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Article history: This paper considers control systems with impulses that are saturated and asymmetri-
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neural networks. The addressed INNs are transformed into first order differential equa-
tions utilizing variable transformation on INNs and then certain adequate conditions are
derived for the exponential synchronization of the addressed model by substituting satu-

Keywords:
Inertial neural networks

Synchronization
Saturation
Impulsive control
Time-varying delay

ration nonlinearity with a dead-zone function. In addition, an asymmetric saturated im-
pulsive control approach is given to realize the exponential synchronization of addressed
INNs in the leader-following synchronization pattern. Finally, simulation results are used
to validate the theoretical research findings.
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1. Introduction

Neural Networks (NNs) have gained popularity in previous centuries owing to their wide application in various fields,
such as frequency image analysis, information processing, financial management sector, data interpretation, optimization
problems and classification techniques. These applications are known to significantly rely on dynamical behaviors of NNs
[1-9], which is a fundamental property in NN development. The inertial neural network is a neural circuit model that ex-
hibited the inertial nature of a network which has been defined using second-order differential equations. In contrast to
the cases discussed in first-order systems, the differential equations defined by second-order INNs can accurately reflect
the genetic NN attributes and based on the second derivative have much more complicated dynamical behaviour leading to
more practical applications [2,3]. One of the major hot spots in scientific research in recent years has been neural network
research. It is vital to research the dynamic behavior of coupled neural networks in order to have some theoretical direc-
tion in many engineering applications of neural networks. With a rich research history spanning electronic communication,
automatic control, and social science, synchronization of coupled neural networks has significant theoretical and real-world
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implications for the study of nature. For example, in [4] the authors devoted to investigating the synchronization problem
of coupled memristive neural networks under event-triggered control for the first time. Finite-time and fixed-time synchro-
nization of a class of coupled discontinuous neural networks is addressed under the framework of Filippov solution in [5].
And by using the theory of differential inclusions and a discontinuous control law finite-time and fixed-time synchronization
problem is investigated. By directly constructing the discontinuous complex-valued controllers, fixed-time synchronization
of coupled memristive complex-valued neural networks is investigated in [6]. Finite time passivity and finite-time synchro-
nization issues are addressed in [7] for coupled complex-valued memristive neural networks. In particular, impulsive control
is characterized by lower control cost, higher confidentiality, and stronger robustness. In order to achieve the desired control
performance, we can design the impulsive strength artificially. Since actuator saturation is a common occurrence in almost
all control systems, it is actually very challenging from the perspective of applications to accomplish the design aim for each
control input. Saturation-related negative behaviors may be seen if such constraints are not treated correctly or even taken
into account by the appropriate controllers. Naturally, the influence of saturated impulses must be taken into account when
researching the impulsive regulation of coupled neural networks. Compared with the previous results, in this paper, a novel
saturated and asymmetric saturated impulsive controllers are designed such that the estimating domain of attraction can be
derived, which is one of the main novelty considered in this article.

The fundamentals of NNs include stability, stabilization, state estimation, periodic attractors, robust stability, and so on.
Among these, synchronization has experienced significant rise in analysis attention in recent years. It is also a form of col-
lective behaviour to describe a number of environmental occurrences [10-13]. Synchronization is a hot topic in nonlinear
dynamical systems research. The major applications of the system in encrypted transmission, biological systems, cognitive
processes, etc., has resulted in extensive synchronizing control and numerous positive outcomes [14-16]. Several types of
synchronization includes chaotic synchronization, outer synchronization, and cluster synchronization has been investigated
from several perspectives [8,17-20]. Synchronization can be accomplished through the use of traditional control mechanisms
such as feedback control, backstepping control, intermittent control, impulsive control, sampled-data control, event-triggered
control, adaptive control and so on [21-25]. For instance, the authors of [26] achieved exponential synchronization for mem-
ristor based neural networks with various delays. Time delay, which is an inherent property of signal transmission between
neurons, is one of the primary causes of neural network instability and poor performance. In order to display chaotic events
that can be used to secure communication, time delays are included in NNs [27-32]. In [31], the authors considered INNs
with time varying delays and achieved multiple finite time synchronization through a unified control scheme. The authors of
[2] considered an INN with time varying delay and coupling delay and achieved global asymptotic stability through adaptive
control scheme.

