tuning and naturalness problems

inherent in the cosmological constant, observations have long been consistent with its

predictions.
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1.2.4 Dark Energy as Quintessence

A flurry of activities in the 1970s in high-energy physics and cosmology resulted in ready-

to-explain theories about the mechanisms of inflation. It took some time for the above-

mentioned observational breakthroughs to make these speculations a central topic for

research. Thus, a dynamical scalar field producing the recent accelerated expansion orig-

inated from those investigations of inflation. This dynamical field with its Lagrangian

given in Eq. 1.24 was studied as a substitute for the cosmological constant. Historically, a

tilted, linear potential was first proposed by Linde to replace the flat potential to consider

the dynamic nature of cosmological constant [52].

We have derived macroscopic and microscopic properties of the scalar field, or simply

quintessence onward, in Subsections 1.2.2.1 and 1.2.2.2. Without further going into the

technical details, we notice that everything remains the same with the inflationary scenario

except for the two facts. First, inflation lasted only about △t ≈ 10−35s while the recent

accelerated expansion has been going on for billions of years. In addition, we are not

here interested in how long it will continue since our observation is only concerned with

the past events. Second, the energy scales of these two processes are vastly different: the

inflationary energy scale is commonly estimated to be around the GUT scale ∼ 1016GeV,

while the late time acceleration energy scale is very low ∼ 10−12GeV while the current

Hubble rate is H0 ∼ 10−42GeV. It suggests that quintessence dynamics are naturally much

slower and we do not need to put certain conditions like slow-roll. The other reason being

that the universe is not as close to a de Sitter state as during inflation since there is

non-negligible ordinary matter. Also, dark energy does not obey the slow approximation

used for inflation (all terms in Eq. 1.35 are of comparable magnitude).

1.2.4.1 Quintessential Inflation

After studying inflation and dark energy, a question arises: why don’t we use a single scalar

field to act both as inflaton and quintessence field? Peebles and Vilenkin considered that

question by proposing a potential for the scalar field ϕ to act as inflaton in the early

universe and quintessence field in late universe [53]. In this regard, it was important that

the potential doesn’t possess true minimum since it would force the field to oscillate and
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decay into other fields. The proposed potential has the following form

V (ϕ) =


λ(ϕ4 +M4), for ϕ < 0,

λM4

1+(ϕ/M)α
, for ϕ ≥ 0.

(1.95)

At first, with ϕ < 0 the field produces chaotic inflation. Long after that, the sign of the

field flips ϕ > 0 and we will have a flat potential with a low energy scale corresponding

to quintessence, eventually, driving the universe’s expansion into its accelerated phase.

The difficulty with this model is that it has no tracking solutions to avoid sensitivity to

the initial conditions. Also, reheating after inflation is absent since the potential has no

minimum. People speculated about the gravitational particle production to account for

reheating but this mechanism proved to be inefficient [54]. Another peculiar property of

this model is its kinetic energy dominated phase before radiation starts. This has a huge

effect on the density of the primordial gravitational waves [53, 55]. Despite these apparent

drawbacks, people developed mechanisms to constrain undesirable consequences of this

model.

1.3 Dark Matter and Structure Growth

1.3.1 Observational Evidence For Dark Matter

The confirmation of the existence of dark matter came from different corners of the uni-

verse by various observations. In 1933, Fritz Zwicky observed faster galaxy rotations in the

Coma Clusters [56, 57]. Using the virial theorem for self-gravitating systems, 2Ek = Ep,

he determined the galaxy velocity through the relation v2 = GMobs/R. Taking the values

Mobs = 800 × 109M⊙ and R ∼ 106 lyrs, he calculated v ∼ 102 km s−1 but the observed

value was v ∼ 103 km s−1. To match the observation with the theoretical prediction, one

requires Mtot ∼ 102Mobs meaning there is an extra mass. However, since that time the

precision observations lowered the extra contribution to ∼ 10Mobs.

Another observation pointing to extra mass came 40 years later in the 1970s by Ford

and Rubin [58] showcasing strong evidence for the flat rotation curves corresponding to the

outer regions of spiral galaxies. From the virial theorem, v2(r) = GM(r)/r, we recognize

that the velocity curve should steadily go to zero outside the galaxy disk. This is because

the mass M approaches a constant value as less and less mass is present outwards so that
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M/r approaches zero. Only when we imply M(r) ∼ r outside the disk r > rdisk, can we

infer a flat rotation curve. This suggests an invisible matter outside the disk where its

mass is distributed.

There was another breakthrough in CMB measurements in determining the temper-

ature fluctuations at the time of recombination [30]. Temperature anisotropy was on the

order of △T
T

∼ 10−5 and it is related to the matter density perturbation at recombination
△T
T

∝ δ ∼ 10−5. Since that time, the universe expanded for about a = 103 hinting that we

should expect δ ∼ 10−2 now. However, we already have stars and galaxies, in other words,

we are in the nonlinear regime for structure growth δ ≳ 1. This gave way to speculations

that there was a form of matter that could interact with photons only gravitationally so

that matter density perturbations could cluster more efficiently during the radiation era.

As soon as matter domination starts, we have gravitational potential well deep enough for

the baryons to fall and cluster more quickly than expected. Statistically speaking, to fit

CMB data more accurately, we are required to include a small amount of baryons (∼ 4%)

and a large amount of invisible dark matter (∼ 26%).

1.3.2 Dark Matter Properties

We mentioned earlier that the only known property of dark matter is its gravitational

interaction. Below, we consider the main properties that dark matter may possess and

give bounds coming from theoretical considerations.

We know more of the mass density of dark matter and less of its number density.

Its particle nature is quite elusive with its highly unconstrained particle mass. For any

fundamental particle, its mass can range between mdm = 10−23 eV (so that its Compton

wavelength is within galaxy scales, and hence it can explain rotation curves) and mdm =

1018 GeV. The lower bound comes from the velocity dispersion of stars in ultrafaint dwarf

galaxies [59] while the upper bound is also found using velocity dispersion [60].

Dark matter doesn’t have a charge and cannot interact with photons, otherwise, we

could see it. However, during the pre-recombination era, it could possess a charge to

decrease the clustering effect of dark matter. Estimation shows its value on the order of

≲ 10−6e to avoid inconsistencies with the data. The value is minuscule rendering any

possibility of interaction with electron unfeasible [61].

When it comes to the spin property, this invisible matter is either fermion or bo-
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son and depending on the choice, its mass can have different constraints. For example,

fermionic dark matter cannot have a mass that is too light due to the Pauli exclusion

principle and estimation gives mdm ≳ 10eV. However, if it is boson then there is no lower

bound since we wouldn’t have any constraining principle as we had with fermions.

It is essential to point out that the growth of large-scale structures carries rich cos-

mological insight into the universe’s different matter contents, their evolution, and so on.

We can deduce constraints on the dark matter clustering through exploring deviations in

gravitational attraction from Newton’s value caused by its self-interaction or its different

composition [62]. To study this effect, different approaches were taken both model-based

and phenomenological.

In the following, we will study the growth of structure from density perturbations.

We will see how curvature perturbation during inflation seeds the density perturbation in

the radiation era linking up nicely with our previous discussion of inflation.

1.3.3 Density Perturbation

As we showed in the field perturbation analysis, any fluctuation in the inflaton sources

metric perturbation. However, tensor perturbations in the metric are weakly coupled with

ordinary matter except for neutrinos that have anisotropic stress (introduces off-diagonal

terms in the stress-energy tensor). Thus, for structure growth analysis, we are content

with the scalar perturbations. The perturbed metric becomes

ds2 = −[1 + 2Φ(t,x)]dt2 + a2(t)[1− 2Φ(t,x)]dx · dx, (1.96)

where ds2 is the line element and Φ(t,x) corresponds to Newtonian potential. Due to the

curvature perturbation PR, inflation ends at slightly different times δt ∼ δϕ/ϕ̇ causing

fluctuation in the scale factor a which accompanies fluctuations in the energy density. In

other words, PR directly sources matter density perturbation δ defined as

δ(x) =
ρ(x)− ρ̄

ρ̄
, (1.97)

where ρ̄ is the mean background density and ρ(x) corresponds to the density at position

x such that δ(x) ≪ 1. On the other hand, we saw that the CMB power spectrum is

homogeneous and isotropic. These symmetries are well captured in the Fourier transform

as each mode would evolve independently. Therefore, it is much more convenient to work
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in Fourier space

δk =

∫
δ(x)e−ik·xd3x, (1.98)

Without getting into details, we briefly summarize the implications of the density

perturbation equation derived in many cosmology books such as [37]. Considering only

the subhorizon scales and working in Fourier space, we have

δ̈k + 2
ȧ

a
δ̇k +

(
c2sk

2

a2
− 4πGρtot

)
δk = 0, (1.99)

where cs is the sound speed of the medium and ρtot is the sum of the energy density of

each component. This is the evolution equation and we immediately notice that depending

on the sign of the bracket, we will have two different solutions. If c2sk
2

a2
> 4πGρtot, the

solution is damped meaning there will be no growth since the pressure forces neutralizes

the gravitational pull. However, the case c2sk
2

a2
< 4πGρtot corresponds to the solution we

are looking for - gravitational collapse or growth of structure. Therefore the borderline

has a special name - Jean’s wavelength,

λJ ≡ cs

√
π

Gρtot
. (1.100)

In the following, we will consider the nature of structure growth in different cosmological

epochs. In our calculations, the term c2sk
2

a2
will be neglected due to several factors: study

of non-relativistic matter and large scales structure formations captured by λ > λJ ..

1.3.3.1 Structure Growth over Cosmic Epochs

We would like to see the growth of non-relativistic matter in various stages of the universe’s

history.

Radiation domination (RD). In this period, baryon and relativistic particles,

such as photons, were coupled to each other acting as a single medium. Since pressure

forces are strong enough to compete with the gravitational forces leading to subhorizon

fluctuations, we will have oscillations with constant amplitude around δr+b = 0. Thus,

we don’t expect growth during radiation since we are below the Jeans’ length. However,

if we assume the existence of cold dark matter (denoted with subscript c) which doesn’t

couple to photons, we can write

δ̈c + 2
ȧ

a
δ̇c − 4πGρtotδc = 0. (1.101)
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During RD, we have ρc ≪ ρr and the time average of radiation density fluctuation is

< δr >≈ 0, so we expect δ̈c + 2 ȧ
a
δ̇c ≫ 4πGρtotδc. Also, we note that during radiation the

Hubble parameter evolves as H = 1/2t. All these arguments combined leads to

δ̈c +
1

t
δ̇c = 0, (1.102)

which has two solutions δc = const and δ ∝ ln t. Thus, even though baryon density

couldn’t grow in this hostile environment, dark matter could cluster. Later, it would

make up for that deficit in the observed CMB power spectrum. This happens because

baryons will undergo a boost of clustering by falling into the non-zero CDM potential

that experienced logarithmic growth during RD.

Matter domination (MD). Once the universe becomes cool enough, due to expan-

sion, it transitions to its matter-dominated phase characterized by a ∝ t2/3, H = 2
3t

and

4πGρ = 2
3t2

. In this case, baryons decouple from photons and fall into CDM’s potential

well and they quickly catch up with the dark matter evolution. Afterwards, baryons and

dark matter will act as a single medium throughout the cosmic evolution. We can write

δ̈m +
4

3t
δ̇m − 2

3t2
δm = 0, (1.103)

which has two solutions, one decaying δm ∝ t−1 and one growing mode δm ∝ t2/3. In terms

of the scale factor, the growing mode is δm ∝ a. Thus, the structure grows proportional

to a until dark energy takes over the matter content as the dominant one.

Dark energy domination. Dark energy domination is a recent event occurring

at around z ≈ 0.7. However, it has an important role in the universe’s evolutionary

dynamics. It changes the underlying geometry and suppresses the structure growth. In

this era, we have ρΛ ≫ ρm conversely H2 ≫ 4πGρtotδm where ρtot = ρm + ρr. Therefore,

we solve the equation,

δ̈m + 2Hδ̇m = 0, (1.104)

to find two solutions δm ∝ const and δm ∝ e−2t·const ∝ a−2. The rate of growth de-

accelerates eventually leading to a halt of growth altogether. It means the Newtonian po-

tential decays Φ ∝ a2ρm ∝ a−1 unlike its constant value during matter domination. This

has an imprint on the observed CMB power spectrum through the Integrated Sachs-Wolfe

effect as CMB photons experience decaying gravitational effect while moving towards us.

This analysis only applies to large scales frozen outside the horizon which have entered

it only recently. For smaller scales, the evolution has been occurring for a longer time
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resulting in their transition into the non-linear regime. To study small-scale evolution,

we must abandon the linear perturbation theory in favor of non-linear theories. However,

even within the linear regime, there are several persistent tensions with the standard

model such as σ8 tension. There are multiple fronts opened in theoretical cosmology to

resolve this problem.

1.4 Aims and Structure of the Thesis

In the preceding sections, we presented the detailed history of our universe starting from

the initial quantum fluctuations in the inflaton field leading up to the large-scale structure

formation. In this thesis, we aim to investigate the models beyond ΛCDM and their

detectable signatures on the growth of structure. In the rest of the thesis, I will present

the following results in detail:

In Chapter 2, we study the α attractor model that explains inflation and dark energy

with a single scalar field. We found a relationship between the prediction of inflation and

the dynamic nature of dark energy. Our finding suggests there is an optimal medium

to detect experimental signals for the equation of state w ̸= −1 of dark energy and

scalar-to-tensor ratio r predicted by inflation [28].

Chapter 3 presents the investigation of dark matter properties. We examined the

implications of deviations in its clustering strength and equation of state on the structure

growth. Employing a model-independent approach by binning the deviations in redshift,

we conducted an information matrix analysis. Given a tomographic survey covering a

wide range of redshifts, we can have a glimpse into how much dark matter can deviate

from its standard description [63].

