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We study the complete gravitational collapse of a class of inhomogeneous perfect fluid models obtained by
introducing small radial perturbations in an otherwise homogeneous matter cloud. The key feature that we
assume for the perturbation profile is that of a mass profile that is separable in radial and temporal coordinates.
The known models of dust and homogeneous perfect fluid collapse can be obtained from this choice of the mass
profile as special cases. This choice is very general and physically well motivated and we show that this class
of collapse models can lead to the formation of a naked singularity as the final state.
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I. INTRODUCTION

One of the issues that is central to black hole physics today is the realistic description of the dynamical formation of black
holes. The basic paradigm for black hole formation from gravitational collapse is based on the Oppenheimer-Snyder-Datt (OSD)
[1] model which describes the complete collapse of a spherical cloud of non interacting (i.e. dust) particles with an homogeneous
density profile. In the OSD model the central shell-focusingsingularity that forms at the end of collapse is always hidden behind
a trapping horizon thus showing that a Schwarzschild black hole is indeed the final state of collapse. Nevertheless the OSD
model is too simplistic, as it assumes pressureless matter and homogeneity. Therefore it is legitimate to wonder how general is
the result obtained for homogeneous dust. This question wasat the heart of the original formulation of the Cosmic Censorship
Conjeture [2], which stated that every natural collapse process must lead to the formation of a singularity that is covered by a
horizon at all times, and has been a very fruitful area of research for many years.

Over the past decades there has been substantial analysis ofthe properties of spherically symmetric dust collapse bothin the
homogeneous (OSD) case as well as in the inhomogeneous case (the Lemaı̀tre-Tolman-Bondi (LTB) collapse model) [3]. These
studies show that the behaviour of the free functions describing the mass and velocity distributions of the particles inthe cloud
are the crucial elements that determine the final outcome of collapse (see for example [4]). Several studies aimed at clarifying
the role of pressures in collapse models have also been done [5], in order to determine the end states, resulting in a covered
singularity or otherwise (see [6] and references therein).The key result that emerges from the many models studied overthe
years is that there are essentially two possible scenarios to describe relativistic gravitational collapse:

1. In the black hole case the horizon forms at an outer radius before the formation of the singularity thus leaving it hidden
from far away observers.

2. In the naked singularity case the singularity and the horizon form at the center at the same time thus leaving the possibility
for geodesics to escape the singularity and reach far away observers.

The naked singularity in these models must be understood as aregion where the fluid model and possibly the relativistic de-
scription break down, therefore they just underline the limits of the classical theory and offer a possible window onto new
phenomena.

Nevertheless today is still not clear how different kind of pressures affect the final outcome of collapse. Also how realistic and
generic are the known solutions that present naked singularities is still a matter of debate. One very fruitful approachis based
on the study of small perturbations in the initial data of known collapse models. The key issue is to understand and work out the
stability and genericity aspects of black holes or naked singularities as they may occur in different models, by varyingthe initial
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parameters and observing the effect of the same on the final outcome of collapse. For example starting with the homogeneous
OSD model and incorporating small inhomogeneities in the initial density one can see that the space of final outcomes is equally
divided between black holes and naked singularities [7]. Itis seen that the introduction of small pressure perturbations to dust
models, can drastically change the outcome of the collapse from covered to naked singularity or vice versa and that both the
black hole and the naked singularity final outcomes are in some sense stable in these cases, with the exception of some special
cases. From this perspective, once suitable definitions of genericity and stability are provided in this context, one can see that
naked singularities must be considered a stable and genericoutcome of spherically symmetric collapse models just as much as
black holes [8].

We consider here endless gravitational collapse of a massive star, under the influence of its own gravitational field. The
collapse initiates from regular initial conditions, wherethere is no trapping of light and no singularity. As matter source we
consider a perfect fluid where small inhomogeneities are introduced in the initial pressure profile and where no equationof
state is required. Still the fluid source is required to satisfy standard energy conditions. The end states resulting from such a
collapse of a massive cloud, has been an active area of research, aiming to give precise mathematical formulation for theCosmic
Censorship Conjecture, which still remains to be established.