In recent years, impulsive control techniques are frequently employed to stabilize and synchronize nonlinear unstable
dynamical and chaotic systems as an efficient control means. The primary principle behind impulsive control is to change
a system'’s state whenever certain objectives are fulfilled. Because of the lower control costs, this is the most used method
in practice. In light of these advantages, the stability of impulsive neural networks has recently been investigated [26,33-
35]. In some kind of broad array of applications, impulse control occurs naturally, as well as for orbit transmission, inter-
ruption control, sustainable growth or network synchronization, robotic arm regulate, so on and so forth [28,36,37]. Often
researchers concentrated the impulsive controller, because of the possibility of saving the bandwidth of a network, which
in the event of systems that are capable by the networks could well reduce the cost of control or network [38,39]. The ex-
ponential stability of impulsive control systems with time delay is studied in [40]. The average impulsive interval approach
allows for the establishment of some necessary Lyapunov-based requirements for the stability of impulsive time-delay sys-
tems. It is interesting to show that some unstable impulsive time-delay systems may be stabilized by increasing the time
delay in continuous dynamics. The authors of [41] investigated the exponential stability of nonlinear delayed systems with
destabilizing and stabilizing delayed impulses. If the time delays in impulses can be flexible and even larger than the length
of impulsive interval, then the stability of delayed systems is obtained with destabilizing delayed impulses, and if the time
delays in impulses are flexible between two consecutive impulsive instants the stability of delayed systems is investigated
with stabilizing delayed impulses.

The controller’s output signal is usually provided to the controlled system through actuator in real-world controllers, and
the controlled item is subsequently driven to accomplish the task. Physiological limits realizes the quantity of input signals
that the actuator can generate. If the input signal is excessively strong, the output signal from the actuator to the controlled
system will be corrupted first. Actuator saturation causes the closed-loop system’s performance to drop dramatically. If the
saturation limit is not taken into account when designing the control system, it will degrade the system’s performance,
resulting in lag, increased overshoot, oscillation, and even instability [18,26,42]. Each physical actuator or sensor in control
systems is prone to saturation as a result of its upper and lower limits. Saturation nonlinearities are frequently researched
systematically in engineering applications such as control systems and NN systems. The evaluation and implementation of
a system that has saturation nonlinearities is a major challenge merely because of how they occur. The first technique for
dealing with the experimental consequences of saturation is to disregard it during the initial stages of the control design
process [43]. To initiate these anti-windup techniques, ad hoc changes and simulations were utilized [44-46]. The actuator
is able to stay within its limits as a result of these strategies because it receives more feedback. Many of these methods’
stability features, on the other hand, are largely unknown. The second procedure is a little more systematic than the first. It
accounts for saturation nonlinearities as part of the control design. The closed-loop system is analysed and the controller is
modified in such a way that efficiency is maintained while stability is enhanced, or perhaps the other way around. Charac-
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terizing the null controllable region, identifying the set of all states that could be driven to their beginnings by the saturating
actuators, and designing validation laws that are justifiable on the entire null controllable region or a large portion of it are
all steps in solving actuator saturation with this method. In order to limit the undesirable impacts of the actuator saturation,
the dead-zone nonlinearities values must be constructed. We get a saturation impulsive controller term to add, in which an
error system will get a value and part of the inequalities will be employed for the reduction. The study and configuration of
the system with asymmetric actuator saturation is a critical issue that must be addressed. Asymmetric saturation has been
discussed widely in the literature [47-49].

