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Abstract We investigate the radiation from accelerating
electrons with asymptotic constant velocity and their ana-
log signatures as evaporating black holes with left-over rem-
nants. We find high-speed electrons, while having a high tem-
perature, correspond to low-temperature analog remnants.

1 Introduction

The intricate interplay between uniform acceleration and
temperature has been extensively explored within the frame-
work of quantum scalar fields, notably through the Unruh
effect [1–3]. However, a classical understanding of the link
between non-uniform acceleration and temperature, such as
seen from a Planck electromagnetic radiation spectrum, has
remained largely unexplored until recent efforts [4–8]. This
gap in the existing literature calls for a significant shift in
focus from the quantum-only approach to an investigation of
classical acceleration temperature (CAT).

Notably, CAT arises when a point charge moves with
non-uniform acceleration [9]. This nascent study of the non-
quantum relationship between acceleration and temperature
presents an intriguing avenue for research, promising to
unveil new insights into thermal dynamics. By studying CAT,
we aim to help bridge this gap and expand our understanding
of the fundamental dynamics governing thermal properties
within experimentally accessible, classically tractable sys-
tems, e.g., thermal beta decay [9]. In particular, this involves
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analyzing speed-dependent thermal radiation spectra from a
non-uniformly accelerated moving point charge.

Our approach will exploit the important concept of analog
systems that have, with the growing complexity of theoret-
ical models, proven fruitful for drawing fresh insights from
both quantum and classical perspectives. This paper consid-
ers such a classical-quantum analog between moving mirrors,
black hole remnants, and accelerated electrons.

In 1992 Wilczek [10] noticed that moving mirrors [11–
13] are analogs for black hole remnants [14]. Specifically,
asymptotic constant subluminal speed velocity trajectories
suffer no information loss (quantum purity) [15]. These par-
ticular trajectories are not a model for complete black hole
evaporation [16], but instead, their end-state signifies a rem-
nant that highly red-shifts frequencies at late times [17].

Unruh and Wald in 1982 [18], and Nikishov and Ritus in
1995 [19], noticed that radiation from accelerated electrons
and moving mirrors are identical.1 Further development on
this connection has substantiated the exact correspondence,
see e.g. [4,5,5–7,9,20–24].

This work examines the CAT radiation emitted by accel-
erating electrons with a constant velocity at infinity to help
understand black hole evaporation leading to the emer-
gence of a remnant. To accomplish this goal, we focus on
three worldlines that are of particular geometric significance,
namely the remnant versions of the Schwarzschild [25],
CGHS [26] and BTZ black hole [27].

We limit the treatment to the Schwarzschild, CGHS,
and BTZ trajectories. Other interesting future-drift motions
asymptotically approach a constant speed of light. These have
commensurate asymptotic approach to zero proper acceler-

1 Up to a factor of 4παfs, where αfs is the fine structure constant.
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ation and are the so-called ‘inertial-null’ trajectories; e.g.
Proex [28,29] (which is the light speed case of the beta decay
trajectory [4–6,9]), an inertial horizon [30], and Light and
Airy [31,32]. However, these (and the future drift GO trajec-
tory [33] and Drift–Davies–Fulling [34]) will be left outside
this study’s scope because they do not correspond to well-
known2 black holes.

The paper is organized as follows. In Sect. 2 we provide
some background on the correspondence between moving
mirrors, accelerated electrons, and general relativity. Next,
we treat three examples, focusing on the accelerated electrons
corresponding to: Schwarzschild remnant in Sect. 3, CGHS
remnant in Sect. 4, and BTZ system in Sect. 5. The results
are summarized with the conclusions in Sect. 6. We use units
h̄ = μ0 = ε0 = c = kB = G = 1, and e2 = 4παfs ≈
0.0917.

2 Elements of the electron-mirror-gravity triality

2.1 Accelerating electrons and mirrors

This section reviews the duality between the radiation from
an electron in 3+1d and a moving mirror in 1+1d. Some of
the relevant results are relatively recent.

The moving mirror, or dynamical Casimir effect, occurs
when considering a quantum field with an accelerated bound-
ary. This means the following. Consider a 1+1d space (t, z).
Take a quantum massless scalar field � with a Dirichlet
boundary condition: � = 0 at z = z(t) with a pre-set func-
tion z(t). Then, if the boundary zm(t) moves with accel-
eration, there will be an observable energy flux. One can
calculate the beta Bogoliubov coefficients3 βR

pq responsible
for mixing of creation-annihilation operators in this dynam-
ical setup [11–13]. Here, p and q are the frequencies of the
corresponding field modes.

Now consider an electron in 3+1d moving in a straight
line along the z-axis with some (externally forced) acceler-
ation. According to classical electrodynamics, such an elec-
tron would radiate electromagnetic waves, and one can cal-
culate the corresponding spectral distribution dI/ d�, where
� is the solid angle, and I is the intensity (the power per unit
frequency).

As it turns out, if one takes the mirror and the electron
set on the same trajectory z = z(t), the radiation spectra in
these two seemingly different problems are related. The exact
functional correspondence was recently derived in [5,7]:

2 Extremal black holes are also excluded because their analogs
approach non-zero albeit uniform proper acceleration [35,36].
3 Subscript R refers to the right side of the mirror. The left side can
also be considered in the same way.

Table 1 Correspondence between mirror and electron properties in
various limits [5]

Mirror Electron

Moves to the left Moves down z → −∞
High-freq. q � p Blueshift-forward θ → π, q ≈ ω

Low-freq. q � p Redshift-recede θ → 0, p ≈ ω

dI

d�
(ω, cos θ) = e2ω2

4π
|βR

pq |2
p + q = ω, p − q = ω cos θ

p = ω
1 + cos θ

2
, q = ω

1 − cos θ

2
. (1)

Here, p and q are the frequencies in the mirror setup. We use
this notation to avoid confusing it with the 3+1 photon fre-
quency ω. The physical context of the election-mirror duality
for the mirror needs to account for both sides of the mirror.
This ensures an exact correspondence to the radiation emitted
by an electron. However, conveniently, the recipe Eq. (1), due
to the parity symmetry βR

pq = βL
qp needs only the right-side

beta Bogoliubov coefficient, βR
pq . Table 1 compares some

limiting cases on both sides of this correspondence.