The paper is organized as follows: In section II we review thegeneral setting for relativistic collapse in spherical symmetry.
In section III we study the solution for the system of Einstein’s equations under certain physically reasonable assumptions for
the fluid source. Finally in section IV we briefly discuss the implications of these result for possible astrophysical observations.
Throughout the paper we make use of natural units wherec = G = 1 and we absorb the factor8π appearing in Einstein’s
equations into the definition of energy density and pressure.

II. THE EINSTEIN’S EQUATIONS FOR SPHERICALLY COLLAPSING CLOUD

The most general spherically symmetric metric describing acollapsing cloud in co-moving coordinatesr andt is given by

ds2 = −e2ν(t,r)dt2 + e2ψ(t,r)dr2 +R(t, r)2dΩ . (1)

The energy momentum tensor is

T tt = −ρ , T rr = pr , T
θ
θ = T φφ = pθ ,

whereρ is the energy density andpθ andpr are radial and tangential pressures. In the case of a perfectfluid source we have
pθ = pr = p and Einstein’s equations in this case take the form

p = − Ḟ

R2Ṙ
, (2)

ρ =
F ′

R2R′
, (3)

ν′ = − p′

ρ+ p
, (4)

2Ṙ′ = R′ Ġ

G
+ Ṙ

H ′

H
, (5)

F = R(1−G+H) , (6)

whereH andG are given byH = e−2νṘ2,G = e−2ψR′2 andF is the Misner-Sharp mass of the system [9].
There are thus, five equations in the six unknownsρ, p, F , ν, ψ andv, meaning that one of the functions is free to choose.

However the system becomes closed after prescription of an equation of state for the matter content that relates densityand
pressure. In the following analysis we proceed without assuming any equation of state. This is due to the fact that at present
we do not know the properties of matter under strong gravitational fields even though we know that the classical description of
fluids, as given by barotropic or polytropic equations of state, will not remain unchanged towards the formation of the singularity.
Therefore it makes sense to consider matter fields that have aphysically reasonable behaviour in the weak field while not being
subject to the constraint of a fixed equation of state.

There are several assumptions that need to me made in order for the system to be physically viable. We shall discuss them
briefly here (refer to [6] for a more detailed treatment). We shall consider an initial timeti = 0 for which the matter functionsρ
andp are regular and present no cusps at the center. This implies that the Misner-Sharp mass takes the formF (r, t) = r3M(r, t)
with M a suitably regular function. Furthermore we shall consideronly collapse scenarios where the weak energy conditions,
given byρ ≥ 0 andρ+p ≥ 0, are satisfied throughout the whole evolution. The system has a scaling degree of freedom that can
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be fixed by choosing the area-radius functionR at the initial time. We shall setR(r, ti) = r thus introducing an adimensional
scale factorv(r, t) that describes the rate of collapse for which

R(r, t) = rv(r, t) . (7)

For a homogeneous perfect fluid we havep ≡ p(t) andρ ≡ ρ(t). This implies a Misner Sharp mass of the formF (r, t) = r3M(t)
(fulfilling all the regularity conditions), thus makingM depend only on′t′ andv ≡ v(t). Using the definition ofG andH we
can rewrite equation (6) as

Ġ = 2
ν′

R′
rv̇G , (8)

which can be integrated once we define a functionA(r, t) such that

Ȧ :=
ν′

R′
rv̇ . (9)

Then we get

G = b(r)e2A , (10)

whereb is a free function coming from the integration and related tothe initial velocity of the infalling particles, usually referred
to as the velocity profile. Then regularity requires that near the centerb has the form

b(r) = 1 + r2b0(r) . (11)

In the following we will consider the marginally bound case by imposingb0(r) = 0. Matching with a Schwarzschild or
generalized Vaidya exterior can always be performed at the co-moving boundary radiusrb which corresponds to a shrinking
area-radiusRb(t) = R(rb, t), while matching to a Vaidya solution can be done if one considers an evolving boundaryrb(t) [10].