The Lyapunov stability theory is a powerful tool for assessing and designing energy control frameworks. When a definite
positive state function is discovered, the system is said to be steady, allowing the time derived along the system’s trajectory
to be recognized. Motivated by these works, in this article, we intend to achieve exponential synchronization of INNs with
time varying and coupling delays via the saturated and asymmetric saturated impulsive control. The major contributions of
this article are as follows:

(1) To the best of authors knowledge, this is the first time to investigate the synchronization of INNs with time-varying
delay and coupling delays through the saturated and asymmetric saturated impulsive control schemes.

(2) The aforementioned INNs model can be formed into first order differential equations using the variable transformation
and some suitable conditions for the exponential synchronization of INNs can be constructed in terms of LMIs by sub-
stituting saturation non linearity with a dead-zone function. Furthermore, an asymmetric saturated impulsive control
technique was studied to attain the exponential synchronization of addressed INNs in the leader-following synchroniza-
tion pattern.

The following is a summary of the paper’s structure: Section 2 contains the preliminary information as well as a model
description of the model under consideration. In Section 3, we examine some results on saturated impulsive control of INNs
with delays. Numerical validation to establish the significance of the procured results is detailed out in Section 4. The final
section summarizes the entire manuscript to provide a valid conclusion.

2. Preliminaries and model description

Consider the following inertial neural networks (INNs), with both time-varying delay and coupling delay consisting of
coupled nodes with each node being a n-dimensional neural network. The dynamics of the it" node is described as:

N
Lo _ A9 _ g (1) + Efan(0) + D@t — p(0)) +10) + 3 A, (0)

dt? d ‘
Jj=1
N -
+ Y A wi(t — o (1) + vi(t), (1)
j=1
where i=1,...,N, the second derivative is called as the inertial term of the INN (1), w;(t) = (wj; (At),...,coin(t))T e R,

is the vector state of the i" node, A =diag{ay,...,an},B = diag(b,..., bn}.C = (cpg) € R™™ and D = (dpg) € R™" de-
notes the connection weight and delayed connection weight matrices respectively. The nonlinear function f(w;(t)) =
(fi(wi(©), ..., fa(@ir(©ONT and fwi(t — @) = (fi(wi t — @), ..., fa(wp(t —@(t)))Tis the activation function for
the INN (1), ¢(t) € [0, ¢] is the time-varying delay, I(t) = (I;(t),....In (t))" is the external input, # = diag{#4..... #4} > 0,

W = diag{%, o Wn} > 0 represents the current state and time-varying delay inner coupling matrices respectively. J# =
N
(’%J)lev’ H;<0(i#j)and s =— Y s is the diagonal element, between the nodes i (i # j), the coupling delay is
j=1.j#

denoted as o (t) € [0, 0] and v;(t) represents the impulsive controller which will be designed in the forthcoming steps. The
initial condition of the INN(1) is represented as follows:

09 =6, X2 _g6) g <520

where &;(s), S_i(s) are the real valued functions continuous on [—¢, 0]. Introducing the appropriate variable transformation:
do;(t)

wr(t) = == + w;(t). The INNs system (1) with the above variable transformation can be reduced into first order ODE as:
G0 = —wi(0) + or(6) + v1i(0),

N A N
@%9=mwmd—%wmw+Cﬂ@a»+Dﬂ@a—¢a»)+uo+zyﬁwwﬂn
Jj=

(2)

LS At — o () + ua(),
=1

where A=A—B— [ B=A—1 wi(t) = (w1 (t), ..., 0T € R", wr(t) = (w1 (t), ..., om ()T € R".
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Define the target desired node in the system INN (1) is described by

2 -~ A A
ThO — A% ey 1 Erh) + D (h(e — p(0)) +100), (3)

and with the help of variable transformation

dh(t) —h(t) +y(t). The compact form of system (3) becomes

O = —h(t) +y(0), ) N
WO _ 9ah(e) — By (t) + CF(M()) + DF(h(t — () +1(0),
where A=A—B—1,B=A—Lh(t) = (hy(t),.... ha(t))T € R" y(t) = (y1(t).....yn(t)T € R™.
Then the synchronization error between (2) and (4) is described by
2 — —e1i(t) + exi(t) + vy; (1), A
0 = 2e1i(6) = Bex(0) +CF (e (0) + DF et = ¢(0) -
H©O+ 5 Agpen(®) + 3 Aghen(t — o () +vx(t),
j=1 j=1