2.2 Black hole correspondence

As discussed in the Introduction, moving mirrors have been
studied in connection with black hole radiation. For many
collapsing geometries, it is possible to construct correspond-
ing coefficients that characterize the spectrum. The radia-
tion spectra (or the Bogoliubov coefficients) are equal on
both sides of this correspondence. It is natural to ask how a
gravitational system (black hole) can be mimicked by a non-
gravitational system (mirror or electron). This can explained
by noticing the scales and parameters involved in each sys-
tem.

In the semi-classical mirror picture, the mirror-induced
radiation (MIR) is quantum-originated, and the relevant con-
stants are the Planck constant h̄ and an acceleration parame-
ter κ. The mirror’s trajectory is exactly known and, therefore,
‘classical’ (the field, however, is quantized). The acceleration
scale κmir is a free parameter, and one can always stretch the
trajectory to achieve a desired scale.

In the semi-classical black hole picture, the essential con-
stants involved are the Planck constant h̄ and the surface
gravity κgrav, as Hawking radiation is considered both a
quantum and a gravitational phenomenon. In terms of the
black hole mass M (which is a free parameter), we have
κgrav = 1/(4GM) (taking the speed of light c = 1).

In the classical electrodynamics picture, the relevant con-
stants when considering radiation from an accelerated elec-
tron are the electric charge e and the acceleration parameter
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Table 2 The role of the parameters in the correspondences depends
on whether the system involves quantum fields or curved spacetime (SI
units)

Nature Black hole Mirror Electron

Quantum h̄ Yes Yes h̄ → μ0ce2

Gravity G Yes
c2

4GM
→ κ

c2

4GM
→ κ

κel. One can build a parameter μ0ce2, which in SI units has
the same dimensionality as h̄ (see the discussion in [6]).

Thus, in each of the three systems, we have a fixed4 param-
eter with the dimension of the action, h̄ or μ0ce2, and a free
parameter with the dimension of acceleration, κmir, κgrav or
κel. In this triality, the three latter parameters are identified
with each other; below, we write κ without a subscript. The
acceleration parameter of the flat-space moving mirror and
accelerated electron plays the role of the gravitational con-
stant in the curved spacetime.

In the black hole picture, Hawking temperature is given by
TH = h̄κ/(2π) = 10−6M�/M K, where κ = 1/(4GM) is
the black hole surface gravity. The temperature is too low for
astrophysical black hole detections. However, in the mirror
picture, κ is a free parameter, so one can, in principle, detect
exact analog Hawking radiation of the motion-induced radi-
ation (MIR) much easier than black hole radiation by tuning
the value of κ.

The caption in Table 2 summarizes the role of the param-
eters in the black hole-mirror-electron correspondence (see
also [6] for a detailed discussion). The role can be considered
a reduction process from the black hole to the mirror and then
to the electron picture. Interestingly, upon each reduction, the
difficulty of experimental concerns significantly reduces.

2.3 From black holes to remnants

While the black hole-mirror analogy has been well estab-
lished for over half a century [12], the remnant-mirror duality
needs more investigation. Figure 1 explicitly illustrates the
duality. Radiation emitted during the period AK in Fig. 1b
corresponds to the usual Hawking radiation. The new fea-
tures in the remnant-mirror duality are as follows.

Radiation emitted during the period KB in Fig. 1b corre-
sponds to the emission of a partner particle of the Hawking
radiation. Looking at Fig. 1a, one notices that the partner
particle first undergoes a Schwarzschild region inside the

4 It could be argued that the fine structure constant αfs is subject to
the RG flow and thus not exactly fixed. However, this energy depen-
dence is very weak: between 1 MeV and 100 GeV it changes only by
about 6 percent. In any case, at energy scales where αfs is of order 1,
the approximation of classical electrodynamics has long ceased to be
applicable.

horizon and then passes through a Planckian region within
the remnant (the terminology is explained in Fig. 1), and
finally propagates to the future null infinity. In the gravita-
tional system, we do not yet have knowledge about Planck
scale physics, so what happens to the partner particle in the
Planckian region is unknown. However, looking at Fig. 1b,
one notices that the mirror motion during KB provides a
possible mechanism for better understanding the otherwise
unknown Planckian physics. It would be intriguing to develop
this duality in more detail.

Radiation emitted during the period BE′ in Fig. 1b corre-
sponds to field mode emitted from the segment CD falling
into the horizon in Fig. 1a, infalling modes emitted at CD
eventually falls into the supposed horizon (magenta line),
passes through the Planckian region, and eventually prop-
agates to the future null infinity. This radiation is neither
Hawking radiation nor the partner particles mentioned above,
and, interestingly, this emittance may have to do with the
well-known existence of negative outgoing energy flux [38].
See also [39], e.g., Fig. 2. In the case of a (1+1)D perfectly
reflecting point mirror, the energy flux 〈Tuu〉 emitted by the
mirror to the future null infinity I+

R will be negative for some
time after the thermal plateau, provided the mirror reaches
the future time-like infinity.

Finally, the segment E′G in Fig. 1b does not radiate since
the mirror is inertial, albeit ingoing field modes emitted from
the segment DH will undergo significant Doppler redshift
upon reflections if the mirror has a high final coasting speed.
By passing to the remnant picture Fig. 1a, one realizes that,
while field modes undergo significant redshift upon leaving
the remnant, only those that also pass through the Planckian
region can become real particles due to the yet unknown
Planck scale physics.

The corresponding Penrose diagrams are identical in the
case of a mirror or an electron moving in a flat spacetime.
However, a difference can exist in how the radiation is emitted
since the two pictures are related by a coordinate transforma-
tion of (p, q) and (ω, θ) as indicated in Eq. (1). For example,
analog Hawking radiation in the mirror picture can manifest
as exact thermal Larmor radiation [5] in the election picture.
In addition, while the radiation spectra on both sides of the
mirror are generally different, Larmor radiation is symmetric
in the azimuthal angular direction. Thus, the radiation emit-
ted by the mirror during different acceleration–deceleration
phases, which corresponds to different regimes of (p, q),

may neatly be separated into different polar angle θ regimes
for radiation emitted by the electron.