In Chapter 4, we study structure growth in the context of the modified gravity

model. The modified part includes a coupling between gravity and matter which leaves a

unique imprint on the matter clustering. Using redshift space distortion measurements,

we conducted MCMC analysis showcasing a decrease in σ8 tension [64].

We conclude in Chapter 5.
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Chapter 2

Connecting Inflation and Dark Energy

2.1 Introduction

Due to their simplistic nature, scalar fields are the avenues to tackle various problems.

For instance, we are familiar with the Higgs field in fundamental physics, inflaton field as

the cause of rapid cosmic acceleration in the early universe, and possibly dynamic dark

energy responsible for the late time cosmic acceleration. One of the first attempts to

bring two different scalar fields together was the quintessential inflation framework which

aimed to explain inflation and dark energy with a single potential [53]. However, the main

goal being to choose the right form for the potential, it lacked a solid foundation in high-

energy physics leaving an impression of an ad hoc model. A more robust concept must be

built upon high-energy physics such as supergravity or string theory since inflation takes

place at high energies where, as is usually believed, the strong symmetry constraints

are restored. These additional symmetries can highly constrain the possible forms for

the field’s potential and kinetic energies, as is the case in α-attractors [65–67]. These

models provide a unique, non-trivial geometry for the field space. The boundaries of this

field space can accommodate high energy scales associated with inflation and low energy

scales attributed to dark energy, e.g. [68, 69]. Finally, unifying these two phenomena as

quintessential inflation has been a hot topic lately [70–77].

We will focus on α-attractors, a scalar field with a generic potential that includes

Starobinsky cosmology. We further show that the field must be thawing recently to have

certain desirable effects on cosmic evolution. This is an ideal scenario to explain the

large gap in time between two inflationary epochs. Initially, the field was rolling down
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the plateau during inflation terminating at a certain point when the potential steepens

and decreases to its lowest value. From this moment onward, Hubble friction dominates

the field dynamics, effectively, stopping the field, or "freezing" it, and releasing it only

recently to thaw to behave differently than its counterpart – cosmological constant. It was

shown in [78] that thawing fields have certain properties that can be analytically derived

and numerically verified by solving the equations of motion for the field.

One of the main advantages of combining quintessential inflation with the α-attractor

framework is to link the observables from the two eras. Observationally, the situation is

similar to a "win-win" scenario. Failing to detect the primordial gravitational waves,

characterized by r, can be understood as the field’s premature cessation caused by its

low kinetic energy and the Hubble friction once it reaches the second plateau and freezes

higher up its potential. However, when it thaws, it will exhibit more dynamic behavior

since the field acquired higher potential energy at the time of freezing. Therefore, a

low r scenario will produce more deviations in the equation of state parameter w from

that of the cosmological constant, a more favorable condition to be detected by future

observations. On the other hand, if r is large due to a steeper potential, the field thaws at

later times giving rise to less dark energy dynamics. Therefore, it will be hard to detect

deviations from cosmological constant. We study conditions that favor observations of

each parameter or a happy condition where the experimental signals from both can be

detected. The potential energy we adopt avoids zero minimum corresponding to the

cosmological constant and the evolution comes mainly from the α-attractor dynamics.

Section 2.2 provides symmetric considerations that lead to the α-attractor La-

grangian. While in Section 2.3, we discuss the interpretation of the α parameter and

show how it emerges in the expressions for tensor-to-scalar ratio r and dark energy equa-

tion of state w linking two cosmic accelerations. In section 2.4, we briefly summarize the

main characteristics of α-attractors and introduce the coupled system for the equations of

motion. Section 2.4.1 solves the system numerically showcasing the influence of the model

parameters α and initial field values ϕi on the solution. We present the main findings of

this work in Section 2.4.2 where the relation between r and the dark energy equation of

state parameters w0 and wa is studied both analytically and numerically. In Section 2.4.3,

we discuss the constraints on the observable parameter from future experiments. Finally,

a discussion and summary of our results are given in Section 3.5.
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2.2 Canonical Action under Conformal Symmetry

The specific form of the α-attractor Lagrangian arises naturally when we impose addi-

tional symmetries. This approach provides constraints on the kinetic and potential terms

and links the inflationary framework to high-energy physics. In most cases, conformal

symmetry is the guiding principle for fundamental frameworks such as string theory and

supergravity which have more built-in symmetries to extend the current physical theories.

We can put it this way, the Poincare group states that regardless of where an observer

is (translation), where he looks (rotation), and how fast he is moving (boost), all phys-

ical laws are the same; if we add additional transformations such as inversion, followed

by translation, and followed by another inversion, then we get the full conformal group.

Thus, a theory invariant under this full symmetry transformation will have a rich struc-

ture to accommodate the explanation of unique physical events such as inflation. In this

symmetry, it is the angle θ that is preserved (through cos θ = [A⃗ · B⃗]/[|A⃗| · |B⃗|]), and the

scale invariance is automatically included if we consider constant scaling across spacetime

which amounts to dilation. If we add to this argument the observational evidence for

an almost scale-invariant CMB power spectrum, they all seem to hint towards conformal

symmetry for early universe physics. However, it introduces its difficulty in explaining a

mysterious mechanism that broke the conformal symmetry during inflation [79].

This section investigates conformal symmetry constraints on the scalar field canonical

action. The constraints primarily focus on the metric (spacetime geometry) and the

kinetic term (field dynamics). Since potential energy does not interact with the metric

directly, the priority will be to ensure the conformal invariance of the kinetic term and

the metric. Prior to that, we check whether the canonical form of the kinetic term in the

action, which is Lorentz invariant, also respects conformal symmetry,

L =

√
−g

2
gµν∂µϕ∂νϕ. (2.1)

We apply to this action the following general conformal transformation,

g̃µν = e−2σ(x)gµν . (2.2)

However, the Lagrangian 2.1 is indeed not invariant. To see this, we follow the effects of

metric transformation on the action,

L =

√
−g̃

2
g̃µν∂µϕ∂νϕ = e−2σ

√
−g

2
gµν∂µϕ∂νϕ, (2.3)
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here we used det(cA) = cn det(A) (for n × n matrix A) and g̃µν = e2σ(x)gµν . Since the

field is coordinate-dependent, it also transforms as

ϕ̃ = eσ(x)ϕ. (2.4)

Then, substituting the transformed field and taking partial derivative give

L =

√
−g̃

2
g̃µν∂µϕ̃∂νϕ̃ =

√
−g

2
gµν∂µϕ∂νϕ+

√
−g

2
gµν
(
ϕ2∂µσ∂νσ + ∂µϕ

2∂νσ
)
. (2.5)

This shows that the original action is not invariant under conformal transformation. There

must be an additional variable in the Lagrangian 2.1 to cancel the term in the bracket

during the transformation. Turns out the non-minimal coupling term 1
12
ϕ2R(g) is what we

seek. As a next step, we will show its conformal transformation. First, note the conformal

transformation of Ricci scalar is [80]

R̃ = e2σ
(
R− 6eσgµν∂µ∂νe

−σ
)
, (2.6)

combining this with the field transformation, we get,
√
−g̃

12
ϕ̃2R̃ =

√
−g

12
ϕ2R−

√
−g

2
ϕ2eσgµν∂µ∂νe

−σ. (2.7)

Integrating the last term by parts and discarding the surface integral gives∫
d4x

√
−g

2
ϕ2eσgµν∂µ∂νe

−σ =

∫
d4x

√
−g

2

[
gµν(∂µϕ

2∂νσ + ϕ2∂µσ∂νσ) + ϕ2eσ∂µg
µν∂νσ

]
.

(2.8)

The last term also cancels due to the metric being Riemannian manifold ∇µg
µν = 0.

Finally, we obtain

L =

√
−g̃

2

(
g̃µν∂µϕ̃∂νϕ̃+

ϕ̃2R̃

6

)
C. S
=

√
−g

2

(
gµν∂µϕ∂νϕ+

ϕ2R(g)

6

)
, (2.9)

as the conformally invariant action. We recognize that the following gauge ϕ =
√
6

reduces to the Einstein-Hilbert action without matter term. The next steps in the ensuing

subsections are followed as in [81].

2.2.1 Enriching Field Structure with SO(1.1) Symmetry

To ensure non-trivial field geometry, we introduce a symmetry into our Lagrangian –

SO(1, 1) - to make our field structure Lorentz invariant. Therefore, it is the Lorentz
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subgroup – any matrix transformation that preserves the inner product [x, y] = x2 − y2

with a unit determinant. This symmetry allows the field to transform in a fashion that

respects the conformal symmetry while being the simplest extension from the flat to the

curved geometry for the field structure. As we will show later, this curved geometry is

hyperbolic with negative curvature, meaning that away from the origin the field value will

be stretched. In a flat geometry setup, a small change in the field corresponds to a small

change in the potential. However, in negatively curved geometries, as we go farther away

from the origin, the field increases quickly. Then assuming a smooth potential, a small

change in its value is produced by a large difference in the field value. This effectively

introduces a third-party involvement in the field evolution: it is not only the potential

that dictates the field how to move but the evolution away from the origin will dictate

the potential how to behave. In other words, we expect a small change in the potential

gradient away from the origin, effectively, driving it to plateau.

Since SO(1, 1) is Lorentz 1+1 dimension, to have the inner product, we introduce a

second field χ accordingly. Note, χ is a conformal compensator and has no associated

physical degree. Then our conformally symmetric action transforms into

L =

√
−g

2

[
gµν∂µχ∂νχ+

1

6
χ2R(g)− gµν∂µϕ∂νϕ− 1

6
ϕ2R(g)− λ

18
(ϕ2 − χ2)2

]
. (2.10)

One can observe that χ has a wrong sign which makes it look an ad hoc construction but

it is a common practice in supergravity models to make the structure more elegant. In

the meantime, we notice this theory becomes antigravity for χ2−ϕ2 > 0. Then the role of

χ is to represent the cutoff limit for ϕ to remain within the standard gravity. Again, we

recover the Einstein-Hilbert action with χ2 − ϕ2 = 6 gauge. Here, the fields are defined

as χ =
√
6 cosh (φ/6) and ϕ =

√
6 sinh (φ/6) in terms of a new field φ which is massless

canonically normalized field. The term λ corresponds to the cosmological constant.

We can consider a more general case by replacing λ with a function f(χ, ϕ) by break-

ing the introduced symmetries. However, we can do it gently in such a fashion to keep at

least one of the symmetries. The natural choice is to preserve conformal symmetry and

to deform SO(1, 1) so that we have λ = f(ϕ/χ).
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2.2.2 α attractor from χ =
√
6α gauge

We choose a gauge for one of our fields to obtain the desired form of the action. With

the choice χ =
√
6α, the Lagrangian in 2.10 modifies to

L =

√
−g

2

[
R

(
α− ϕ2

6

)
− gµν∂µϕ∂νϕ− 2f

(
ϕ√
6α

)(
ϕ2

6
− α

)2 ]
. (2.11)

This action is written in the Jordan frame which is favored to investigate the curvature

modifications. However, an analogous way to study the modification is to use the usual

Einstein frame which is well adapted to handle the modification in the matter part of

the action. It is still not clear which frame is the actual physical frame. One subtle

issue shown in the work [82] is that without including the "gravitational contact term"

in the Jordan frame, the results will not be generically compatible in the two systems.

Apart from that consideration, it is easy to switch to the Einstein frame by the following

transformation,

gJµν = (α− ϕ2

6
)−1gEµν . (2.12)

From the conformal transformation, we have g̃µν = e2σ(x)gµν , then it is easy to recognize

σ = ln
(
(α− ϕ2

6
)−1/2

)
. Using the results in [80], we get

RJ =

(
α− ϕ2

6

)[
RE + 3gµνE ∂µ∂ν ln

(
α− ϕ2

6

)
− 3

2
gµνE ∂µ ln

(
α− ϕ2

6

)
∂ν ln

(
α− ϕ2

6

)]
.

(2.13)

computing the derivatives of logarithms as

∂ν ln

(
α− ϕ2

6

)
= − ϕ

3(α− ϕ2

6
)
∂νϕ,

∂µ∂ν ln

(
α− ϕ2

6

)
= − 6α + ϕ2

18(α− ϕ2

6
)2
∂µϕ∂νϕ− ϕ

3(α− ϕ2

6
)
∂µ∂νϕ.

(2.14)

and substituting them yields

(α− ϕ2

6
)RJ = (α− ϕ2

6
)2RE − (α +

ϕ2

3
)gµνE ∂µϕ∂νϕ− (α− ϕ2

6
)ϕgµνE ∂µ∂νϕ. (2.15)

The next step is to convert the Jordan frame metric determinant into Einstein frame by
√
−gJ = (α− ϕ2

6
)−2

√
−gE. Then we obtain

L =

√
−gE
2

[
RE −

α + ϕ2

3

(α− ϕ2

6
)2
gµνE ∂µϕ∂νϕ− ϕ

α− ϕ2

6

gµνE ∂µ∂νϕ− 1

α− ϕ2

6

gµνE ∂µϕ∂νϕ− 2f

(
ϕ√
6α

)]
.

(2.16)
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If we integrate the third term discarding the surface integral along with ∂µg
µν
E , it cancels

out the fourth term and the remaining part is added to the second term to give

L =

√
−gE
2

RE − α(
α− ϕ2

6

)2 gµνE ∂µϕ∂νϕ− 2f

(
ϕ√
6α

) . (2.17)

We rescale the coordinate axis as xµ → xµ√
α

and recognize the last term as the field

potential energy to obtain

L =

√
−g

2

R− gµν∂µϕ∂νϕ(
1− ϕ2

6α

)2 − V

(
ϕ√
6α

) , (2.18)

where we dropped the subscript E since we will primarily work in the Einstein frame. This

long-sought action has poles in the kinetic term introducing non-trivial geometry into the

field space. As it turns out the Poincare disk best describes this unique geometry.