III. INTRODUCING INHOMOGENEITIES

We shall now proceed to integrate the system of Einstein’s equations for some inhomogeneous perfect fluid models. Given the
absence of an equation of state we shall consider the mass profile M as the free function of the system. Then we can consider
inhomogeneities in the density and pressure profiles by introducing radial inhomogeneities in the mass profileM(t) → M(t, r).
This in turn leads tov(t) → v(r, t). Note that given the monotonic behaviour ofv close to the center and close to the formation
of the singularity we can consider a change of coordinates from the co-moving frame{r, t} to the area-radius frame given by
{r, v} and considerv as a new coordinate to label time. This implies that for any functionX(r, t) we can considerX(r, v) =
X(r, t(r, v)) so that the radial derivatives in the old coordinates becomeX ′ = X,r +X,v v

′, whereX,r is the radial derivative
in the new coordinates andv′ has now to be understood as a function ofr andv.

Introducing inhomogeneities in the pressure profile then would result inp andρ having a radial dependence given by

p(v, r) = p0(v) + p1(v)r +
1

2
p2(v)r

2 , (12)

ρ(v, r) = ρ0(v) + ρ1(v)r +
1

2
ρ2(v)r

2 , (13)

where the forms ofpi(v) andρi(v) depend upon the specific choice of the mass functionM . For simplicity we shall now choose
the Misner-Sharp massF in such a way thatM be separable inr andv so that has it has the following form

M(r, v) = m(v)[1 + ǫ(r)] , (14)

whereǫ(r) can be seen as the radial perturbation to the mass profile and will be assumed to be ‘small’ with respect tom, in order
to study the departure of the system from the well known homogeneous solutions. We also assume thatM given above be at
leastC2 in r and at leastC1 in v. We see then that in order for the regularity conditions to besatisfied, the following is required:
ExpandingM in powers ofr, nearr = 0, and choosing the mass function up to second order inr we must have

M(r, v) =M0(v) +M1(v)r +
1

2
M2(v)r

2 . (15)

Also, since we do not want the initial density and pressure tohave cusps at the origin, regularity of the initial data requires that
M1 vanishes atr = 0. ThusM1(v) = m(v)ǫ′(0) = 0, which givesǫ′(0) = 0. We also assumeǫ(0) = 0 for consistency, so that
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at the center the cloud the system behaves like the homogeneous case described bym(v). This is only a further gauge fixing that
does not restrict the generality of the model. Finally we have to require|M2| << M0, from which we obtainǫ′′(0) << 1.

Given the continuity required forM we see that the form ofm(v) can be taken as

m(v) = m0 +m1v . (16)

Given the above definitions once we expand pressure and density nearr = 0 we obtain

p(v, r) = −m(v),v
v2

− 1

2

m(v),v
v2

ǫ′′(0)r2 , (17)

ρ(v, r) =
3m(v)

v3
+

1

2

(5m(v)ǫ′′(0))

v2
r2 . (18)

Since we assume, for a realistic matter model, that the density decreases away from the center, it is clear that we must then
requiteǫ′′(0) < 0.

By simplifying equation (6), using the form ofG given by equation (10) we can obtain the equation of motion for the system
as

v̇ = −eν
√

M

v
+
be2A − 1

r2
, (19)

which, once solved for a given choice of the free functionsM andb, allows to solve the system of Einstein’s equations com-
pletely. As said before, in the following we assume the marginally bound velocity profile given byb(r) = 1. To evaluate
the solution of the above equation we need the explicit expressions forν andA in terms of the only free function left. From
equations (5) and (9) we get

ν(r, v) =

∫ r

0

M,vr v + (M,vv v − 2M,v )v
′

(3M + rM,r −M,v v)v
R′dr̃ , (20)

A(v, r) =

∫ 1

v

M,vr v + (M,vv v − 2M, v)v′

(3M + rM,r −vM,v )v
rdv . (21)

Given the expansion forM we obtain the corresponding expansion forA(v, r) nearr ≈ 0 asA(v, r) ≈ A0(v) + A1(v)r +
A2(v)r

2 + A3(v)r
3 + A4(v)r

4 + ... from which we see that using the form of the mass profile given by equation (15) implies
A0 = A1 = A3 = 0 and