3 Schwarzschild-remnant

In this section, we study an accelerated electron dual to one
specific remnant solution. This is interesting because of its
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Fig. 1 The region on the right of the mirror (b) can be mapped into a
Penrose diagram that resembles the Penrose diagram of a remnant on
the left (a). In the right figure, segment AK is the period in which the
mirror has the typical accelerated trajectory relevant for analog Hawk-
ing radiation emission; segments KB and BE′ are deceleration phases;
segment E′G is the phase of constant velocity. The red curve r = rrem
in the left figure is the remnant’s radius. For further clarity, see similar
figures in, e.g., [37] and fig.2 in [14]. BFE is not the apparent horizon.
Basically, (region bounded within) ABFC is the initial flat spacetime.
As a null shell carrying positive energy flux collapses along v = vsh,

a Schwarzschild spacetime CFBFED is formed. Since we consider the
remnant as the final state, DHGBE is the final flat spacetime with a
(time-like) remnant. BEFB is the region connecting the previous three

regions. It is not known exactly what BEFB is. Still, FE is the rem-
nant radius within the horizon (magenta line), and the horizontal line
BE, which is not drawn in the figure, will be the singularity if the final
state is a black hole instead. Since one doesn’t know precisely how the
singularity is removed, the shaded, probably Planckian region is inside
the remnant radius and thus involves the removal of singularity region
BEFB. v = v′

sh connects the Schwarzschild and final flat spacetime. It
may also be regarded as the evaporation of the original black hole, i.e.,
the injection of negative energy flux into the original horizon. Since a
and b can be related by a coordinate transformation (r = 0 in fig.1a
maps into the mirror trajectory in b), the null lines v = vsh, v

′
sh in a

will correspond to the null lines shown in b

Fig. 2 The Schwarzschild and CGHS peel acceleration, Eqs. (4) and
(23) of their respective electron trajectories, Eqs. (2) and (22), as func-
tions of dimensionless coordinate time κt. Here, the final speed for
both is set to the ultra-relativistic final speed s = 1 − 10−8 (or rapidity
η = 9.55, s = tanh η) to demonstrate the flattening plateau which is
normalized at magnitude κ̄/κ = 1. Two key takeaways are the future-
past asymptotic approach to zero and the intermediate constant peel
plateau

asymptotic connection to the radiation spectrum emitted by
a Schwarzschild black hole. Investigated as a 1+1 dimen-
sional moving mirror in [17,37,40,41] this solution was
called ‘the drifting Omex’ or ‘Giant Tortoise mirror’ or, ‘the
Schwarzschild-remnant’. It is a model for finite energy emis-
sion during black hole evaporation while having no informa-
tion loss, whose final state gives rise to a non-trivial Doppler
shift to the field modes, indicating the presence of a remnant
[10].

3.1 Trajectory and global properties

The trajectory equation of motion for the Schwarzschild-
remnant system is most simply expressed as a function of
space,

t (z) = − z

s
− 1

κ
e2κz/s . (2)

Here s is the final drift speed, and κ is the acceleration scale.
The independent variable designating lab space coordinate is
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z, while t is coordinate lab time but expressed as the depen-
dent variable.

Consider an accelerated electron moving along the trajec-
tory Eq. (2). Then, the total power, P = e2α2/6π is

P = 8e2κ2

3π

s2e4κz/s

[(
1 + 2e2κz/s

)2 − s2
]3 . (3)

The power exhibits no known flattening or plateau indicative
of extended constant energy emission accompanying thermal
equilibrium. As we shall see, despite the explicit Planck fac-
tors in the following spectrum, the power dE/ du does not
indicate a constant emission period.

However, it is possible to confirm thermality with the
dynamics but in a different way. We can use a thermally rel-
evant acceleration to confirm our intuition that a flattening-
type equilibrium accompanies the spectral analysis. Ther-
mality is confirmed from the peel5 acceleration κ̄ in the
asymptotic limit that s → 1, i.e. ultra-relativistic final
drifting speeds. To leading order, in light cone coordinate
u = t − z,

κ̄ = κ[
W

(
e−κu

) + 1
]2 , (4)

which at late times gives

lim
u→+∞ κ̄ = κ, (5)

corroborating thermal Planck-distributed equilibrium below.
See Fig. 2 for a plot of the Schwarzschild peel acceleration
as a function of coordinate time t and the associated plateau
indicative of thermal emission.

The energy emitted by the electron is found by integrating
the power, Eq. (3), over coordinate time,

E = e2κ

24π

([
γ 2 − 1

]
−

[η

s
− 1

])
. (6)

Here γ = 1/
√

1 − s2 is the Lorentz factor, and η = tanh−1 s
is the rapidity. The energy is expressed in this form to high-
light the appearance of the soft-energy EBD ∼ (η/s−1) [4],
distinct from (γ 2 − 1).

In any case, Eq. (6) shows that for s < 1 the total radiated
energy is finite, which is in contrast to the black hole case,
see Table 3.

After looking at the dynamics of Eq. (2) and the straight-
forward calculation of power, peel, and energy, we now
understand that the peel (not the power) most readily reveals
an indication of thermality. We are ready to use the total finite
energy emitted, Eq. (6), to confirm the correctness of a spec-
tral analysis. We will now turn to computing the spectrum.

5 The ‘peeling function’ or effective temperature function, is common
in relativistic contexts, see e.g. [42–44]. Carlitz–Willey pointed out that
the thermal moving mirror has a constant peel [45].