From a practical side, it is better to bring the action to its canonical form which is

well-studied in cosmology. To do that, we introduce a new canonically normalized field

by solving, ∂ϕ(
1−ϕ2

6α

)2 = ∂φ, to obtain

ϕ =
√
6α tanh

φ√
6α

. (2.19)

This transformation will move the poles from ϕ = ±
√
6α to φ = ±∞ explicitly showing

the plateau where inflation occurs with the field rolling slowly.

2.3 Key features of α

2.3.1 Interpretation

As we know from special relativity, the underlying geometry to study physical processes

is flat Minkowski space and different frames are related to each other by Lorentz trans-

formation to preserve the proper distance. However, this distance preservation - Lorentz

transformation - has a hyperbolic structure. In other words, we can study a physical

event in both flat and hyperbolic geometries with only different concepts, such as, veloc-

ity and rapidity. In the latter case, the preserved quantity under Lorentz boost is the

hyperbolic angle due to its additive nature. This is an important feature of conformal
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symmetry as mentioned earlier. The mapping between two spaces is the hyperbolic tan-

gent, v = c tanh η, where v is the object’s velocity and η corresponds to the rapidity which

is a velocity representation in hyperbolic geometry. So if we were to study relativistic mo-

tion, we can equivalently switch to hyperbolic structure by adopting rapidity instead of

velocity which is more convenient since it has additive properties. In this regard, it is

crucial to have a convenient representation of hyperbolic geometry. Poincare disk is the

most well-known technique for this purpose. We start with a hyperboloid defined in flat

space as

X2 + Y 2 − T 2 = −1, (2.20)

and it can be mapped onto a disk using the stereographic projection x = X
1+T

and y = Y
1+T

(this procedure is similar to how we obtain 2D map of the Earth). Then the corresponding

metric will have the form

dz2 = 4
dx2 + dy2

(1− (x2 + y2))2
. (2.21)

This reminds us of the kinetic term in 2.18. Turns out, the Poincare disk best describes

the field ϕ’s underlying geometry. As we move towards the disk’s boundary, the field value

becomes infinite although the circle has a finite radius. Information gets distorted since we

are mapping an infinite hyperboloid onto a unit disk but the angle between intersecting

curves is preserved. Thus, one is free to speculate that the inflationary scenarios can

happen at the boundaries of the disk where the field’s potential approaches its plateau.

From a dynamical perspective, we note that depending on the two limiting values of

α, it has two distinct physical interpretations [81],α → 0, tanh φ√
6α

<< φ√
6α
, "ultra-relativistic" limit

α → ∞, tanh φ√
6α

≈ φ√
6α
, "non relativistic" limit.

(2.22)

It is evident that the ultra-relativistic limit can likewise be achieved when the field value

approaches a very large number with fixed α. In this sense, the situation is similar to an

object accelerated close to the speed of light, "things" become different, in other words,

time stops. In the case of the field space, approaching the boundary of the Poincare disk

creates a unique condition for high-energy state of the universe - inflation.

From a geometrical perspective, the Poincare disk can locally represent Kahler moduli

space used in supergravity and string theory where the main idea of α-attractor stems

from [65–67]. Although the Poincare disk has a constant curvature RP = −1, the α
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parameter is related to the Kahler curvature as

RK = − 2

3α
(2.23)

Then depending on the two limiting cases, we haveα → 0, high curvature limit

α → ∞, low curvature limit.
(2.24)

Another interpretation for α is its role in controlling the position of the singular

term in 2.18 which corresponds to the Ultraviolet cutoff [83]. In other words, we can

control the threshold between low and high-energy quantum field theory. From symmetry

considerations, it is speculated that α takes discrete values [84, 85]. In the discussed

Poincare disk scenario, this parameter takes 3α = 1, 2, . . . 7 with α = 1 corresponding to

Starobinsky and Higgs inflation models.

2.3.2 Connecting ns, r, and w∞ with α

Any specific details of a general potential are washed away when we consider the limit

φ → ±∞. The positive infinite corresponds to high energy scale of inflation while the

negative infinity leads to the low energy scale of dark energy . In both cases, the Taylor

expansion of the potential around these limiting cases will have similar expressions with

only a sign difference. In the vicinity of the boundary ϕ = ±
√
6α, the ϕ(φ) relation

becomes

ϕ = ±
√
6α
(
1− 2e∓

√
2
3α

φ
)
, (2.25)

up to a higher order terms O
(
e−2

√
2
3α

φ
)
. Then Taylor expanding the potential V (ϕ)

around these boundaries gives

V = V± ∓ 2
√
6αV ′

±e
∓
√

2
3α

φ, (2.26)

where V ′
± ≡ ∂ϕV

∣∣
ϕ=±

√
6α

and V± = V (±
√
6α).

Now, we can find the imprints of α-attractor on the inflationary observables – spectral

index ns and tensor-to-scalar ratio r. Focusing on the inflationary part of the potential,

we compute
dφ

dN
=

V ′

V
=

4V ′
+e

−
√

2
3α

φ

V+ − 2
√
6αV ′

+e
−
√

2
3α

φ
, (2.27)
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where N is the remaining number of e-folds till the end of inflation such that dN < 0,

generally of order N = 50–60. In the limit φ → ∞, we can neglect the second term in the

denominator leaving us with,

dφ

dN
=

V ′

V
= 4

V ′
+

V+

e−
√

2
3α

φ, (2.28)

solving for e−
√

2
3α in terms of N gives

e−
√

2
3α

φ =
V+

V ′
+

√
3α

2

1

4N
, (2.29)

substituting it into the slow-roll parameter yields

εH =
1

2
(
dφ

dN
)2 =

3α

4

1

N2
. (2.30)

Likewise, we can find the second slow-roll parameter as

ηH =
V ′′

V
− 1

2

(
V ′

V

)2

= − 1

N
− εH . (2.31)

We recall that r = 16εH and ns = 1 − 4εH + 2ηH . Computing ns to first order in N ,

finally gives

ns = 1− 2

N
, r =

12α

N2
, (2.32)

To derive the asymptotic value of the dark energy equation of state far into the

future w∞, we set V− = 0 corresponding to the zero cosmological constant Λ = 0 to avoid

w∞ = −1 [86]. At late time, we have an exponential potential V ∼ eλφ that flattens as

φ → −∞ to give an asymptotic power-law inflation [87]. It is well known, in that regime,

the equation of state approaches its asymptotic value,

w∞ = −1 +
λ2

3
= −1 +

2

9α
. (2.33)

Therefore, another observable quantity is determined through α, making this framework

even more attractive.

2.4 α-Attractors as Quintessential Inflation

Our focus is particularly on the quintessential inflation based on the α-attractor frame-

work, where the field rolls from the high-energy inflationary plateau to its ∼ 10110 times

smaller potential energy corresponding to the late-time dark energy. One way to achieve
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this is to include the Λ term by hand to account for the second plateau. We avoid that

route by taking only dynamical energy with zero cosmological constant. We achieve it

by choosing an exponential potential to have an attractor behavior at late times to avoid

fine-tuning. Regarding the observables ns and r, we already have an attractor to wash

away any initial misbehavior, imposed by the symmetry of our framework. These two

considerations are embedded in the potential,

V (ϕ) = M2e−2g

[
e
g
(

ϕ√
6α

+1
)
− 1

]
V (φ) = M2e−2g

[
e
g
(
tanh

(
φ√
6α

)
+1

)
− 1

]
,

(2.34)

first studied in [72] as Exp-model II. We name it ExpLin due to its unique shape at two

extremes – at early times it approaches its plateau as an exponential while at late times

it becomes a linear function in ϕ +
√
6α. The advantage of the linear potential is its

"resilience" to quantum bumps or corrections in the field due to its approximate shift

symmetry near the pole [88]. The inflationary energy scale is given by M2, while M2e−2g

corresponds to the current energy scale of the dark energy such that the parameter g is

on the order of ∼ 125.

Given the observables of two inflationary epochs in terms of α in Eqs. 2.32–2.33,

we can connect the tensor-to-scalar ratio with the asymptotic value of the dark energy

equation of state as

1 + w∞ =
8

3N2r
= 0.22

(
51

N

)2(
4.6× 10−3

r

)
. (2.35)

The parameter values used in this calculation were borrowed from the Starobinsky model

predictions [89]. We see a simple relation between the two observables, that is, if we stand

a chance to observe CMB polarization B-modes (larger r), then it is hard to distinguish

dynamic dark energy from the cosmological constant (w = −1) and vice versa.

To analyze the model, we solve the equation of motion, Klein-Gordon equation,

corresponding to the quintessence scalar field. We bring this second-order differential

equation into its coupled autonomous system of first-order differential equations for the

kinetic and potential energies as in [90]. Introducing x = φ′/
√
6H2, y =

√
V (φ)/(3H2)

as our new variables, we can write

x′ = −3x+

√
3

2
λy2 +

3

2
x
[
2x2 + γ(1− x2 − y2)

]
(2.36)

y′ = −
√

3

2
λyx+

3

2
y
[
2x2 + γ

(
1− x2 − y2

)]
. (2.37)
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Where a prime denotes a derivative taken with respect to ln a, e-fold time. In this au-

tonomous system, the dark energy equation of state has a simple form,

w =
x2 − y2

x2 + y2
. (2.38)

We denote the present fractions of matter and radiation energy density relative to the

critical density of the universe as Ωm and Ωr, respectively. Then, the background fluid’s

equation of state γ (without the field) and the fractional potential slope λ can be written

as

γ = 1 +
1

3

1

1 + Ωm

Ωr
eln a

(2.39)

λ = −V,φ

V
. (2.40)

One may prefer an analogue system with three equations that can be solved numerically

[90]. We have also implemented this system to test for accuracy by defining Γ = V V,φφ/V
2
,φ.

Then the slope parameter λ evolves according to

λ′ = −
√
6λ2(Γ− 1)x . (2.41)

Numerical solutions obtained by both systems show identical results to the desired preci-

sion. All the results in this work are obtained by solving the two-equation system.

2.4.1 Viable α Values and Feasible Initial Conditions

To find the field evolution, we have to supply the system of differential equations with

initial conditions φ′
i, φi, and with the model parameter α. The following argument de-

termines initial conditions. After the end of inflation, the inflaton transitions into its

kination phase where its kinetic energy dominates due to the steepness of the potential,

then the potential flattens again making the Hubble friction the dominant term in the

equation. The field freezes at a certain time in its evolution making the results indepen-

dent of the choice for φ′
i, and we set it to zero. We also expect the evolution independent

of φi = φf over a certain range due to the attractor behavior of the potential at late times.

The initial conditions are set at ln ai = −15 corresponding to z ≈ 3 × 106, well inside

the radiation epoch. We focus on the specific values of α = [1/3, 7/3] to match with the

symmetric considerations coming from the Poincaré disk. Lastly, we fix the fiducial value
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Figure 2.1: The field evolution influenced by Hubble friction and the slope of potential
energy. Left panel illustrates the dependence on α with fixed φi = φf = −15. While the
right panel shows the dependence on ϕf with fixed α = 1 (solid) and α = 7/3 (dashed).

of the fractional matter energy density to Ωm = 0.3 while adopting H0 = 68 km/s/Mpc

where necessary.

In Fig. 2.1, we show the field evolution φ(ln a) corresponding to different values of α

and φf . As we can see the field is frozen for most of the time, thawing only recently. We

will further discuss such behavior in Sec. 2.4.2 known as the thawing field in literature

[68, 91, 92]. The left panel displays strong thawing behavior of the field for large α

values. However, the right panel displays a similar behavior: bigger φf causes the field

to thaw sooner and more strongly (better seen with higher α value). In both cases, the

similar behavior is attributed to the potential’s sensitivity to steepness caused by these

parameters.

The dynamics of the dark energy is best distinguished by its equation of state pa-

rameter w(ln a). In Fig. 2.2, we display this parameter depending on α values and initial

condition φf . Since the field is frozen initially, we observe w = −1, as expected. Far

into the future, it will approach its asymptotic value w∞ = −1 + 2/(9α). However, as

we saw in the previous figure, the steepness of the potential plays a crucial role: the field

may overshoot first and then relax to its attractor value. For φf ≲ −15, one can notice

that the equation of state shows a similar shape, while for φf ≳ −10 the overshooting

is so extreme near the present that it becomes irrelevant to consider this range from an

observational point of view.
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Figure 2.2: The equation of state of dark energy shows cosmological constant-like behavior
in the past, only to relax to less negative values later, to approach its asymptotic value in
the future. The left panel shows the effect of α, with smaller values α < 1 showing huge
deviations from w = −1, rendering them difficult to reconcile with observations. The right
panel presents φf dependence of the w evolution. The less negative φf produces potentials
with the steeper slopes causing w to overshoot its attractor value, with φf > −10 being
unviable observationally while φf < −15 producing near identical outcomes.

2.4.2 Connection Between Inflation and Dark Energy

We saw how the ExpLin α-attractor model connects two parameters, tensor-to-scalar ratio

r and asymptotic value of dark energy equation of state w∞, both belonging to events

separated by billions of years. Although, r is an observable, w∞ is not, in the sense that

observations do not constrain it directly but they only constrain w(a) through cosmic

distances and growth factors. Therefore, it is best to study w(a) and ways to connect it

to its asymptotic value.

The Refs. [78, 93] demonstrated that the form w(a) = w0+wa(1−a), called the CPL

parametrization, is a good approximation for the observational probes such as distances

and growth factors relative to the exact equation of state parameter with ∼ 0.1% accuracy

for thawing fields. Accordingly, we start by investigating the relationship of the fitting

parameters w0 and wa to the model parameters.