A2(v) =

∫ 1

v

2M2,v

(3M0 −M0,v)
dv =

2

3

m1ǫ
′′(0)

m0
(1− v) . (22)

Then we can invert equation (19) to obtaint(r, v) as

t(r, v) = ti +

∫ 1

v

e−ν
√
v√

M + 2A2v + 2r2A4v
dv . (23)

Given the regularity of the functions involved the solutiont(r, v) is in general at leastC2 near the singularity and therefore can
be expanded as

t(v, r) = t(0, v) + χ1(v)r + χ2(v)r
2 + o(r3) , (24)

whereχ1 = dt
dr |r=0 andχ2 = 1

2
d2t
dr2 |r=0. The singularity curvets(r), representing the time at which the shell labelled byr

becomes singular, can be written as

ts(r) = t(r, 0) = ti +

∫ 1

0

e−ν
√
v√

M + 2A2v + 2r2A4v
dv , (25)

and according to equation (24) it can be expanded as

ts(r) = t0 + rχ1(0) + r2χ2(0) + o(r3) . (26)

To obtain the expressions forχ1 andχ2 we must derivet(r, v) with respect tor. Then from

dt

dr
=

∫ 1

v

[

ν′e−ν
√
v√

M + 2A2v + 2r2A4v
− 1

2

e−ν(M,r+4rA4v)
√
v

(M + 2A2v + 2r2A4v)3/2

]

dv , (27)
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evaluated atr = 0 we obtain the following expression forχ1

χ1(v) = −1

2

∫ 1

v

M1
√
v

(M0 + 2A2v)3/2
dv . (28)

For simplicity we shall assume that the fourth order term of the expansion ofA(v, r) be negligible and thus we will takeA4 = 0.
Then similarly we obtain the expression forχ2 as

χ2(v) =

∫ 1

v

[

3

8

M2
1

(M0 + 2A2v)5/2
− ν′′√

M0 + 2A2v
− 1

2

M2 + 2A2
2v

(M0 + 2A2v)3/2

]√
vdv , (29)

SinceM1 = 0 we finally getχ1(0) = 0. Therefore the first non vanishing coefficient in the expansion of the singularity curve is
the second order termχ2(0). Thenχ2 is given by equation (29) evaluated forv = 0 and gives

χ2(0) = −1

2

∫ 1

0

2ν′′(M0 + 2A2v) +M2 +A2
2v

(M0 + 2A2v)3/2
√
vdv . (30)

As it was shown in [12] it is the value ofχ2(0) that determines the nature of the singularity and its local visibility. Positivity
of χ2(0) implies that the singularity curve is increasing in the co-moving timet and thus the singularity forms at first at the shell
r = 0. Positivity ofχ2(0) is also the necessary and sufficient condition for the apparent horizon to be increasing int and it
is possible to show that this is a necessary and sufficient condition also for null geodesics to escape the central singularity that
forms atts(0). Now by using the expression forM0 andM2 in terms ofm andǫ as given byM0 = m(v) = (m0 +m1v) and
M2 = m(v)ǫ′′(0) we can obtain the expressions forν′′ andA2, up to first order inm1/m0, from equations (20) and (21) as

ν′′ =
1

3

m1

m0
ǫ′′(0)v , (31)

A2 =
2

3

m1

m0
ǫ′′(0)(1 − v) , (32)

from which we get

χ2(0) =

∫ 1

0

− 1
3
m1

m0

ǫ′′(0)v3/2[m0(1 +
m1

m0

v) + 4
3
m1

m0

ǫ′′(0)v(1− v)]− 1
2 [m0(1 +

m1

m0

v)ǫ′′(0)]v1/2

m
3/2
0 [1 + m1

m0

v + 4
3
m1

m0

ǫ′′(0)
m0

v(1− v)]3/2
dv . (33)

Keeping terms up to orderm1/m0 and neglecting higher order in the same, the expression reads

χ2(0) = −
∫ 1

0

ǫ′′(0)

m
1/2
0

[

v1/2

2
+
m1

m0

(

7

12
v3/2 − ǫ′′(0)

m0
(v3/2 − v5/2)