Table 3 Comparison of the total radiated energy for the new results
on CGHS and Schwarzschild electrons with the previous results for
the CGHS (see e.g., [48]) and Schwarzschild black holes (see e.g.,
[17,37,40,41]. See the expressions, Eqs. (11) and (26) for the energy
of the photon radiation from the Schwarzschild and CGHS electron
systems

Black hole Electron

Energy (Schw.) ∞ E = e2κ
24π

(γ 2
s − η

s )

Energy (CGHS) ∞ E = e2κ
24π

(γ 2
s − 1)

Energy (β-decay) n/a E = e2κ
24π

(
η
s − 1)

Fig. 3 The Schwarzschild electron spectral distribution, Eq. (9), with
κ = ω = 1 and s = 0.9

3.2 Electromagnetic spectrum and temperature

Now, let us turn to the spectral distribution of electromagnetic
radiation from this accelerated charge. While it is possible
to derive the spectrum from first principles, it is easier to use
the electron-mirror correspondence since the result for the
mirror is known. This is the approach we take.

The single-sided beta Bogoliubov coefficient correspond-
ing to the Schwarzschild remnant trajectory Eq. (2) is given
by [37]

βs
pq = − s

√
pq

2πκ(p + q)

(
iκ

p + q

)A


(A), (7)

where A = i
2κ

[(1 + s)p + (1 − s)q], and (p, q) are the
frequencies in the mirror picture. Its modulus squared is

∣∣βs
pq

∣∣2 = s2 pq(p + q)−2

πκ(p + q + s(p − q))

1

e
π(p+q+s(p−q))

κ − 1
. (8)

Converting the mirror frequencies (p, q) to the electron
degrees of freedom (ω, θ) (frequency and polar angle) and
using the electron-mirror correspondence Eq. (1), we obtain
the spectral distribution

d I

d�
= e2s2 sin2 θ

16π2κ(1 + s cos θ)

ω

e
πω(1+s cos θ)

κ − 1
. (9)

See Fig. 3 for a spherical plot of the spectral distribution. It
is straightforward to find the angular energy distribution is
analytic,
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Fig. 4 The Schwarzschild electron energy distribution, Eq. (10), with
κ = 1 and s = 0.9

dE

d�
=

∫
d I

d�
dω = e2s2κ sin2 θ

96π2(1 + s cos θ)3 . (10)

See Fig. 4 for a spherical plot of the energy distribution.
The total energy can be found analytically,

E =
∫

dE

d�
d� = e2κ

24π

(
γ 2 − 1

s
tanh−1 s

)
. (11)

As anticipated and required, this agrees with the result from
the Larmor power Eq. (6). See Fig. 9 for a plot as a function
of final speed s. In the limit s → 0, the total energy vanishes
since the trajectory, in this case, is static for all times; in
the corresponding mirror, there will be no Doppler shift. In
the opposite limit s → 1, the total energy diverges, as this
corresponds to the usual eternal Schwarzschild black hole.

The spectral distribution Eq. (9) has an explicit Planck
factor with the temperature

T = κ

π(1 + s cos θ)
. (12)

This temperature is angle-dependent; this is known to occur
in three-dimensional moving mirrors, see e.g. [46,47]. How-
ever, this is in contrast with the corresponding moving mir-
ror and the gravity setup, see Table 4. The minimal and the
maximal values are realized respectively at cos θ → 1, and
maximum, cos θ → −1,

Tmin = κ

π(1 + s)
→ κ

2π
, Tmax = κ

π(1 − s)
→ ∞. (13)

The arrows here indicate the ultra-relativistic limit of s → 1.

This highlights the possibility of detecting photons dis-
tributed at a high temperature. See Fig. 5 for an illustration
of the temperature distribution, Eq. (12).

To recap, we have shown an electron accelerating along
the interesting worldline Eq. (2), emitting a total finite energy
Eq. (6), has an associated Planck factor in the spectral distri-
bution Eq. (9) and corresponding temperature, Eq. (12). The
surprise is that the radiation can be arbitrarily hot, Tmax → ∞
as s → 1, given by the second expression in Eq. (13), observ-
ing the electron at θ = π in the ultra-relativistic limit.

Table 4 Temperature comparisons of the Schwarzschild and CGHS
electrons with their black hole counterparts. See in the text Eqs. (12)
and (20). For β-decay thermality, see [4,5,9]

Black hole Electron

Temp. (Schw.) T = κ
2π

T = κ
π(1+s cos θ)

Temp. (CGHS) T = κ
2π

T = κ
π(1+s cos θ)

Temp. (β-decay) n/a T = κ
2π

Fig. 5 The Schwarzschild
electron temperature
dependence on the polar angle
θ, Eq. (12), with κ = 1 and
s = 0.9

4 CGHS

The Callan–Giddings–Harvey–Strominger (CGHS) system
[26] is a two-dimensional theory of gravity that arises in the
near-horizon approximation for a dilatonic black hole. The
corresponding metric can be cast in the form

ds2 = F(r)dt2 − 1

F(r)
dr2 (14)

with

F(r) = 1 − M

�
e−2�r . (15)

A moving mirror dual to this black hole geometry was con-
structed and studied in [48].

In this section, we consider an accelerated electron moving
on the CGHS trajectory. For clarity, we start with the black-
hole dual case, where the electron approaches the speed of
light (final speed s = 1). Then, we present new results on the
remnant case, which has no horizon and a subluminal final
speed of the electron, s < 1.

4.1 CGHS black hole dual

The 1+1d mirror trajectory dual to the CGHS black hole
was derived in [48] (see Eq. (14), (105), and (112) there and
references therein). In terms of the spatial coordinate z and
time t, it reads

z(t) = − 1

κ
sinh[−1]

(
eκt

2

)
. (16)
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This trajectory is determined by a single parameter κ. The
motion starts asymptotically static, while at t → +∞, it
approaches the speed of light asymptotically.

Now, let us consider an electron accelerated along the
CGHS trajectory, Eq. (16), and examine the radiation emit-
ted. Again, the radiation spectral distribution can be derived
from first principles; however, since the Bogoliubov coef-
ficients for this mirror are known, we will exploit the
electron-mirror correspondence, Eq. (1), as was done in the
Schwarzschild case.