As a first step, we look for patterns that can help connect w∞(α) to w0. Looking

at Fig 2.2, we can already find a hint that for viable α and φf , where overshooting the

attractor value is suppressed, the relation between the two values of w is expected to be

simple. To see this, we compute P ≡ (1+w0)/(1+w∞) and plot it in Fig. 2.3. As can be

seen, we find that for a viable range of α and φf ranges, we indeed have a simple relation,

1 + w0 ≈ 0.5(1 + w∞) , (2.42)
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Figure 2.3: Connecting the present value of the dark energy equation of state to its
asymptotic value through the ratio P ≡ (1 +w0)/(1 +w∞). The ratio is almost constant
for the chosen α’s with fixed φf = −15 (left panel) and viable φf with fixed α = 1
corresponding to Starobinsky model(right panel).

to a desired accuracy. Now, we can relate two different, seemingly unrelated, observables,

i.e. r to w via Eq. 2.35 to obtain

1 + w0 ≈
4

3N2r
= 0.10

(
51

N

)2(
4.6× 10−3

r

)
. (2.43)

When it comes to the parametrized time-varying dark energy equation of state,

Ref. [78] demonstrated a narrow relation wa ≈ −(1 +w0)× (1.5− 1.6) for thawing fields.

We find w(a) by solving the coupled equations of motion and check if this relation also

holds for our ExpLin model which corresponds to a thawing field. Concerning the CPL

parameters, w0 is just the present value of the dark energy equation of state w(a = 1).

While wa is determined in such a way to capture a universal pattern all model param-

eters share as shown by Ref. [78]. It is often wrongly interpreted as the first derivative

in the Taylor expansion around today wa = w′(a = 1). However, following Ref. [78], we

define it from the phase space quantity w′ as wa = −w′(a)/a evaluated at some a = a⋆

where the model parameter values show universal behavior. This doesn’t affect the ob-

servables where w0 and wa are treated as the fitting parameters in w(a) = w0+wa(1−a),

rather it is used as a theory interpretation tool, a calibration, to bring unique behaviors

corresponding to different model parameters close together.

In Fig. 2.4, we plot the calibration ratio Q ≡ wa/(1 + w0) against a⋆ to identify a

range of parameter values where we might observe the relation established in Ref. [78]

for thawing fields. As can be seen, most of the model parameters produce the calibration

ratios that lie close to each other for a range of a⋆. Slight deviations from the general trend
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Figure 2.4: Demonstration of ExpLin model acting as the standard thawing field. The
calibration given by the ratio Q ≡ wa/(1 + w0) is plotted as a function of a⋆, where we
use wa = −w′(a⋆)/a⋆. Plots for different α with φf = −15 [left panel] and for different
φf with α = 1 [right panel] both show nearly universal phase space feature at around
a⋆ ≈ 0.65 over viable parameter ranges.

appear in the case of α = 1/3 (fixed ϕf = −15) and φf = −7 (fixed α = 1). However,

as shown in Fig. 2.2, these models have a strong deviation from w = −1 rendering them

irrelevant for discussion. For viable ranges of α and ϕf , we can see an especially tight

calibration at around a⋆ = 0.65. Therefore, we can write the following approximation

wa ≈ −1.53(1 + w0) , (2.44)

establishing the validity of the thawing field parametrization demonstrated in Ref. [78].

Now, we can rewrite Eq. 2.43 as

wa ≈
−6

3N2r
= −0.16

(
51

N

)2(
4.6× 10−3

r

)
. (2.45)

Thus, with the dark energy equation of state characterized by CPL parameters, we have

an interconnected relation among w0, wa, and r. We check this relation by solving the

coupled system for a range of α and ϕi values. In Fig. 2.5, the model predictions are given

in the w0–wa plane, with colors and symbols corresponding to different α and ϕi values,

respectively. As can be seen, these predictions lie close to each other highlighting the

potency of calibration parameter wa demonstrated in Eq. 2.44. The deviations w0 > −0.8

seen in the phase space, again, correspond to models with unviable parameter ranges like

α = 1/3 and φf > −8. Otherwise, all models follow the w0–wa relation independent of

φf for φf ≲ −10.

Fig. 2.6 demonstrates the correspondence between the primordial gravitational wave

and the CPL parameters. We used φf = −15 (however the results are independent of
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Figure 2.5: Demonstrating the validity of the relation in Eq. 2.44 by numerically solving
the system of equation for w(a). Colors and symbols correspond to α and ϕf , respectively.
Deviations from Eq. 2.44 (outside the dashed line) occur in the unviable range of the
parameters (in the case of α = 1/3, all symbols are stacked on top of each other).

φf over its viable range) and plotted the derived r, w0, wa values for a given α. If we

fix α in Eq. 2.32, the tensor-to-scalar ratio r becomes a function of only N while there

is no such dependence in the CPL parameters. The result is clearly shown in the plot

where the band covers N = [50, 60] (a reasonable range for inflation) and where the solid

curve connects the different α’s for N = 51. In both panels, we can clearly see the inverse

relation between dark energy dynamics and the primordial gravitational wave strength.

This relation suggests if we stand a good chance to observe the primordial gravitational

waves in the next generation experiments, then the odds are against dynamical dark

energy, while if we fail to find gravitational waves created during inflation, then the

odds are against cosmological constant. Since the expectation for the next generation

experiments, such as the CMB and cosmic distance/structure surveys, are very high with

uncertainties lowering to σ(r) ≈ 5× 10−4, σ(w0) ≈ 0.08, σ(wa) ≈ 0.2 (e.g. [94–97]), there

is hope to detect both.
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Figure 2.6: The connection, between the strength of inflationary gravitational waves r and
the dark energy equation of state parameters w0 (left panel) and wa (right panel), is tight
as shown by the curves. In both panels, φf is fixed to φf = −15, however, we expect the
same result over its viable range. Solid (dashed) black curves link the different α values
for N = 51 (60), with vertical colored lines running over N = [50, 60] for constant α.

2.4.3 Constraints from Observations

This subsection aims to constrain the ExpLin model parameters from observations, par-

ticularly, through the CMB observables ns and r. We find the model parameter α and the

number of e-folds N as a function of CMB observables. From Eq. 2.32, we can establish

N =
2

1− ns

= 57
1− 0.965

1− ns

(2.46)

α =
r

3(1− ns)2
= 1.24

r

4.6× 10−3

(
1− 0.965

1− ns

)2

. (2.47)

Furthermore, the relation between the inflation mass scale M and observed CMB tem-

perature perturbation amplitude As is given by [72]

M2 =
144π2αN

(2N − 3α)3
As ≈ 10−10 α. (2.48)

The value M is also constrained by the measurements since we already connected α with

observation through Eq. 2.47,. Lastly, the parameter g in the exponential potential plays

the role to fine-tune the present energy scale of dark energy once we transition to the

late-time acceleration. Because CMB measurements require the fractional dark energy

density to be around Ωd,0 = 0.7, we can estimate g using the bisection method. In the top

right panel of Fig. 15 in Ref. [72], the parameter g is shown as a function of the inflation

energy scale M and initial field value (when the field thaws) φf (with the difference that

they use γ instead of g and notate φf as φF ).
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Previously, we established a tight relation between the parametrization of dark energy

equation of state w0, wa and its future asymptotic value w∞ thus connecting w0, wa with r.

Experimentally, w0 and wa will be determined by the growth of structure and observations

concerning the cosmic distances. While the nature of primordial gravitational waves r

will be tightly constrained by the next generation CMB B-mode polarization experiment.

Although these observations are expected to give a strong consistency test, the current

state of affairs in cosmological surveys already puts tight bounds on the dynamical dark

energy suggesting it shouldn’t deviate too much from the cosmological constant. For

instance, for thawing fields with w0 = −0.8 and hence wa ≈ −0.3 obtained by the reduced

distance to CMB recombination shows a deviation of 1.1% from the cosmological constant

predictions which are well above the constraints of Planck measurements [98]. Meanwhile,

by changing Ωm just a small amount 0.02 between the (w0 = −0.8, wa = −0.3) model

and ΛCDM, one is expected to move within 0.4% distance constraint. In this case, the

distance, calculated using the first model, is equivalent to the constant w0 = −0.9 model.

It suggests the models that produce deviations from the cosmological constant by more

than w0 > −0.8 is expected to be disfavored.

Thus, α attractor model with ExpLin-like potential indicates a strong connection

between the primordial gravitational wave and the dark energy. Observationally, it says

if an experiment is able to find an imprint of one then a "parameter map" tells another

experiment where to search for the signature of the other. All these are possible thanks

to the model behaving like a thawing field which gives the experimenter more leverage on

the dynamics in terms of both the calibration parameter wa and the present value w0 of

dark energy.

2.5 Conclusions

Introducing additional symmetry, in the form of conformal invariance, to the action sig-

nificantly enhances its predictive ability due to the constraints put by the high energy

physics. We heuristically derived the α attractor action, first, by making the canonical

kinetic term invariant under conformal transformation, second, by enhancing the field

space structure by introducing SO(1, 1) symmetry through a new field. Then fixing this

new field to a parameter α, we transformed the action into Einstein’s frame, overall ef-
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fect being an action with a pole in the kinetic term. In all steps in the derivation, we

followed the arguments of Ref. [83]. It turns out the parameter α has a deep physical

interpretation coming from different considerations: curvature of field space, hyperbolic

angle or rapidity, pole shifting, all involving α in one way or another. Next, by solving

the equation of motion numerically, we established connection between the observables of

inflation and late time dark energy.

Considering we are on the cusp of precision experiments, detection of primordial

gravitational waves or dynamic feature of cosmological constant would significantly boost

our understanding of these two important cosmic events. Quintessential inflation unifies

these two epochs while α attractor provides physical framework with definitive predictions.

In our investigation, we incorporated both by choosing the ExpLin potential. With this

potential, we have two distinct regions: exponential part at early times explains inflation

and the linear part at late time explains dark energy. According to this model, late time

dark energy emerges as the thawing field with a calibrated relation wa = −1.53(1 + w0)

and asymptotic attractor in the future with 1 + w0 ≈ 0.5(1 + w∞). Since w∞ and r both

have α dependence, this model provides a tight relation between the observables of two

epochs. We have confirmed these relations through numerical analysis and showed the

system to be insensitive to initial conditions. As a matter of fact, those α values that lie

in the higher end of the Poincaré disk range will forecast stronger primordial gravitational

waves while values at the lower end predict dynamical nature for dark energy. Values that

lie in the middle range, including Starobinsky inflation (α = 1), will provide accessible

signals for both events.
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Chapter 3

Model Independent Dark Matter

Properties from Cosmic Growth

3.1 Introduction

With the emergence of precision-guided observational cosmology, new phenomena are

being persistently detected with possible explanations beyond common understanding of

the universe. Dark matter is one of the examples which, over time, became an inseparable

ingredient of the standard cosmological model [99–101]. Current understanding of galaxy

properties along with large structure formation cannot avoid the possible presence of dark

matter in the universe [102]. The potential existence of dark matter is so appealing that

the standard model ΛCDM requires ∼ 6 times more of its contribution to the universe’s

energy budget than the baryonic matter. However, the only hint we receive from cosmic

surveys come from dark matter’s gravitational interaction with its surroundings. Other

basic properties such as spin, charge, and number density of dark matter are poorly

constrained.

There are a plethora of dark matter models in literature aiming to address apparent

tensions between the parameter estimations of small and large-scale surveys. These mod-

els ascribe various cosmic properties to dark matter, such as, nonstandard interactions,

cannibalism, unusual decaying characteristics, evolving equation of state, etc [103–107].

They all should "walk on eggshells" to keep the well-established data about dark matter

intact while at the same time to explain apparent observational or theoretical difficul-

ties. Another way to maneuver among these issues is to take a phenomenological point
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of view which is more observation-oriented by retaining the general notion but slightly

modifying the part that can be data-constrained. The so-called "generalized dark matter"

approach proposed in Ref. [108] deals with an evolving equation of state which includes a

sound speed in the fluid perturbations and viscous sound speed. This approach is widely

explored in [109–111].

This work aims to explore the constraining capabilities of cosmic growth observa-

tions on two properties dark matter possesses. These include the equation of state (wdm)

and clustering strength (Fcl). Standard theory assumes pressureless dark matter with

its energy density evolving like baryons (wdm = 0) and clustering with Newtonian grav-

itational strength (Fcl = 1). We modify both assumptions slightly while keeping the

analysis as model-independent as possible. Without presuming any functional forms for

these concepts, we will allow deviations in certain redshift bins. Afterward, we show how

measurements like DESI, Euclid, and peculiar velocity can constrain binned clustering

strength.

Section 3.2 provides a brief review of the density perturbation equation and where

we can find spots to introduce modifications grounded on physical principles. The follow-

ing two sections are devoted to studying the modified gravitational clustering strength

(Section 3.3) and modified dark matter equation of state (Section 3.4). Our analysis is

summarized in Section 3.5.

3.2 Dark Matter and Cosmic Growth

Structure growth surveys carry rich cosmological insight. Not only do they probe the

cosmic expansion rate through the universe’s matter content and its density evolution,

but these surveys also provide additional information about their clustering properties.

The latter can identify crucial points about the role of gravitation, interaction, and self-

interaction in structure growth. This study considers a flat universe filled with dark

matter, baryons, and cosmological constant. We will avoid a scenario where each matter

component may have interaction terms including self-interaction.

In linear density perturbation analysis, structure growth is formulated by the sub-

horizon perturbation equation. Introducing δ = δρm/ρm as the matter overdensity, t as

the cosmic time and identifying the Hubble parameter as H = ȧ/a, gravitational constant
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as GN we can write the perturbation equation as

d2δ(t)

dt2
+ 2H(t)

dδ(t)

dt
− 4πGNρm(t) δ(t) = 0 , (3.1)

where ρm = ρb + ρdm is given as a sum of baryons and dark matter.

As our previous study suggests (Chapter 2), considering a dynamical scalar field

can have rich possibilities to unite different sectors of cosmology. This will, however,

significantly modify the above equation since, unlike the cosmological constant case, there

is a contribution from dark energy perturbation. In those scenarios, the behavior of H will

also be different from its standard form as it contains the dark energy. Nevertheless, as

long as one is focused on matter growth, dark energy perturbation can have a negligible

impact. Motivated by this consideration, we keep the dark energy sector "quiet" by

assuming that dark energy is well described by the cosmological constant. We will solely

focus on the dark matter sector by allowing its clustering strength deviate from the usual

gravitational clustering as

GNρmδ → GN (ρbδb + Fcl ρdmδdm) . (3.2)

To give a more general and model-independent investigation than Ref. [112] did, we will

allow Fcl to be time-dependent and at the same time assume no specific model and study

it purely phenomenologically. The consequences of this approach will be presented in

Section 3.3.