)]

dv , (34)

which, after performing the integration gives

χ2(0) = − ǫ
′′(0)

m
1/2
0

(

1

3
+
m1

m0

(

7

30
− 4

35

ǫ′′(0)

m0

))

. (35)

Since we expect|ǫ′′(0)|/m0 < 1 we can ignore the last term in the above due to smallness of themultiplying factor and write

χ2(0) = − ǫ′′(0)

3m
1/2
0

(

1 +
7

10

m1

m0

)

. (36)

As we have discussed earlier, physically reasonable density profiles require thatǫ′′(0) < 0, then the sign ofχ2 is decided by the
quantity in brackets. It is clear that for small departures from the homogeneous perfect fluid model we must have|m1/m0| < 1,
regardless of the sign ofm1 in the above. It follows that the quantity in brackets is always positive, which in turn implies that
χ2(0) is always positive. We then conclude that for scenarios described by small deviations from the homogeneous perfect fluid
model as described above collapse results in the formation of a locally naked singularity.

By looking at the final expression (36) we can see how the abovemodel can be related to the well known homogeneous perfect
fluid and dust models.

1. We can retrieve the OSD collapse model in the case whenm1 andǫ′′(0) (and all the higher derivatives ofǫ(r) at r = 0)
vanish. In this case the mass function reduces toM = m0 which implies thatχ2(0) = 0 and we obtain a simultaneous
singularity resulting in a black hole final state.
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2. In the same manner we can obtain the homogeneous perfect fluid model by imposing thatǫ′′(0) and all higher derivatives
of the same atr = 0 are zero. In this caseM becomes a function oft only, throughv(t) and again the singularity is
simultaneous thus resulting in the formation of a black hole.

3. To obtain the inhomogeneous dust collapse described by the LTB model we must imposem1 = 0. Then the mass profile
becomes a function ofr only given byM = m0(1 + ǫ(r)) and we getχ2(0) = −ǫ′′(0)/(3√m0) which, for ǫ′′(0) < 0
leads to the formation of a naked singularity.

Thus from the above framework we recover the widely studied cases of spherical collapse that lead to the formation of a black
hole, namely homogeneous dust and homogeneous perfect fluidcollapse, as well as the inhomogeneous dust model leading to
a naked singularity. The important result of the above analysis is that we immediately see how the addition of a small pressure
perturbation to a known collapse model can change the outcome of collapse from black hole to a locally naked singularity.

IV. CONCLUSION

In the present paper we have investigated how the presence ofsmall pressure perturbations in the known collapse scenarios
of dust and homogeneous perfect fluid affect the final outcomeof collapse. We have chosen a very general class of physically
valid mass profiles given by a separable mass function. By using such a form forM it is easy to see how the introduction of
inhomogeneities in the dust and homogenous perfect fluid model changes the behaviour of collapse of a spherically symmetric
cloud. Our calculations show that inhomogeneous perfect fluids can collapse to a naked singularity and that the homogeneous
case is somehow ‘special’ in the fact that it leads to a simultaneous singularity, a result that agrees with what was previously
found in [7].

This analisys suggests that towards the final stages of collapse a star could reach a stage with arbitrarily high densities at the
center before the formation of the trapping horizon. This might have important astrophysical consequences as the regime where
‘quantum gravity’ effect become important might be causally connected with the outside universe thus changing drastically
the classical picture for collapse (see for example [13] forsome studies on how quantum effects might change the final stages
of collapse). In recent years a lot of attention has been devoted to the theoretical study of observational features of naked
singularities (see for example [14]) in the hope that futureobservations will be able to provide much needed experimental
evidence on whether black holes are the only necessary outcome of collapse or if other possibilities, as allowed by theoretical
models such as the ones discussed here, do occur in nature.

Our result support the idea that gravitational collapse to black holes as described in the OSD model might not be the most
general paradigm to describe the final moments of the life of astar. Different density and pressure profiles contribute tothe oc-
currence of naked singularities within theoretical models. Such singularities, that signal a breakdown of the classical relativistic
description, might in turn indicate the existence of an observable window into the physics that dominates at small scales when
the gravitational field is large.
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