The Bogoliubov coefficients for the CGHS moving mirror
are given by (see Eq. (19) of [48])

∣∣∣βR
pq

∣∣∣
2 =

e
2πp
κ

(
e

2πq
κ − 1

)

2πκ (p + q)
(
e

2πp
κ − 1

) (
e

2π(p+q)
κ − 1

) . (17)

Here, p and q are the frequencies of the incoming and out-
going modes, respectively (ω and ω′ resp. in the notation of
[48]). Applying the prescription Eq. (1) we obtain the spectral
distribution of the electron’s radiation; it can be decomposed
into two terms showing a distinct two-temperature spectrum:

dI

d�
= e2ω

8κπ2

[
1

eπ(1+cos θ)ω/κ − 1
− 1

e2πω/κ − 1

]
. (18)

The explicit Planck factor form of Eq. (18) helps us disentan-
gle the relevant thermal distribution directional dependence.
For example, consider an observer positioned far from the
origin at θ ∼ π (but not exactlyπ); this is called the blueshift-
forward limit since the electron is moving roughly towards
the observer, cf. Table 1. In this case, the first term of Eq. (18)
dominates at high frequencies, so that

dI

d�
≈ e2ω

8κπ2

1

eπ(1+cos θ)ω/κ − 1
. (19)

Around the forward direction, the spectral distribution is a
Planck distribution with the temperature

Tθ = κ

π(1 + cos θ)
. (20)

The result Eq. (19) demonstrates the CGHS electron trajec-
tory has a thermal signature of Planck-distributed photons as
analogously expected from the thermal CGHS black hole.

The presence of an event horizon is apparent from the fact
that the spectrum, using Eq. (18),

I (ω) =
∫

d�
dI

d�
, (21)

is divergent. Consequently, the total radiated energy (and
photon count) is infinite. This will be remedied in the next
subsection by introducing a final subluminal speed s.

Fig. 6 A Penrose conformal diagram of the CGHS remnant trajectory,
Eq. (22) traveling both to the left or right. Notice the worldlines are
time-like, especially in the asymptotic future. Here κ = 1 and the final
speeds are s = 0.5, 0.6, 0.7, 0.8, 0.9 from the inside-out. Here, only one
spatial direction is plotted in the horizontal direction, while time is in the
vertical direction. Similar plots can be constructed for the Schwarzschild
remnant trajectory and other asymptotic constant velocity worldlines

4.2 CGHS remnant dual

While the CGHS electron trajectory has thermal emission as
evidenced by the Planck factor, Eq. (19), it also has a horizon.
The spectrum I (ω) for the electron does not exist (only the
spectral distribution dI/ d�, Eq. (18), makes sense).

We will now deform the trajectory, Eq. (16), to remove the
horizon by introducing a final speed s < 1. This modification
can be viewed as a regularization. We will investigate the
spectrum and check the correct distribution limits in the s →
1 regime.

4.2.1 Trajectory and global properties

This deformation can be introduced straightforwardly for a
trajectory in the form z = z(t) Eq. (16): it is sufficient to
rescale the space coordinate by a factor of s and write

z(t) = − s

κ
sinh[−1]

(
eκt

2

)
. (22)

This is our proposed CGHS remnant trajectory; it can easily
be checked that the speed approaches s at late times. See
Fig. 6 for a conformal diagram depicting the lack of a horizon
and an asymptotic constant velocity end-state.

The peel acceleration for this trajectory is readily found
from κ̄ = 2αeη where α and η are the proper acceleration
and rapidity, respectively,
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κ̄ = 8κseκt seκt − √
e2κt + 4((

s2 − 1
)
e2κt − 4

)2 . (23)

In the regime of fast speeds and late times, the peel is constant,
which is indicative of thermality [5],

lim
t→∞ lim

s→1
|κ̄| = κ. (24)

See Fig. 2 for a plot of the CGHS peel acceleration as a
function of coordinate time t, and the associated plateau,
which signals a thermal emission. This plateau suggests that
the CGHS remnant spectral distribution will have a thermal
signature despite the trajectory having no horizon and finite
energy emission.

To compute this total radiated energy, consider the radiated
power in terms of the proper acceleration α,

P = e2α2

6π
= 8e2κ2s2e2κt

3π
((

1 − s2
)
e2κt + 4

)3 . (25)

The total energy is computed as an integral of the power over
time,

E =
∫ ∞

−∞
P(t) dt = e2κ

24π

[
γ 2
s − 1

]
. (26)

The main takeaway is the total radiated energy is finite,
unlike the radiation emitted from the s = 1 CGHS trajectory
Eq. (16). The total energy, Eq. (26), is proportional to the final
celerity (proper velocity) squared, w2

s = γ 2
s s

2 = γ 2
s − 1.

The Feynman power can further confirm Eq. (26). The
self-force, F = e2α′(τ )/6π, multiplied by velocity, dr/ dt,
gives the Feynman power [49],

F · v = −4e2κ2s2e2κt
((

1 − s2
)
e2κt − 2

)

3π
((

1 − s2
)
e2κt + 4

)3 , (27)

whose radiation reaction is consistent with energy conserva-
tion of Eq. (26),

E = −
∫ ∞

−∞
F · v dt = e2κ

24π

[
γ 2
s − 1

]
. (28)

Using spectral analysis in the moving mirror model, we
can also confirm the total energy emitted, Eqs. (26) and (28).
The spectrum as found via both sides of the moving mirror
is (keep in mind there is no electric charge)

|βpq |2 = 8s2 pqe
πc
κ Q

πabcκ
(
e

πa
κ − 1

) (
e

πb
κ − 1

) (
e

πc
κ − 1

) . (29)

Here Q = cosh
(

πa
κ

) + cosh
(

πb
κ

) − 2. We use a = p(1 +
s)+q(1− s), b = p(1− s)+q(1+ s), and a+b = c. Here
a − b = d. Note that c = 2(p + q). Again, the final drifting
speed is labeled s, and always 1 > s > 0. A numerical

Fig. 7 A spherical plot of the spectral distribution, Eq. (31). Here ω =
κ = 1 and s = 0.9

integration,

E =
∫ ∞

0

∫ ∞

0
p|βpq |2 dp dq = κ

24π
[γ 2

s − 1], (30)

demonstrates Eq. (29) is analog-consistent with the total
energy emitted as given by Eq. (26). This consistency illus-
trates a powerful analog between the mirror and electron
systems.