The second option we have is to fix the gravitational sector as Newtonian and allow

deviations in the dark matter equation of state which will modify its energy density

evolution as

ρdm(a) = ρdm(a = 1) a−3 = ρdm(a = 1) a−3 Feos(a) . (3.3)

Upholding the principle, we again study modification part Feos phenomenologically. Since

the dark matter density appears both in H(t) and in the source term in the evolution

equation, the situation may not be as straightforward: we may not be able to attribute

the changes to a single term like in the previous case. However, if we choose a path where

we can keep H(t) intact by altering the dark energy sector accordingly, this path will lead

us back to our first approach where Fcl enters just the source term. Again, we consider

the dark energy to be cosmological constant. We present the results of this extension in

Section 3.4.

77



In both approaches, we adopt the standard evolution for baryon energy density ρb ∼

a−3 where its present value Ωb,0h
2 = 0.02233 is taken from the Big Bang Nucleosynthesis

(BBN) and CMB measurements. We adopt h = 0.7 (therefore Ωb = 0.0456) and fix the

total matter fractional density to ΩLCDM
m,0 = 0.3.

3.3 Dark Matter Clustering

We aim to constrain the clustering and equation of state deviations by galaxy redshift sur-

veys. Those measurements map the large-scale structure over cosmic time, often charac-

terized by the scale factor a or redshift range z = a−1−1. These data offer valuable insight

into the clustering evolution determined by the growth rate f = d ln δ/Hdt = d ln δ/d ln a.

This quantity is commonly used in redshift space distortion (RSD) measurements. We

assume that most of the structure growth happened during matter domination while dark

energy domination acts to suppress this process. In this respect, it is more convenient to

adopt the scale factor as a time variable, and normalize the matter overdensity over its

matter-dominated value δmd ∼ a by using the growth factor g(a) = [δ(a)/δ(ai)]/(a/ai).

When solving the growth equation, the initial time ai is chosen deep inside the matter

domination where g = 1 and f = 1. In terms of these new concepts, we can write the

growth equation in the following form:

0 = a2
d2g

da2
+

(
5 +

1

2

d lnH2

d ln a

)
a
dg

da
(3.4)

+

(
3 +

1

2

d lnH2

d ln a
− 3

2
[Ωb(a) + Fcl(a) Ωdm(a)]

)
g .

The solution of this equation can be used to construct the growth rate as f =

1 + d ln g/d ln a. However, RSD measurements involve fσ8 with an additional parameter

σ8(a) defined as the mass fluctuation amplitude,

σ2
8(a) =

∫
d3k

(2π)3
P (k, a)W 2(kR8), (3.5)

where W (kR8) is the window function to filter out all the modes outside R8 = 8h−1

Mpc, while P (k, a) = AsT
2(k)δ2(a) is the power spectrum with the transfer function

T (a) and the CMB fluctuation amplitude As. Since σ8 ∼ δ, we will have fσ8 ∼ dδ/d ln a

leaving us with an undetermined initial value σ8,0. We can fix this constant, either,

to its present value as measured by mass clustering, or, normalize it in terms of the
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Figure 3.1: Dark matter clustering strength, ci = ±0.05 (solid/dashed curves), shows
a distinct influence on the growth factor g(a) [left panel] and RSD factor fσ8(a) [right
panel].

CMB fluctuation amplitude As to preserve the high redshift universe consistent with the

standard cosmological model. We choose the second option which enables us to disentangle

the effects of the late time processes from the initial conditions set by the CMB. So that

any deviation in σ8,0 is attributed only to the deviations in clustering strength. Taking

all these into account, we can write

fσ8(a) =
σLCDM
8,0

gLCDM
0

ag

(
1 +

d ln g

d ln a

)
, (3.6)

where gLCDM
0 = 0.779 and σLCDM

8,0 = 0.8 computed from the CMB physics.

3.3.1 Sensitivity to Deviations

Quantities g(a) and fσ8(a) will be affected by the clustering strength in the source term.

To study the deviations in dark matter clustering phenomenologically, we consider

Fcl(a) = 1 + c(a) , (3.7)

with c(a) given by multiple intervals, each with constant amplitude ci and time interval

a (referred to as bins). We are interested in the epoch a = [0.2, 1] and we divide it into

four bins as a = [0.2, 0.333], [0.333, 0.5], [0.5, 0.667], [0.667, 1]. To keep CMB and BBN

intact, we set the clustering deviation to zero for a < 0.2. Thus, we have the earliest bin

deviation represented by c1 and the latest bin by c4. Here, the role of Fcl can be interpreted

in two different ways: the entire dark matter participates in the growth of structures with

different gravitational strength from GN , or only a fraction of dark matter is suited for

gravitational clustering, e.g. if there are distinct species of dark matter.
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Figure 3.2: The same as in Fig. 3.1, but shown as fractional deviations from ΛCDM
values.

At this point, it is important to note that the value of growth at a specific time

is influenced by all the events that occurred at an earlier time since it is a dynamic

process. In this regard, to determine the effect of a certain bin deviation on the growth,

a tomographic survey spanning a wide range of redshift will be of particular importance.

The response of the growth factor g and RSD factor fσ8 to the clustering deviation

with amplitude ci = ±0.05 is presented in Fig. 3.1. As said earlier, growth is a dynamic

process therefore no wonder the earliest bin has the longest and most sustained impact.

To see it more clearly, we plot the fractional deviation from ΛCDM in Fig 3.2. Since Fcl

enters only the source term there is a simple relation between the growth and the bin

amplitude: we can suppress or enhance the growth by changing the clustering strength.

Note, we turn on the deviation for only the bin duration and then turn it off. The response

of two quantities to the binned deviation is different as seen in Fig. 3.1. The effect on the

growth rate starts to wind down at the end of a bin while the deviation in growth factor

is sustained, or it acts as "inertia", since the latter is an integral of fσ8.

To constrain the deviation c(a), we will use information matrix formalism (sometimes

called Fisher matrix analysis refer to Appendix A). This formalism consists of multiple

steps: first, we assume a certain level of error in the observable O (e.g., g or fσ8) based

on the experimental design, instrument sensitivity, and noise level; then we compute the

theoretical sensitivity ∂O/∂ci of the observable to the deviation ci; as a last step, we

feed these two into the Fisher matrix to find out how the assumed errors propagate to

the uncertainties σ(ci) in the deviations. In Fig. 3.3, we show the information sensitivity

∂O/∂ci for g and fσ8. Typical galaxy surveys measure b(a)g(a) instead of just the growth
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Figure 3.3: Sensitivity ∂O/∂ci curves for g and fσ8. Curves corresponding to each clus-
tering strength ci show distinct shapes suggesting any covariance between them can be
broken by data over a broad range of scale factor.

factor, where b(a) is the scale/redshift dependent bias term. This bias arises because

galaxies are overrepresented in the high density dark matter regions and underrepresented

in the low density regions (making b > 1). However, what matters most is that there will

be always degeneracy in g(a) since the bias b(a) is also scale dependent making it hard

to disentangle the contributions of the two to the total outcome. Thus, using g in our

constraints requires higher order correlation functions or data other than growth. With

this in mind, we will focus on RSD factor fσ8 alone due to its lack of bias.

Should the sensitivity curves have similar shapes, their effects on the observables

would be the same making it difficult to break the covariance between them by any data.

However, the situation is the opposite in our case (see Fig. 3.3) and data over a wide

range of redshift can break any covariance between these parameters. Interestingly, fσ8

sensitivity curves show linear behavior within higher redshift bins as explained in Ref.

[113] (see Fig. 6). At late times, this behavior is modified and the sensitivity grows more

slowly.

3.3.2 Estimated Constraints on Deviations

So far, we have computed the theoretical sensitivities of the observables to the deviations.

The next step is to provide the uncertainties in the observables (in the context of infor-

mation matrix analysis, they represent the uncertainties in the collected data ). Prior to

taking that step, we observe that the binned clustering covers a wide range of scale factor

and no single cosmic survey can cover so vast a redshift range. Therefore, we consider a
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combination of three different surveys. The mock data will have 2% uncertainty in the

fσ8 data from DESI[94] covering z = 0.35, 0.45, . . . 1.55 denoted as "desi", plus Euclid

measurements [114] at z = 1.65, 1.75, 1.85, 1.95 denoted by "euclid", plus peculiar velocity

measurements [115–117] at z = 0.1 denoted by "pv". In all these cases, the lowercase

names are used to highlight that we are not using the mentioned experimental results, we

are simply referring to the redshift range these measurements usually focus. We have five

fitting parameters: the present matter fractional density Ωm,0 and four binned deviations

ci with fiducial values Ωm,0 = 0.3 and ci = 0, respectively. To represent information from

an additional survey, we add a Gaussian prior σΩm,0 = 0.02.

We present the results of combined effect of three data on parameter constraints in

Fig. 3.4. As one can see, deviation in the highest redshift c1 is strongly constrained by

adding euclid data while the constraints of the lowest redshift bin c4 benefits if we further

add pv data. The combined measurements produce the uncertainties in the deviations

as σ(ci) = (0.0282, 0.0524, 0.0888, 0.1367), respectively. The binned values reveal the

strongest correlation to be between the second and fourth bin r(c2, c4) = 0.49.

3.4 Dark Matter Equation of State

In this section, we study the consequences of the evolving dark matter equation of state

wdm. This modification will emerge in two places in the growth equation - the source term

and the friction term (through Hubble parameter). We keep the clustering strength at the

Newtonian gravitational coupling GN to focus solely on the impact of wdm modification.

For consistency, we allow wdm to change in the same four bins and set wdm = 0 only for

a < 0.2.

Ref. [108] explored the non-standard dark matter in the context of the generalized

dark matter paradigm. In this scenario, dark matter is assumed to have an evolving

wdm(a), a general sound speed cs(a), and a viscous sound speed cvis. However, Refs.

[118–122] demonstrated that these sound speeds have minimal effect. Thus, we neglect

cs(a) and cvis in our analysis to focus only on the dark matter density evolution.

The relation between the energy density and the equation of state is

ρdm = ρdm(a = 1) e3
∫ 1
a (da′/a′) [1+w(a′)] , (3.8)
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Figure 3.4: The combined effect of three measurements on the 68% joint confidence level
contours for ci and Ωm,0. We add a prior σΩm,0 = 0.02 in all cases.

recognizing similar pattern in Eq. 3.3, we write

ρdm(a) = ρLCDM
dm (a = 1) a−3Πj

i=1

(
min[a, ai+1]

ai

)−3wi

, (3.9)

where we used j to indicate the four different bins in which a might be evaluated. For

example, if a is evaluated within the first bin a1 < a < a2 then j = 1, while within the

fourth bin a4 < a ≤ 1 then j = 4, with a5 > 1. Preserving the high redshift universe

translates to having a unit product in Eq. 3.9 for a < a1, so that ρdm(a < a1) = ρLCDM
dm (a <

a1). Keeping the Hubble constant H0 fixed, we can write

Ωdm,0 = ΩLCDM
dm,0 a3w1

1 a
3(w2−w1)
2 a

3(w3−w2)
3 a

3(w4−w3)
4 . (3.10)
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Figure 3.5: The impact of equation of state deviation on the growth factor g(a) [left panel]
and RSD factor fσ8(a) [right panel]. The amplitude of each deviation is wi = ±0.05
corresponding to the solid and dashed curves, respectively.

The total matter consists of Ωm,0 = Ωb,0 + Ωdm,0 as usual. However, Ωm,0 ̸= ΩLCDM
m,0 since

wi ̸= 0 and only when wi = 0 we should expect standard cosmology.

The responses of g and fσ8 to the deviations wi = ±0.05 are plotted in Fig. 3.5.

If we compute the residuals with respect to ΛCDM (see Fig. 3.6), we notice a striking

difference from our first approach: all curves cross the ΛCDM curve. One important thing

to notice is that we have different ΛCDM even before we turn on the first redshift bin

due to Ωdm,0 ̸= ΩΛCDM
dm,0 from Eq. 3.10. Additionally, dimensionless Hubble parameter is

also modified since Eqs. 3.9 and 3.10 give

H2(a < a1)/H
2
0 = ΩLCDM

m,0 a−3 + 1− Ωb,0 − Ωdm,0 , (3.11)

before the first bin turns on. Only when we have all the deviations set to zero wi = 0,

then we expect Ωdm,0 and H2(a < a1) restore to their ΛCDM values.

We notice the three-stage impact of deviations in the structure growth to understand

the crossing behavior in Fig. 3.5. The Hubble parameter acts as a friction in the evolution

equation, therefore, growth is affected by a small amount even before the first bin since

H2(a < a1) is offset from the fiducial ΛCDM by a3 (refer to Eq. 3.11). This is similar

to Eq. (7) in Ref. [123] where it was shown that both the growth rate f and the growth

factor g deviate from their fiducial values by an amount of a3. The suppression of growth

is due to Ωdm,0 as it decreases with increasing wi (for positive wi). This corresponds to the

first pre-bin stage as it is shown more clearly in the fractional deviations in Fig. 3.6. The

second stage occurs within bin as wi deviates from zero. Any deviation directly affects the

friction term in the evolution equation through d lnH2/d ln a = −3(1 + wtot) with non-
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Figure 3.6: The same as in Fig. 3.5, but shown as fractional deviation form ΛCDM values.

zero wi. The suppression/enhancement of this friction term leads to enhanced/suppressed

growth for positive/negative wi. The final stage takes place after a bin is turned off. Here,

again the reduced Ωdm,0 suppresses growth but this time less effectively than it did before

the first bin.