Here, eq;(t) = w;(t) — h(t), e5i(t) = wr(t) —y(t). It is important to note that the impulsive controllers vy;(t), vy;(t) only
knows how to manage the condition of the INNs system (1) associated with a particular point ¢;, and for a more effec-
tive solution to the problem, the impusive controller is designed as follows:

vii(t) =Y D18t — ), vy () = Y 9o ()8t — ). t € [t tiyr),

k=1 k=1
where k € Z,, 04;(t) = R1e1;(t), i (t) = R1e5i(t), B, Ky € R™M is the impulsive control gain and §(.) is the delta function
with sequence {t;,k € Z,} satisfying 0=ty <t; <... <ft;...<..., lim ¢, = co. Moreover, in procedure, the magnitude of

k— o0

the signal that a control system can produce is generally defined as physical or protection constraints, making reach desired
effectiveness unrealistic. To effectively address this problem, the impulsive controller with actuator saturation is presented
as:

vi(t) =Y sat (D ()8(t — ty), Vi (t) = Y sat (i (1)) (t — ty). t € [ty tiyr), (6)
k=1 k=1
where sat(¥4;(t)) = (sat(Pj (t)), ..., sat(z?nn(t)))T,sat(z?zi(t)) = (sat (i1 (t)), ..., sat(z?z,-n(t)))r denotes the saturation

function. By the above equation, the saturated impulsive controller (6) defined with the synchronization error system is
undertaken as:

fu®  — _ey(t) + ex(t).
50—y (0) — Beat) + CFen(0) + DF et — p(0))
+I(t) + Z%{Weu(t) + Z%Wu(t—d(t)) ”
. =

Jj=
neqi(ty)=sat(Rieqi(t; ), Aeyi(ty) = sat(Raey(ty ). ke Z.,
e1i(s) = x1i(s), exi(s) = xai(s). s € [to — h. to].
Let us construct the dead-zone non linearity dz(feq;(t)) and dz(£ye,;(t)) defined as
dz(R1e1;(t)) = Rieqi(t) —sat(KRieq;(t)) and dz(Kye,i(t)) = Kyeyi(t) —sat(Key;(t)) to reduce the undesirable effects in-
duced by actuator saturation. Then the error system (7) can be rewritten as follows:

L0 = (D) +e(®). )
e — gley(t) — %ez,(w+Cf(e1,(t>)+Df(e1,(t—<p<r)))
+I(t)+ X:]JY,’]WQH(I')—F Z]‘}yljwe'll(t_a(t)) (8)
J= J=

e1i(ty) = (I + R&)en(ty) — dz(Rieqi(ty)),
e2i(ty) = (I + R2)ex(ty) — dz(Raeqi(ty)). k € Zy.,
e1i(s) = §1i(5), e2i(s) = &2(s),s € [to — h, to].

Remark 2.1. When the continuous delayed neural network is exponentially stable but the impulses are input disturbances,
sufficient conditions for exponential stability concerning the magnitude and frequency of the impulses are derived in order
to maintain the original neural networks exponential stability. When the continuous neural network is unstable, sufficient
stability conditions that utilize impulsive effects to stabilize the unstable neural network are given.

Assumption 2.2. If the activation functions f,(-) : R — R satisfy the Lipschitz condition, then there exists a positive constant
F, such that |fy(x) — f[p(¥)| <Flx—y| forallx,ye R, 1<p=<n.
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Lemma 2.3. [43] Consider a matrix K € R™" such that e = [e],el, ..., el]” represents the diagonal element, if e € L(H), then
the positive definite matrix F € R™", the subsequent inequality holds T" (Ke;)TF(I" (Ke;) —.#¢;) < 0,i e N.