4.2.2 Electromagnetic spectrum and temperature

The spectral distribution for an electron moving on the trajec-
tory Eq. (22) can be found by applying the aforementioned
recipe, and the result is only a small modification of the dual-
temperature spectral distribution of Eq. (18):

dI

d�
= s2e2ω

8κπ2

sin2 θ

1 − s2 cos2 θ

×
[

1

eπ(1+s cos θ)ω/κ − 1
− 1

e2πω/κ − 1

]
. (31)

In Fig. 7, we show a spherical plot of the spectral distribution
to highlight the 3+1 dimensionality of the result, as opposed
to the 1+1 dimensional moving mirror model.

Integrating Eq. (31) over the frequency ω gives the angular
energy distribution,

dE

d�
=

∫
dI

d�
dω = e2κs2(3 + s cos θ) sin2 θ

192π2(1 + s cos θ)3 . (32)

Figure 8 illustrates this CGHS energy angular distribution.
The total energy is then computed by integrating Eq. (32)
over the solid angle d� = sin θ dθ dφ,

E =
∫

dE

d�
d� = e2κs2

24π(1 − s2)
, (33)

This is the total energy formula Eq. (26) and confirms the cor-
rectness of the spectral analysis. It also confirms the mirror-
electron recipe. See Fig. 9 for a plot of the total energy as a
function of the final speed s.

In the blueshift-forward limit θ → π at high final speeds
s → 1 (but s 
= 1 exactly), the spectral distribution Eq. (31)
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Fig. 8 A spherical plot of the energy distribution, Eq. (32). Here κ = 1
and s = 0.9

Fig. 9 A log plot of the total energy emitted by three electron trajec-
tories, including the Schwarzschild, Eq (11), CGHS, Eq. (26), and the
beta decay trajectory, e.g. Eq. 7 of [5]; see also Eq. 3 of [4]. Here, all
three trajectories are normalized by 24π/κe2, and the final coasting
speed ranges from 0 < s < 0.9999 for illustration. Key takeaways are
the finite energy emission, monotonic increase, and minimal infrared
lower bound of beta decay

is again dominated by the first term, which yields pure Planck
spectrum with the temperature

T = κ

π(1 + s cos θ)
. (34)

There is a significant physical difference when s < 1. Now
the temperature is finite even at exactly θ = π, in contrast to
the temperature Eq. (20) of the horizon trajectory Eq. (16).

To recap, the CGHS electron trajectory Eq. (16) emits ther-
mal radiation as evidenced by the Planck factor, Eq. (19), but
also has a horizon that spoils the energy emission (infinite).
It also produces a singularity in the temperature when mea-
sured at θ = π. The deformed trajectory, Eq. (22), removes
the horizon by introducing a final speed s < 1 and fixes
the energy emission (finite). Moreover, it regularizes the
temperature and results in a finite measurement at θ = π.

The electron-mirror correspondence consistently provides
the correct result for the finite amount of radiated energy
(as well as spectral and time-dependent quantities). The most

physically unexpected result is the range of temperatures that
the remnant system may exhibit, which are both speed and
θ -angle dependent.

5 BTZ

In this section, we consider a mirror that corresponds to a non-
rotating BTZ black hole in 2+1 dimensional AdS spacetime
[27]. The spacetime metric, in this case, reads

ds2 = F(r)dt2 − 1

F(r)
dr2 − r2dφ2,

F(r) = −M + r2

�2 . (35)

Here, � is a parameter of the dimension of length (related to
the size of the AdS), while M is the black hole mass (recall
that in 2+1d, mass is dimensionless).

5.1 Mirror dual to BTZ black hole

The mirror corresponding to the geometry Eq. (35) was
worked out by one of the authors in [50]. For completeness,
we briefly review some basic important facts, elaborate on
essential points, and further extend the analysis. In light-cone
coordinates, the mirror trajectory is given by

fm(v) = vsh + 2�√
M

tanh[−1]
( √

M

tan( vsh−v
2�

)

)
. (36)

The parameter vsh is the v-coordinate of a collapsing shell
forming the black hole; one can always choose vsh = 0 for
simplicity.

If taken as-is, this trajectory is periodic in v and, therefore,
has infinite branches. This is a manifestation of the fact that
AdS spacetime admits closed timelike curves. To rectify this,
one must pass to the covering space, which in the mirror’s
language means that we should stick to any particular branch
of the trajectory Eq. (36).

Furthermore, the timelike boundary of AdS implies that
in a null shell collapse model, a light ray emitted too early
never actually encounters the collapsing shell. Indeed, from
the AdS tortoise coordinate

r∗in(r) =
∫ r

0

dρ

Fin(ρ)
= � tan[−1]

(r
�

)
(37)

we see that a light ray emitted from the past null infinity
reaches the origin in finite coordinate time �tin = π�/2,

gets “reflected”, and then reaches the future null infinity in
another lapse �tin = π�/2, see Fig. 10. Thus, it takes π�

time for a light ray to cross the whole of AdS.
Implications of this can be seen from Fig. 10. Take a col-

lapsing null shell propagating at v = vsh. Light rays emitted
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Fig. 10 Penrose diagram of the
formation of a non-rotating BTZ
black hole (region above
v = vsh) from the gravitational
collapse of a null shell (v = vsh)

in AdS space (region below
v = vsh). Colored in magenta is
the non-rotating BTZ black
hole’s event horizon. In this
scenario, only ingoing waves
emitted at v ∈ (vsh − π�, vH)

can be received by an observer
at the timelike AdS boundary
where v > vsh

from the past null infinity IR− too early, i.e. at v < vsh − π�,

never actually encounter the collapsing null shell.
All this means is that on the mirror side, one should not

consider the values v < vsh − π�. The future horizon of the
trajectory is defined by fm(vH) = +∞, which gives

vH = vsh − 2� tan[−1](√M) for M > 0. (38)