We can see the imprints of these three physical behaviors in the sensitivity plots in

Fig. 3.7. Similar to the clustering deviation case, we see an inertial effect in the growth

factor where it continues an upward trend even though the bin is turned off. Eventually,

the reduced Ωdm,0 takes over to suppress the growth for the rest of its history. The fitting

parameters are the present ΛCDM fractional matter density ΩLCDM
m,0 and the four equation

of state deviations wi with fiducial values ΩLCDM
m,0 = 0.3 and wi = 0, respectively. This time

we expect more covariance since all these parameters appear in Ωdm,0 given by Eq. 3.10.

Implementing the same data combination, we obtained the 68% joint confidence

contours for the parameter constraints in Fig. 3.8. Finally, when using the prior in ΩLCDM
m,0 ,
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Figure 3.7: Sensitivity ∂O/∂wi curves for g and fσ8. Right panel shows less sensitivity
in fσ8 to the low-redshift bin deviations.
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the deviations in the parameters are σ(wi) = (0.0300, 0.0497, 0.0926, 0.2293), respectively.

Although the bins are mostly independent, this time the strongest correlation r(w1, w2) =

−0.75 shows slightly higher value compared to our first approach with r(c2, c4) = 0.49.

Under normal circumstances, adding pv data, corresponding to low-redshift, should

not add a constraint on the first w1 and second w2 bins since they are turned on at high

redshift. However, the outlined three physical phases, with the help of Ωdm,0, enable

the propagation of late-time data constraints to the early time. This back-and-forth

propagation of data constraints is further seen through the effect of euclid data (high
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redshift) on the w3 and w4 constraints (low redshift), albeit modestly. The situation was

completely different if we look at Fig. 3.4. Also, the impact of pv on w4 is especially

weak due to several factors: the covariance between w4 and Ωdm,0 is high, with correlation

r(w4,Ωdm,0) = 0.95, and the fσ8 sensitivity to w4 is small at low redshift (see Figure 3.7),

making it difficult to break the degeneracy and constrain the deviation with low redshift

data. While adding high redshift measurements predictably improves the constraints on

high redshift bins w1 and w2, pv data seems to help with the w3 bin.

3.5 Conclusions

With the advancement of precision guided cosmology, the evidence for dark matter’s

existence became ever more convincing. However, we have little knowledge about its

fundamental properties expect for its energy density. Exploring the dark matter nature

became the most exciting research field in cosmology with a plethora of proposed models.

In this study, we investigated its two characteristics – clustering strength and equation of

state both necessary for structure growth. We employed a model-independent approach

by binning deviations in redshift within the two properties.

Cosmic structure growth has been an excellent probe to constrain dark matter prop-

erties. We first study if dark matter clusters with the standard gravitational strength.

RSD measurements with 2% accuracy similar to DESI, Euclid, and low redshift peculiar

velocity experiments put σ(ci) ≈ 0.03− 0.14 level constraints on the clustering deviation.

Our second investigation concerns how much dark matter deviates from the pressure-

less baryons, i.e. ρdm ≁ a−3. It is essentially an investigation of the equating of state of

dark matter. Employing the same four bins and data combinations, we found the con-

straints to be at the σ(wi) = 0.03 − 0.23 level. We showed that the modification in w

carries rich possibilities to a modification in the background cosmological model.

Unlike other works, we didn’t adopt any functional forms for the deviation behavior

which would have resulted in even tighter constraints. We prefer model-independent

approach given the uncertainties in the dark matter properties. We expect to obtain

improvements in the constraints with future surveys that will span even higher redshifts,

such as MegaMapper [124] or Spec-S5 [125]. The consequences of general sound speed and

viscous sound speed associated with non-zero equation of state are left for future work.
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Chapter 4

Running gravitational constant induced

dark energy as a solution to σ8 tension

4.1 Introduction

Over the last three decades, cosmology became quantatitive with increasing measurement

accuracy. The cosmic acceleration, discovered in the final years of last century pointed

towards the existence of dark energy Λ in addition to cold dark matter (CDM)[21]. Thus,

ΛCDM became a standard model with an excellent description of structure evolution

starting from the initial density seeds observed in the CMB to the present large scale

structure (LSS) [46, 126–128]. The parameters of this model have been measured with

remarkable accuracy by various cosmic surveys. The Planck’s results released in 2018 pro-

vided precise estimates of the standard model parameter values which were used to define

Planck18/ΛCDM model[46]. Despite its success, significant challenges remain mostly with

the unknown constituents such as the cosmological constant Λ and CDM. There is also an

ad-hoc period of rapid expansion in the early universe to explain the almost scale-invariant

initial conditions [25, 26, 129].

Aggravating the issue further, recent cosmic surveys brought to light inconsistencies

with the estimates of Planck18/ΛCDM. These include tensions between the predicted and

observed values of the present Hubble parameter and σ8 parameter corresponding to the

amplitude of mass fluctuations on scale of 8h−1 Mpc. Both tensions occur at late times z ≲

0.6 with a third discrepancy following suit – increased value of Ωm favored by low redshift

measurements. These findings exert considerable pressure on the Planck18/ΛCDM model.
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Even though tensions might occur due to a systematic bias in the data analysis, their

persistence after almost a decade of data processing hints toward new physics [130].

The parameter σ8 is estimated by several cosmic observations such as, weak lensing

by the CFHTLenS collaboration [131], and the Redshift Space Distortion (RSD) measure-

ments [132–134]. As shown in Ref. [135, 136], these measurements are in tension with the

values of Ωm,0 and σ8 from the Planck mission. There are many attempts to reconcile this

tension through dark energy-dark matter interaction [137–142], a hot dark matter [143],

and modified gravity models [144–146]. However, one should expect that a proposal for

resolving one tension would not aggravate the other. This brings the central focus on less

intrusive and more simple modifications to the standard model.

The present work aims to address the σ8 tension through investigating the structure

growth implications of simple modification to GR whose effects can be captured by a

single scalar function of the energy density ξ(ρ). This modification was first introduced

to resolve the singularity issue of GR [147] and we will call it the Markov-Mukhanov

model or simply the MM model. We consider a physically motivated parametrization

for running gravitational constant G and obtain all the other quantities through MM

prescription. From a numerical perspective, we fit the model parameters to the RSD

datasets and show that MM model can alleviate σ8 tension thereby providing insight into

Newton’s constant.

This work contains two major sections – theoretical and numerical. Section 4.2 out-

lines the MM action with the background equations and the perturbation equation, fol-

lowed by the introduction of the G(a) parametrization. Section 4.3 presents the numerical

results. We conclude in Section 4.4. Throughout, we follow the units c = ℏ = 1.

4.2 Theory

4.2.1 Markov-Mukhanov Action

We study the simplest modification to GR – non-minimal coupling between matter and

gravity defined by a function ξ(ρ) where ρ = T µνuµuν is the proper density of the back-

ground fluid. This modification, while equivalent to ΛCDM in a specific limit, has a

predictive power that goes beyond the standard model without assuming the existence of

90



any hypothetical field. As proposed in [147], the total action is

S =

∫ (
R

8πG0

+ 2ξ(ρ)Lm

)√
−gd4x , (4.1)

where G0 is the usual Newton’s constant and Lm = ρ corresponds to matter Lagrangian.

Assuming a homogeneous and isotropic universe, we use the flat Robertson-Walker (RW)

metric with the space-like signature (+−−−) throughout this chapter. In the limit ξ → 1,

the theory reduces to GR without dark energy while retaining ξ = 1+ const
ρ

fully restores

ΛCDM.

We vary the action S with respect to the metric gµν to obtain the equation of motion

that links the geometric structure with the matter content,

Gν
µ ≡ Rν

µ −
1

2
δνµR = 8πG(ρ)T ν

µ + Λ(ρ)δνµ . (4.2)

The equation contains a time-varying gravitational constant G and a Λ-like term on the

right-hand side of the modified Einstein’s equation. The energy-momentum tensor T ν
µ for

the perfect fluid is

T ν
µ = (ρ+ P )uµu

ν − Pδνµ, (4.3)

here we denote P as the fluid pressure and uµ as its four-velocity.

It could be misinterpreted that G(ρ) and Λ(ρ) are independent quantities, however,

they are connected through the gravity-matter coupling ξ(ρ) as

G(ρ) = G0

(
ρ
dξ

dρ
+ ξ

)
, Λ(ρ) = −8πG0ρ

2 dξ

dρ
. (4.4)

If we consider the Newtonian limit G → G0, the general solution of Eq. 4.4 for ξ(ρ)

reproduces ΛCDM cosmology with

ξΛCDM =

(
1 +

λ0

ρ

)
, (4.5)

where λ0 is a constant and with the combination Λ = 8πG0λ0 = Λ0, we recognize the

cosmological constant.

Employing RW metric, we can find the MM version of the Friedmann equations as

H2 =
8πG(ρ)

3
ρ+

1

3
Λ(ρ) =

8πG0

3
ξρ ,

ä

a
= −4πG0

3

[
(ρ+ 3P )ξ + 3ρ

dξ

dρ
(ρ+ P )

]
.

(4.6)

The time span of our analysis starts from the matter-dominated epoch, then keeping only

the pressureless dust is a good approximation. However, regardless of the background

91



fluid, there is an underlying symmetry of MM model which keeps the conservation of

energy-momentum tensor for the matter component intact (see the r.h.s. of Eq. 4.2)

∇ν

(
8πG(ρ)T ν

µ + Λ(ρ)δνµ
)
= 0. (4.7)

In other words, the combination of G(ρ) and Λ(ρ) under covariant derivative cancels the

mutual effects as

8πT ν
µ∇νG(ρ) + δνµ∇νΛ(ρ) = 0, (4.8)

to give

G(ρ)∇νT
ν
µ = 0. (4.9)

For µ = 0, we recognize it as the continuity equation for the background fluid [148].

Solving ∇νT
ν
0 = 0 for ρ(a) gives

ρ = ρm = Ωmρ0a
−3, (4.10)

with ρm, Ωm, and ρ0 as the matter-energy density, present matter fractional density, and

present total density of the universe, respectively.

All the necessary background quantities are well-defined once we determine the func-

tional form for any one of ξ, G, and Λ terms. We favor G out of the three choices, because

we have more knowledge about the gravitational constant making it easier to parameter-

ize, a fit we take advantage of in the ensuing sections. Hence, we will refer to (4.1) as

GCDM hereafter given that it can effectively replace the cosmological constant.

As detailed in Appendix B, one could map the effects of varying G(ρ) into a perfect

fluid form. It provides easier incorporation of GCDM parameters into the CAMB or

CLASS codes for early universe investigations. However, at this stage we want to keep

the physical meanings of time varying G intact to better understand its unique imprint

in the structure growth.

4.2.2 Density Perturbations

Growth of structure characterized by δ is a powerful probe to distinguish GR from modified

gravity models [149]. We now employ density perturbation analysis to derive an evolution

equation for δ ≡ δρ/ρ in the MM prescription. To estimate the density perturbations

within flat RW spacetime, we implement the conformal Newtonian gauge with two scalar

metric perturbations Ψ and Φ. In linear order, we expect δ ≪ 1 and it is practical to
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discriminate background (denoted with overbar) quantities from perturbations by writing

X = X̄ + δX. Then, the perturbed metric becomes

gνµ = ḡνµ + δgνµ =
1

a2

 1− 2Ψ 0

0 −(1 + 2Φ)δij

 , (4.11)

while Eq. 4.2 can be written as

Gν
µ = Ḡν

µ + δGν
µ , T ν

µ = T̄ ν
µ + δT ν

µ , G = Ḡ+ δG , Λ = Λ̄ + δΛ . (4.12)

Substituting these quantities into the field equation while keeping only the zeroth and

first-order terms gives

Ḡν
µ + δGν

µ = 8πḠT̄ ν
µ + Λ̄δνµ + 8πḠδT ν

µ + 8πδGT̄ ν
µ + δΛδνµ . (4.13)

Since the field equation links two separate concepts, geometry and matter content, it is

wise to consider LHS and RHS of Eq. 4.13 separately. Starting in the matter domination

era (negligible radiation), we still expect the energy-momentum tensor to be isotropic.

We further note that the perturbed G and Λ do not trigger additional anisotropic stresses

as seen in Eq. 4.13. Thus, neglecting this effect, we set Φ = Ψ.

The LHS of Eq. 4.13 can be written as [37]

G00 = 3H2 + 2∇2Φ− 6HΦ′ , (4.14)

G0i = 2∂i (Φ
′ +HΦ) , (4.15)

Gij = −
(
2H′ +H2

)
δij +

[
2Φ′′ + 4

(
2H′ +H2

)
Φ + 6HΦ′] δij , (4.16)

where the prime denotes conformal time derivative while the calligraphic characters such

as, H = a′/a, refer to their values in conformal coordinate system. In subhorizon scales

k ≫ H, velocity perturbation is subdominant leading to Φ′ +HΦ ≈ 0 in Eq. 4.15. Thus,

focusing only on Eqs. 4.14 and 4.16, we raise the indices and keep the first-order terms to

obtain

G0
0 = a−2

(
3H2 + 2∇2Φ− 6H(Φ′ +HΦ)

)
= a−2

(
3H2 + 2∇2Φ

)
, (4.17)

Gi
i = −3a−2

[
−
(
2H′ +H2

)
+ 2

(
Φ′′ + 3HΦ′ +

(
2H′ +H2

)
Φ
)]

. (4.18)
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Next, we move to the RHS of Eq. 4.13 and write the first-order terms of the matter

perturbation as

δT 0
0 = δρm , (4.19)

δT i
i = −3δPm ≈ 0 , (4.20)

while perturbations in G and Λ are

T̄ 0
0 δG+ δΛδ00 = 0 , (4.21)

T̄ i
j δG+ δΛδij = δΛδij . (4.22)

where δΛ = (dΛ/dρ̄m)δρm and δG = (dG/dρ̄m)δρm. Eq. 4.21 follows as a special case of

Eq. 4.8.

After finding the perturbed quantities in the Einstein and total energy-momentum

tensors, we can equate both sides to obtain

∇2Φ = 4πḠa2ρ̄mδ , (4.23)

Φ′′ + 3HΦ′ +
(
2H′ +H2

)
Φ = Φ′′ + 2(HΦ)′ = −1

2
a2δΛ , (4.24)

up to a first order. Zeroth order terms are just Friedmann’s first and second equations

given in Eq. B.7.

In the rest of this work, we omit the overbar representing the background quantities.

Since different modes decouple and evolve independently in Fourier space, we find the

Fourier transforms of the above perturbed equations together with the Laplacian operator

∇2 → −k2 where k is the comoving wavenumber. We take conformal time derivative of

Eq. 4.23 and substitute into Eq. 4.24 to find

δ
′′

k +Hδ′k +
(
H′ −H2

)
δk = −2

G′

G
δ′k −

[(
1− k2

3H2

)
HG′

G
+

G
′′

G

]
δk . (4.25)

On the LHS, we recognize the perturbation equation within the Friedmann-Robertson-

Walker model while on the RHS, we see the correction terms resulting from GCDM

(4.1) that features a scale-dependent term. We consider scales inside the Hubble radius

k >> H, expect minimal deviation from Newtonian gravitational constant |G′/G0| ≪ 1

(see Eq. 4.4). While the stability of the gravitational field requires |G′′/G0| ≪ 1 ensuring

minimal perturbative G effect on the structure growth. Thus, on the RHS, all the terms
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are subdominant compared to the term involving scale-dependence. Then, the equation

simplifies to

δ
′′

k +Hδ′k +

[
H′ −H2 − k2

3H
G′

G

]
δk = 0 . (4.26)

Next, we convert the derivatives from conformal time into scale factor a and use the second

Friedmann equation to arrive at the final form for the main equation of our analysis,

a2
d2δk
da2

+

(
3 +

d lnH

d ln a

)
a
dδk
da

−
(
3

2

G

G0

H2
0Ωm

a3H2
+

1

3

k2

a2H2

d lnG

d ln a

)
δk = 0 . (4.27)

Hence, the modifications from GCDM influence the cosmic structure growth in two dif-

ferent ways: directly impacting the source term by suppressing/enhancing the growth

depending on the negative/positive slope dG
da

, and indirectly affecting the growth through

H in the modified Friedmann equations (see Eq. B.7).

4.2.3 Parameterizing G(ρ)

We shall now proceed to propose a parametrization for G to trace the deviation from

GR at low redshift universe. We assume there was a matter-dominated epoch during the

cosmic evolution which is a safe practice since there is no deviation in the dust evolution

ρm ∼ a−3 from the standard model. Under this assumption Eq. 4.4 becomes

G = G0

(
−a

3

dξ

da
+ ξ

)
. (4.28)

From Eq. B.5, we observe ξ ≈ 1 during matter domination. Likewise, we can establish a

parallel line of thought by observing that there is little room for deviation from ΛCDM

at early times and Eq. 4.5 suggests ξ → 1 for a → 0. Then we have G ≃ G0 and

dG/da ≃ 0 at a ≪ 1 while we should recover G ≃ G0 at present, i.e. at a = 1. These

considerations substantially restrict the possible parametrization for G(a). Additionally,

we have dG/da|(a=1) ≈ 0.001 from the lunar laser experiments [150]. Meanwhile, the

range of G = 1.09± 0.2 is required by Big Bang Nucleosynthesis (BBN) [151]. Taking all

these key elements into account, we propose the following parametrization

G/G0 = 1 + gan(1− a)2m, (4.29)

where g is the only free parameter, n and m are natural numbers. Integrating Eq. 4.28

with g = 0 restores ΛCDM limit of Eq. 4.5. In the g ̸= 0 case, we choose certain values

for m and n then try to search g by fitting the parametrization to the data. We reiterate
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the process until finding the solution to the σ8 tension. Regarding the exponents, n

and m control the early and late time behavior of G, respectively. However, the overall

effect should be very small otherwise the last term in Eq. 4.27 will overwhelm the source.

Supposing k
aH

|a=1 =
H−1

0

λ
≈ 4000

10
= 400, we see the scale dependent part involves a

large number ∼ 105. To have a meaningful contribution in the source term, we have to

counterbalance it by expecting d lnG
d ln a

∼ 10−5 which translates to having large numbers for

either n or m. We will take this point into account when choosing specific values of n and

m.

In the ensuing section, we implement the Redshift Space Distortion (RSD) factor fσ8

to explore the model implications on the σ8 tension.

4.3 Numerical Analysis

4.3.1 Method

The galaxy redshift surveys provide insight into the clustering evolution, characterized

not only by δ but by the growth rate f , over a redshift range z ∈ (0.02, 1.4). The growth

rate is related to the density perturbation as

f(a) =
d ln δk(a)

d ln a
. (4.30)

However, RSD measurements commonly use the combination fσ8 for its lack of bias [152].

Here, σ8 stands to show the root mean square of matter power spectrum over the scale

∼ 10 Mpc. By solving Eq. 4.27, we can construct,

fσ8 = σ8
d ln δk
d ln a

. (4.31)

Carefully collected RSD measurement data for fσ8(z) is presented in Table 4.1. We

aim to test our model’s prediction against this data using Bayesian analysis and by min-

imizing

χ2 = V C−1V T , (4.32)

for the fitting parameters g and σ8. Here, C−1 stands for the inverse covariance matrix

corresponding to the data in the Table and V is the raw vector, i-th column of which is

given by

Vi = fσ8(zi)− ratio(zi)fσ8(zi, g, σ8) , i = 1, . . . , N. (4.33)
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Table 4.1: A summary of dataset containing independent fσ8(z) measurements from
different surveys compiled by [144]

Index Dataset z fσ8(z) Refs. Fiducial Ωm

1 6dFGS+SnIa 0.02 0.428 ± 0.0465 [153] 0.3

2 SnIa+IRAS 0.02 0.398 ± 0.065 [154, 155] 0.3

3 2MASS 0.02 0.314 ± 0.048 [155, 156] 0.266

4 SDSS-veloc 0.1 0.37 ± 0.130 [157] 0.3

5 SDSS-MGS 0.15 0.490 ± 0.145 [158] 0.31

6 2dFGRS 0.17 0.510 ± 0.060 [152] 0.3

7 GAMA 0.18 0.360 ± 0.090 [159] 0.27

8 GAMA 0.38 0.440 ± 0.060 [159] 0.27

9 SDSS-LRG-200 0.25 0.3512 ± 0.0583 [160] 0.25

10 SDSS-LRG-200 0.37 0.4602 ± 0.0378 [160] 0.25

11 BOSS-LOWZ 0.32 0.384 ± 0.095 [161] 0.274

12 SDSS-CMASS 0.59 0.488 ± 0.060 [162] 0.307115

13 WiggleZ 0.44 0.413 ± 0.080 [163] 0.27

14 WiggleZ 0.6 0.390 ± 0.063 [163] 0.27

15 WiggleZ 0.73 0.437 ± 0.072 [163] 0.27

16 Vipers PDR-2 0.6 0.550 ± 0.120 [164] 0.3

17 Vipers PDR-2 0.86 0.400 ± 0.110 [164] 0.3

18 FastSound 1.4 0.482 ± 0.116 [165] 0.27

The terms in the expression are: i-th value of the data fσ8(zi) and the model prediction

fσ8(zi, g, σ8) with N designating the total number of measurements. We specifically

focus on ratio(zi), given its importance to include the model dependence of the data. For

example, we can see different fiducial cosmologies used when extracting the fσ8 data in

Table 4.1. To account for this model dependence, the following ratio is shown to be an

excellent approximation [166]

ratio(z) =
H(z)dA(z)

Hfid(z)dfidA (z)
. (4.34)

We have the model-specific Hubble parameter H(z) and the angular diameter distance

dA(z) in the numerator while similar parameters of the fiducial cosmology were represented

in the denominator.

In Ref. [163], no correlation is assumed for all data, except for WiggleZ for which
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Figure 4.1: The error bars in the dataset of Table 4.1 are represented by vertical lines.
The green and red dashed lines correspond to the best fits of Planck18 and ΛCDM models,
respectively. While the black dashed line is the GCDM result obtained by G(a) parame-
terization with the best fit g = 0.24 corresponding to n = 3,m = 10.

the covariance matrix is given by

CWiggleZ = 10−3


6.400 2.570 0.000

2.570 3.969 2.540

0.000 2.540 5.184


. (4.35)

Hence, at the position of the WiggleZ data, we will have 3× 3 submatrix CWiggleZ inside

the N ×N covariance matrix.

In evaluating the best fit values for σ8 and g, we used open-source sampler emcee [167]

and GetDist [168] libraries. GitHub1 repository contains our Python implementation.
1https://github.com/Tilek-Zhumabek/GCDM
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4.3.2 Results

This section provides the results of testing GCDM against RSD data. We fitted the

model predictions fσ8 to the observations to find the best fit values of g and σ8. At

first glance, it might look problematic to use the scale independent RSD data to justify a

model which contains scale dependence in growth. To remind the reader, the cosmological

measurements (including fσ8) are effectively averaged over a range of scales and, in our

case, using a certain value for k as a representative scale makes the model’s predictions

comparable to the observation. Thus, when solving Eq. 4.27 the scale is fixed to k =

300H0 ∼ 0.1h Mpc−1 and this choice is motivated by several reasons. First, the tension

between the ΛCDM predictions and the Planck18/ΛCDM best fit parameters occur during

large scale structure formation which is a relatively late time phenomena (roughly between

0 < z < 1). Therefore, we are interested in the large scales. However, our measurement

accuracy is limited for k < 0.01h Mpc−1 while scales smaller than k > 0.2h Mpc−1 have

already transitioned to their nonlinear regimes making k = 0.1h Mpc−1 a reasonable

choice [169, 170].

Fig. 4.1 displays the result of fitting the ΛCDM and GCDM models to the RSD factor

measurements in Table 4.1. GCDM with G parameterization (n = 3,m = 10) yields the

best fit values of g = 0.24+0.089
−0.097,Ωm = 0.28+0.092

−0.073, σ8 = 0.87+0.20
−0.19, χ

2 = 14.2 (dashed-black

curve), while Planck18/ΛCDM model gives Ωm = 0.31+0.0074
−0.0074, σ8 = 0.81+0.0061

−0.0061, χ
2 = 17.6

(dashed-green curve), lastly, ΛCDM model presents the best fit parameter values as Ωm =

0.22+0.12
−0.11, σ8 = 0.89+0.24

−0.20, χ
2 = 12.3 (dashed-red curve).

We notice that the loss function χ2 corresponding to GCDM stops between the

Planck18 (highest) and ΛCDM (lowest) values. In this regard, one may argue based

on Occam’s razor that simpler models are more preferred if the complex model doesn’t

result in a better fit to the observation. This is basically the perspective of statistical

preference. However, there is another perspective of dataset consistency whose goal is not

merely to reduce the loss function but making the confidence regions of different probes

overlap. ΛCDM can achieve lower χ2 thanks to having less number of parameters and by

"ignoring" the inconsistencies with other data (CMB in this case). Thus, while the stan-

dard model fits one piece of the puzzle very well, it may happen that it is missing another

component which could become significant as the measurement precision increases. Here

the extra parameter in GCDM may prove important to bridge the gap between early and
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Figure 4.2: Posterior distribution for ΛCDM [left panel] and GCDM [right panel]. In
both figures, the red point represents the concordance Planck18 /ΛCDM values while the
black dot represents the mean value of the distribution.

late time measurements.

Another point to consider is that while GCDM includes ΛCDM as a special case

(g = 0), we shouldn’t expect that looking for the minimum χ2 would always result in

g = 0. The reason being that adding extra parameter makes your parameter space larger

and thus "penalizes" the fit. Additionally, in higher dimensional space, the likelihood

surface may contain subtle correlations between g and Ωm, σ8. Thus, the optimization

process doesn’t automatically "force" g to settle to zero unless the data strongly demands

it.

We note that the scale-dependent term of Eq. 4.27, absent in ΛCDM, plays a crucial

role in the structure growth, the overall effect being controlled by the slope of G(a). If

there is no change in the gravitational constant dG
da

= 0, we don’t observe any deviation

in the growth from the ΛCDM predictions. However, a slight change dG
da

≈ 0 can activate

scale dependent growth by enhancing/suppressing it depending on the positive/negative

sign of dG
da

. As Fig. 4.3 shows, there is a slight change in G(a) during matter domination

just enough to have the right amount of structure today. Here, we should note that the

term containing k2 in Eq. 4.27 introduces a very large number and to compensate for that

we require small G making it a correction term not a leading term. The choices of n = 3

and m = 10 makes G small and relieves the pressure on g to traverse bigger regions in

the MCMC search for the optimal value. Initially, increasing G helps matter to clump

together under gravitational pull while at around z ≈ 8 it starts to suppresses growth by

decreasing to its present value G = G0. The overall effect reduces the tension level from
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Figure 4.3: The solid line displays the variation in G(a) with the best fit parameters
Ωm = 0.28, g = 0.24 using n = 3 and m = 10. The dashed line represents ΛCDM with
G(a) = 1.

3σ to 1σ as shown in the left and right panels of Fig. 4.2, respectively.

4.4 Conclusion

Large scale measurements of structure growth such as, weak lensing, galaxy clustering,

and RSD all exhibit hints of variations in the standard ΛCDM model predictions. The

predicted value of ΛCDM based on the Planck 18 measurements show different magnitude

for the strength of matter clustering on the comoving scale of 8h−1 Mpc and this problem is

often called σ8 tension. There are different ways to tackle this issue. While investigations

of potential errors or biases in the data analysis is one of the approaches, modified gravity

models is another active area of research.

As a first, we addressed the possible issues with the galaxy redshift measurement

results by implementing dataset from Ref. [144]. These data are carefully selected against

any bias which may occur due to various factors including the double counting of the same

sample galaxies. Furthermore, we minimized the effects of different fiducial cosmologies

using a method from Ref. [166]. This is significant as separate collaborations implemented
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distinct fiducial values to determine the cosmological distances such as angular diameter

distance.