Thus, we finally arrive at the formula for the BTZ radiation
spectrum,

βR
pq = 1

2π

√
q

p

∫ vH

vsh−π�

dv e−iqv−i p fm (v). (39)

This prescription removes the fictitious past horizon.
Finally, we note that Eq. (39) only gives the Hawking

radiation from the black hole. It does not take into account
possible radiation from AdS boundary. In particular, if we
remove the black hole completely and consider pure AdS3,

the beta Bogoliubov coefficients will be trivial. Indeed, AdS3

can be viewed as the BTZ black hole with mass M = −1
[27]. Substituting M = −1 into the trajectory Eq. (36), we
obtain

fm(v) = −2� tan[−1]
(

cot
( v

2�

))
= v − π�. (40)

Thus, we end up with a static mirror. Such a mirror does not
produce radiation.

Now consider the proposed BTZ trajectory of Eq. (36).
We want to compute the integral in Eq. (39) to find the spec-
trum (as has been done for the Schwarzschild and CGHS
systems); however, it is difficult to evaluate Eq. (39) analyti-
cally. Instead, we appeal to the near-horizon approximation,
as is often done on the gravity side; see [51] for the case of
the BTZ black hole.

The future horizon of the trajectory Eq. (36) is located at
Eq. (38). In the near-horizon (or late-time) approximation,
the trajectory Eq. (36) becomes

fm(v) ≈ − �√
M

ln(−(v − vH)). (41)

This form is not surprising at all. In the near-horizon approx-
imation, every mirror that corresponds to a black hole looks
like Carlitz–Willey [52]; one only has to identify the param-
eters correctly. The beta integral can now be done with ease
and leads to

|βR
pq |2 ≈ 1

2πκq

1

e2πp/κ − 1
, κ =

√
M

�
. (42)

The Planck factor is explicit, and the temperature is

TBTZ =
√
M

2π�
. (43)

These results agree with the calculation from QFT in curved
spacetime, see e.g. [27,51].

5.2 Mirror dual to BTZ remnant

In the spirit of the other two cases considered in this paper,
we would like to treat the case of a BTZ remnant. We do this
in two steps.

First, by taking a time derivative of a trajectory in the form
u = fm(v), we can derive the velocity

Ż(t) = 1 + f ′
m(v)

1 − f ′
m(v)

, (44)

where we have made use of v = t + Z(t) and fm(v) =
t − Z(t) Here, primes denote a derivative with respect to v,

while the dot is the time derivative. At late times (near the
horizon) f ′

m(v) diverges, and the trajectory approaches the
speed of light |Ż | → 1. We aim to deform the trajectory so
that the final speed would be subluminal, |Ż | → s < 1.

In our case, using the explicit trajectory Eq. (36), we can
obtain the velocity as

Ż(t) = (1 + M) + (1 + M) cos
( t+Z(t)−vsh

�

)

−3 + M + (1 + M) cos
( t+Z(t)−vsh

�

) . (45)

Equation (45) corresponds to a BTZ black hole with an event
horizon, and at late times, it approaches the speed of light. To
get a new trajectory that has asymptotic speed s, we deform
Eq. (45) by substituting Z(t) → Z(t)/s. For trajectories with
a final speed s, the velocity can be obtained by substituting
Z(t) → Z(t)/s in the above formula. Then,

Ż(t) = s(1 + M)(1 + cos ζ )

−3 + M + (1 + M) cos ζ
,

ζ ≡ t + Z(t)/s − vsh

�
. (46)

For a comparison with the undeformed trajectory, see Fig. 11.
We can now examine the radiation from an accelerated elec-
tron analogous to a BTZ black hole and BTZ remnant.

123



Eur. Phys. J. C (2024) 84 :641 Page 11 of 14 641

Fig. 11 BTZ trajectories. M = 1, � = 10, vsh = 0 and initial con-
dition: Z(0) = −20. The black curve is asymptotically null (corre-
sponding to a BTZ black hole), while the blue curve has a final speed
s = 0.9 (corresponding to a BTZ remnant). The green dashed line is
Z(t) = −t+vH, and the magenta dashed line is Z(t) = −t+vsh −π�.

For s = 1 (horizon present), the trajectory (black) is bounded since
vsh − π� < v < vH

5.3 Electron dual to BTZ

Let us discuss the electron dual to the BTZ black hole and
the remnant. The corresponding electron trajectories for these
systems are the same as the mirror trajectories Eqs. (36) and
(46).

5.3.1 Electron dual to BTZ black hole

In the case of the BTZ black hole, the late-time (near-horizon)
approximation on the gravity/mirror side corresponds to the
late-time (ultrarelativistic) approximation on the electron
side. Using the electron-mirror recipe Eq. (1), we transform
the Bogoliubov coefficients from Eq. (42) to obtain the spec-
tral distribution of the accelerated electron’s radiation,

d I (ω)

d�
≈ ω

4π2κ(1 − cos θ)

1

e
πω(1+cos θ)

κ − 1
. (47)

Immediately, we find the Planck spectrum with temperature,

Tθ = κ

π(1 + cos θ)
. (48)

Comparing the electron temperature Eq. (48) with the mir-
ror/BH temperature Eq. (43) we have rigorously confirmed
the same thermal phenomenon: the temperature is angle-
dependent, and for an observer in front of this accelerated
electron (i.e. at θ = π, since the electron moves in the direc-
tion z → −∞), the temperature becomes unphysically sin-
gular.

5.3.2 Electron dual to BTZ remnant

Fig. 12 Larmor power for BTZ trajectories. M = 1, � = 10, vsh =
0, e = 1, and initial condition: Z(0) = −20. The total energies are
finite for s < 1

To remedy this problem, let us consider the BTZ remnant.
Having an explicit expression for the velocity Eq. (46), it
is straightforward to write down the Larmor power P =
e2α2/6π. The expression is quite bulky, so we do not present
it here; for a plot, see Fig. 12.