The present work considers the simplest modification to GR – gravity-matter cou-

pling, and investigates its implications on structure growth in the low-redshift universe.

We derived the modified field equation containing time-varying gravitational constant,

along with the background quantities, and conducted a full perturbation analysis. Propos-

ing a parametrization for G with a single parameter, we conducted likelihood analysis.

The main findings of this work suggests there is a minor dynamic in the so-called "gravi-

tational constant" during matter domination, necessary to alleviate the σ8 tension.
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Chapter 5

Conclusion

Independent cosmological observations point unanimously to a Universe – expanding with

acceleration at present and spatially flat consisting of around 70% dark energy, 26% dark

matter, 4% baryons – modeled by the concordance ΛCDM model. Although, the bulk of

the matter content in the universe belong to the dark sectors of this model, our limited

knowledge of these components is represented in their very names – “dark” energy and

“dark” matter. While crucial ingredients to the current cosmological framework, they

pose pressing challenges and far-reaching questions both of theoretical origin. This thesis

addresses the following questions that rest at the edge of ΛCDM validity.

• The observed dark energy Λ density is almost zero (∼ 10−47GeV4) in contrast to the

unimaginably large number (∼ 1071GeV4) predicted by theory [171]. Does this hint

towards a dynamical nature for dark energy? Furthermore, why does the standard

model require two distinct mechanisms – inflation and dark energy – when they

both serve the same purpose to explain the cosmic acceleration?

• The standard understanding suggests that dark matter is essentially the same as

baryons except they are abundant compared to baryons and we can’t see them with

our eyes. The cold dark matter model implies that they can only interact gravita-

tionally. If we assume distinct gravitational interactions and different evolutionary

behavior for the energy density of dark matter, how tightly constrained are these

assumptions?

• We have several inconsistencies between the observations and ΛCDM predictions,

such as, the Hubble tension and σ8 tension. Their persistence after several years of
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data analysis may hint again to our lack of understanding of the dark sectors. Does

the σ8 tension arise from limitations in our knowledge of matter, or of gravity, or of

their interplay? What would be the consequence of gravity-matter coupling on the

structure growth?

In Chapter 2, we investigate the detectable signatures of α-attractor formalism that

unifies two scalar fields, responsible for cosmic inflation and dark energy, as different

manifestations of a single scalar field. This formalism introduces a non-trivial geometry

to the field space portrayed by the Poincare disk and on the boundaries of this disk,

the field potential becomes flat. So that any details of the potential are "washed away"

when we approach the edges of the field space. We chose a potential that approaches

one plateau (giving inflation) as an exponential and another plateau (giving dark energy)

as a linear function. The advantage of this choice is twofold: the field is guaranteed to

act as the thawing field, which freezes after inflation, explaining the large gap in time

between the two cosmic accelerations, while linear part of the potential exhibits approxi-

mate shift symmetry giving protection against large quantum fluctuations. Pursuing this

direction further, one finds the connection between the tensor-to-scalar ratio r and the

asymptotic value of dark energy equation of state w∞. Confirming via numerical analysis,

we established our main result, 1 + w0 ≈ 4
3N2r

and wa ≈ −6
3N2r

, a direct connection be-

tween thawing field dark energy and inflation observables. This is an important relation

providing a "roadmap" for searching a feasible range of r and (w0, wa) for observation.

To illustrate the impact of our findings, we can highlight several notable examples. Em-

ploying our result, Ref. [172] demonstrated that the α-attractor model outperforms the

standard ΛCDM when fitted to CMB and low-redshift measurements such as BAO and

SN. Likewise, the relation we found between the primordial gravitational wave and dark

energy dynamics proved to be crucial in Ref. [173] when fitting α-attractor model to DESI

data. Again, it leads to an improved fit over ΛCDM reinforcing the role of α-attractors

as a better candidate to explain the cosmic events.

Chapter 3 studies the imprints of the deviations in dark matter clustering and equa-

tion of state on the structure growth. Preserving the early universe physics, we adopted

four independent bins that span over z = [0, 4]. Cosmic growth is a powerful tool to

probe any discrepancy from ΛCDM. However, a single redshift space distortion (RSD)

measurement would not be enough in covering a wide range of redshift as z = [0, 4].
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Combining different RSD measurements with precisions similar to DESI, Euclid, and pe-

culiar velocity measurements, we conducted information matrix analysis. Our findings

impose σ(ci) = 0.03 − 0.14 level constraints on the deviation in the clustering strength.

While using the same four bins puts σ(ci) = 0.03− 0.23 level bounds on the equation of

state deviations. This result shows how much dark matter can deviate from its standard

behaviors predicted by ΛCDM. Although, this work provides insights into dark matter

properties, it does not account for sound speed and viscous damping which occurs as a

consequence of non-zero equation of state and we leave it for future work.

Chapter 4 considers the implications of a modified gravity model, with non-minimal

gravity-matter coupling, on the large scale structure formation. We derived all the mod-

ified background quantities and perturbation equation. The appealing characteristic of

this model is its intrinsic symmetries ensuring simplicity by canceling redundant terms.

For instance, within this framework stress-energy tensor is conserved just like in general

relativity (GR). Once more, we use RSD measurements for our analysis owing to its ca-

pacity to differentiate between modified gravity models and general relativity. Using a

parametrization for running gravitational constant with a single parameter, we performed

MCMC analysis. The result shows a significant decrease in σ8 tension from 3σ to within

1σ. However, we note that there is a correlation between the σ8 and H0 tensions. Ref.

[174] demonstrated that a proposal alleviating the H0 tension ends up aggravating the σ8

tension. However, we leave our model implications on the Hubble tension for future work.

This thesis contributes to investigations of the fundamental essence of dark sectors

helping to understand the secrets of universe’s most elusive components. While there

still remain questions not addressed, the milestones achieved in this work may provide a

stepping stone to further our understanding of the cosmos.
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Appendix A

Fisher Matrix Analysis

With the onset of observational cosmology, the quality and quantity of the data are in-

creasing very rapidly. There is a strong reason to believe that it will continue to dominate

the cosmological conversations. Then, the fundamental question is how best to approach

these data sets. There are two types of questions one can ask and the answers to which

enable us to address this difficulty:

• Given the data, how well can we constrain our model parameters?

• Assuming a certain value for the uncertainty in the data (before collecting it), how

well can we constrain our model parameters?

The answer to the first question lies at the heart of posterior distribution and it helps you

investigate your theory’s implications after collecting the data, in a sense, it is data-driven.

The answer to the second question is at the center of Fisher matrix analysis and it can

provide you with knowledge of how future experiments can constrain your parameters, in

a sense, it is forecast-driven.

This section is devoted to the investigation of the Fisher matrix. The nicest thing

about this approach is that it involves only the understanding of experimental design

and possible noise characteristics, after which, one can extract information that a given

experiment can provide about the model parameters.

In both approach, one often starts with the likelihood function,

L(p) ≡ p(x|p) = 1

(2π)m/2
√

detC(p)
exp

[
−1

2

(
x−O(p)

)T
C(p)−1

(
x−O(p)

)]
, (A.1)

where L tells us the probability of getting the value x given the parameter value p and

m is the number of data points while C(p) represents the noise matrix, lastly, O is the
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observable (or model prediction). It is often more convenient to work with log-likelihood

function,

lnL(p) = −1

2
ln
[
(2π)N detC(p)

]
− 1

2

(
x−O(p)

)T
C(p)−1

(
x−O(p)

)
.

Now, we Taylor expand the log-likelihood function around some fiducial value of the

parameter p0 where the function is at its maximum, then the parameter displacement

becomes

δp = p− p0, (A.2)

allowing us to write

lnL(p) ≈ lnL(p0) +
1

2
δpi δpj

∂2 lnL

∂pi ∂pj

∣∣∣∣
p0

+ . . . . (A.3)

where we neglected the first order term since it is zero at the extrema.

Now, the Fisher matrix is defined as the second order approximation to the Gaussian

likelihood function,

Fij ≡ −
〈
∂2 lnL

∂pi ∂pj

〉∣∣∣∣
p0

=

〈
∂ lnL

∂pi

∂ lnL

∂pj

〉∣∣∣∣
p0

. (A.4)

The last equality is called the Fisher identity and it comes from〈
∂ lnL

∂p

〉
=

∫
∂ lnL

∂p
Ldx =

∂

∂p

∫
Ldx =

∂

∂p
(1) = 0, (A.5)

where we used the fact that the total probability is equal to one. Taking another derivative

yields the identity we used above. Substituting Eq. A.1 into Eq. A.4 and computing the

expectation yields

Fij =
∑
obs

∂O(z)

∂pi
C(z, z′)−1 ∂O(z′)

∂pj
,

here the derivatives are computed at the fiducial values of the parameters. If all measure-

ments are independent of each other, i.e. there is no correlation between them then one

can write C(z, z′) = σ2(z)δ(z, z′) further simplifying the expression

Fij =
∑
obs

∂O(z)

∂pi

1

σ2(z)

∂O(z)

∂pj
. (A.6)

It is a symmetric matrix and obviously has the dimension equal to the number of param-

eters. If we have additional or prior information about certain parameter, we add it to

the corresponding entry of the Fisher matrix. For example, if we know Ωm = 0.3 ± 0.02
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p

L(p)

Figure A.1: Likelihood function L = e−
p2

2 . The gray dashed line represents 68% confidence
level.

where 0.3 is the fiducial value and the uncertainty is σΩm = 0.02 then we simply add it

to FΩmΩm . The smaller the prior in σ, the bigger the corresponding entry of the matrix –

more information.

Once we determine the Fisher matrix, we can calculate the covariance matrix by

simply taking the inverse Cij = F−1
ij . This last step is crucial since everything else will

be given once we have the covariance matrix. For example, the diagonal entries of Cij

contains the uncertainties of each parameter while the off-diagonal terms provide the

covariances between the parameters

σ(pi) =
√

Cii, cov(pi, pj) = Cij. (A.7)

Usually, to visualize the result, we have to reduce the dimension of the covariance

matrix down to 2D to obtain the confidence contours. For that purpose, we just keep

the entries corresponding to the chosen parameters and remove the rest of the rows and

columns. Thus, we end up with 2× 2 matrix

Cij =

 σ2
x σxy

σxy σ2
y

 , (A.8)
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whose elements enable us to find the ellipse parameters

a2 =
σ2
x + σ2

y

2
+

√
(σ2

x − σ2
y)

2

4
+ σ2

xy

b2 =
σ2
x + σ2

y

2
−
√

(σ2
x − σ2

y)
2

4
+ σ2

xy

tan 2θ =
2σxy

σ2
x − σ2

y

(A.9)

We then multiply the axis a and b by a factor α depending on the confidence level we

are interested in (α = 1.52 for 1σ level). This can effectively be understood as cutting

the 3D surface of likelihood functions with a chosen confidence level. Usually, we take

68.3%, 95.4%, and 99.7% which comes from integrating the likelihood function over ranges

(p − σ, p + σ), (p − 2σ, p + 2σ), and (p − 3σ, p + 3σ), respectively. For example, in one

dimension, the confidence level 68% cuts the function as a line as seen in Fig. A.1. In

two dimensions, it will cut the 3D surface of the function as a plane producing the ellipse

with parameters given in Eq. A.9.
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Appendix B

Effective Fluid Approach

Evolved from the original Einstein’s equation, the language and tools of the standard

cosmology is dominated by the concept of a perfect fluid. Following this argument, it is

practical to cast the modifications due to the gravity-matter coupling ξ into a perfect fluid

form. The advantages of this approach are manifold: the observational compatibility,

easier parametrization, and a standardized framework. However, this step comes at a

cost of losing the fundamental insights into the origins of G and Λ variations. Since we

don’t aim to study the microscopic origins of these variables, we are content to have an

exploratory model to investigate the cosmological consequences. In literature, this method

is often called the effective fluid approach [175]. Below, we will "map" Eq. 4.2 into GR

+ DE (dark energy).

We write the r.h.s. of the modified Einstein’s equation as

Gν
µ = 8πG0T

ν
µ + 8πG0

[
(
G

G0

− 1)T ν
µ +

Λ

8πG0

δνµ

]
, (B.1)

then identify the expression inside the square bracket as the energy-momentum tensor for

the effective DE,

T̃ ν
µ =

 ρm

(
G(ρ)
G0

− 1
)
+ Λ

8πG0
0

0 −
[
Pm

(
G(ρ)
G0

− 1
)
− Λ

8πG0

]
δji

 , (B.2)

where ρm, Pm are matter energy density and pressure, respectively.

Next, we define the effective DE density and pressure from (B.2). By neglecting the

matter pressure contribution Pm and using the relationship Λ = ρm(ξ −G) deduced from
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Eq. 4.4, we obtain

ρde = ρm(ξ − 1) , (B.3)

Pde = −ρm(ξ −
G

G0

) . (B.4)

where we used Λ = ρm(ξ−G) (from Eq. 4.4) and assumed that the matter content of the

universe comprises of only dust and DE. Then the matter fractional density has a simple

expression,

Ωm(ρm) =
ρm

ρm + ρde
=

1

ξ(ρm)
, (B.5)

while the DE equation of state is

wde =
Pde

ρde
= −1 +

G(ρm)− 1

ξ(ρm)− 1
, (B.6)

finally, we can write the Friedmann’s equations as

H2 =
8πG0

3
(ρm + ρde) =

8πG0ρm
3

ξ(ρm) ,

ä

a
= −4πG0

3
(ρm + ρde + 3Pde) = −4πG0ρm

3
(3
G(ρm)

G0

− 2ξ) .
(B.7)

These results are crucial to incorporate the GCDM parameters into the publicly

available codes such as CAMB or CLASS to investigate its impact on the high redshift

universe (for that we have to include radiation in our calculations, though). However,

the present work focuses on the GCDM’s influence on the σ8 tension positioning these

background quantities for future investigations with different goals.
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