Based on the experience gained from the Schwarzschild
and CGHS cases, the total energy is expected to have a gen-
eral form

E =
∫ ∞

−∞
P(t)dt = e2κ

24π

(
1

1 − s2 − g(s)

)
, (49)

where g(s) is a function of the final speed s that depends
on the particular shape of the trajectory, i.e., how the rem-
nant forms. The first term represents a pole contribution in
the light-speed limit s → ±1. This term is universal for
BH/remnants, since at s → ±1, a remnant trajectory turns
into an un-regularized black hole trajectory, which, by the
no-hair theorem, does not depend on the detail of the forma-
tion.

Other types of singularities in the total energy also appear
in the literature. For example, the trajectory studied in [4,5]
has a branch point singularity in the total energy, E ∼
ln(1 ± s). While it is beyond the scope of this work, it would
nevertheless be interesting to understand what geometry cor-
responds to these trajectories.

The temperature of the BTZ remnant system is given by
the deformed version of Eq. (48),

Tθ = κ

π(1 + s cos θ)
. (50)

In the blueshift-forward limit θ ∼ π the temperature is now
finite,

Tb.f. = κ

π(1 − s)
. (51)
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For a very fast subluminal speed s ∼ 1 final velocity, the
radiation emitted by the electron can be arbitrarily high but
finite. This starkly contrasts with the corresponding moving
mirror temperature (BTZ black hole temperature).

6 Conclusions

We have explored the triality between accelerated electrons,
moving mirrors, and black holes. The investigation focused
on this correspondence for the case of black hole remnants
and the implication for the analog behavior of the radiation
emitted by their corresponding analogs as accelerated elec-
trons. The three examples covered here – Schwarzschild,
CGHS, and BTZ – share some common properties; let us
summarize them here.

First, the total radiated energy E is finite for the remnant
regularization cases. On the electron side, the total energy
depends on the asymptotic final speed s and has an expected
pole in the lightspeed limit,

E = e2κ

24π

1

1 − s2 + · · · , (52)

where the dots stand for the terms finite at s → 1.

This can be contrasted with the un-regularized infinite
evaporation energy of the black hole cases (e.g., electron
analog sets s = 1). The reason for such infinities is that
the usual black hole treatment does not account for back-
reaction. For discussions of this issue in the Schwarzschild
case and its relation to the moving mirror model see e.g. the
seminal paper [10] and more recent works [17,37,40,41].
The case of CGHS in the context of the moving mirror was
discussed in [48]. The BTZ mirror was also discussed in
[50]. The remnant regularization treated in this paper leads
to a finite radiated energy; see Table 3 for a brief summary
of the new results compared to the past results.

Second, we have found that classical electromagnetic radi-
ation from the accelerated electron has a Planck-distributed
spectral form. The associated temperature can be much
higher than the corresponding black hole or mirror. Gen-
erally speaking, the electron temperature, observed at spatial
infinity (in the blueshift-forward limit, when the electron flies
towards the observer) is given by

Tel = 2TBH/mir

1 − s
, (53)

where s is the asymptotic final speed of the electron, and
TBH/mir is the temperature of the corresponding black hole or
asymptotically null mirror (the latter two are the same). These
high-speed electrons have high temperatures; this can be con-
trasted with the thermal trajectory associated with radiative
beta decay studied in [4,5], where the temperature depends

only on the acceleration (or bandwidth of the allowed fre-
quencies).

This implies that systems with totally different tempera-
ture scales may be actually related via the electron-mirror
duality. This is a new finding compared to the past works in
this area. Previously known examples of the electron-mirror
duality yielded the same temperature on both sides of the
correspondence, see [18,19] and more recent papers [6–8].
Table 4 presents a brief summary of new results on the tem-
perature and a comparison to the past results.

Our calculation shows the finite total radiated energy in
the remnant cases. One can ask a question: what is the final
mass of this remnant? Since we do not incorporate the gravi-
tational potential and greybody factors in this model, we can
currently calculate only the upper bound as the black hole
mass M minus the total Hawking radiated energy. The latter
can be easily computed on the electron side with the help of
the Larmor formula. Accounting for the parameters of the
correspondence (see Table 2), we have in SI units

mremc
2 � Mc2 − EHawk = Mc2 − h̄

μ0ce2 Eelectron. (54)

Since we do not include complications like backscattering,
the estimate Eq. (54) is valid only while the radiated energy
is much smaller than the initial mass,

EHawk � Mc2. (55)

In summary, exact classical computation reveals thermal
radiation emitted by a moving point charge in several rel-
evant black hole geometries related to remnants. The sys-
tems possess a speed-dependent temperature that character-
izes the emission from the accelerated electron. Exploiting
the classical-quantum correspondence between the electron
and moving mirror allows an efficient approach to analyti-
cally determining the spectra.

Our analysis relies on time dependence, and these regu-
larized (i.e., subluminal velocity) dynamics ultimately deter-
mine the temperature of the remnant analog and its finite
radiation energy. The approach has similarities to previous
arguments [53], based on dynamics, for the existence of a
black hole remnant, which also radiates a finite energy. An
interesting future study could investigate the finite energy,
Eq. (6), and its similarity to the finite energy output6 of the
GUP-inspired Schwarzschild black hole remnant.

On the experimental front, investigation of extreme accel-
erations experienced by an electron during the process of
radiative free neutron beta decay [54], in the RDKII col-
laboration experiment [55] demonstrates proof that decay
systems exist to examine specific trajectories of the electron-
mirror correspondence [9]. Other such decays may corre-
spond to the geometries we have explored here.

6 Eq. (7b) of [53] plotted in Fig 4 therein.
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Ultra-relativistically, the Analog Black Hole Evaporation
via Lasers (AnaBHEL) experiment [56] demonstrates that
the high-speed electrons [57] associated with the moving
mirror play an important role as a probe for spectral analysis.
These efforts could result in new physics associated with
quantum vacuum radiation using an accelerated plasma [58].
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