Lemma 2.4. [43] (Matrix Cauchy Inequality) Suppose that Q > 0 represents a symmetric positive definite matrix and C and D are
real matrices with suitable aspects, the following inequality holds:

C"D+D'C <CTQC+D'Q'D.

Lemma 2.5. [43] Let 0 < ¢(t) <¢,0<0(t) <o, and h= ¢ v o. If there exist positive constants o1, &y, a3 and y > 0 such that

D*a(t) < ara(t) +onalt —@(t)) +aza(t —o(t)), t#b,t>to,
a(ty) < ya(ty), kezZ,,

D*o(t) > a1b(t) + azb(t — @(t)) + asb(t —o ().t #t, >t
b(ty) = yb(t,). ke,

then a(t) < b(t) for t € [tg — h, ty] implies that a(t) < b(t), Vt > ty, where functions a(t), b(t) € PC([tg — h, +00), Ry).
Definition 2.6. [43] The average impulsive interval of the impulsive sequences {t,}, k € Z, is less than T, if there exist a
positive number T, and a positive integer ¥y such that
T-—s
a

where X(T,s) denotes the number of impulsive times of the impulsive sequences at t, occurring on the interval (T,s) and
T, > O represent the average impulsive interval.

R(T,s) = — R, VT > 5 > to,

Lemma 2.7. [50] Let v e R", w € R", 0 € R} and diagonal matrix S > 0,5 € R™". Suppose —6; <v; —w; <0;,i=1,2,--- ,n, then
the inequality ¢ (v)TS(¢(v) + @) < 0 is satisfied by the non linearity function ¢(v) = sat(v) — v.

Remark 2.8. There have been no relevant exponential synchronization results for coupled delayed INNs using both saturated
and asymmetric saturated impulsive control till now. To bridge that gap, we will present many new results in this article that
guarantee exponential synchronization of coupled delayed INNs. A saturated and asymmetric saturated impulsive control
strategy is proposed to handle this problem. The NNs in this article have an inertial term which is an extension of the
earlier papers [43,46,51,52| that did not have an inertial term.

3. Main results

A class of controllers with impulses that incorporate structures with saturation and are described in terms of LMIs are
investigated here.

Theorem 3.1. Suppose that there exist constants o1 > 0,05 > 0,3 > 0, ¢4 > 0, @5 = max {«1, @} and some n x n diagonal
matrices Py > 0,P, >0,M > 0,Z; >0,Z, > 0,Z3 > 0, n x n matrices F; > 0,F >0, 0 < ¥1, ¥, <1 and R € max {1, V,} such
that Iy ® (MTZZM —azP — Ol3P2) <0,IN® (Z3 —aqP; —oyPy) <0 and

Iv® (2P =AM+ M'ZiM + BAS ™ + (£ @ L#) g™ —a1Pr) < 0, )

Iv® (PIM™" + P28 — 2P + P,CZ;'CTP, + BDZ;'D'Py + (# @ Pa# ) 6

+ (AT @ P ZWP) — arPy) <0, (10)

Ay = |G+ D P+ R —yaP i+ P -TTR | _ o (11)
« P - 2F

Ay = | Unt D P+ 8) = V2P i+ )R -TTR| _ o (12)
* P, —-25K

then the error system’s (6) trajectory converges to zero exponentially.
Proof: A Lyapunov functional candidate is constructed as follows

Y (t) =N @)+ %), (13)
N N
where 74 (t) = ; el (Peq; (1), 5(t) = ; el (t)Pyey;(t).
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The derivative of ¥/ (t) is taken along the trajectories of (6)

N
D7 (t) =2 el;(t)Piéy(t),
i=1

N N
=-2 Z el (t)Pey;(t) +2 Z eli(H)Prey(b),

i=1 i=1

N N N
<=2 " Pef(e(t) + Y Prel(t)Mey;(t) + Y Pl ()M ey (1),
i=1 i=1 i=1
N
D 5(t) =2 ) e5;(0)Paéyi(£),
i=1

N N
=2 el ()P, <me1,~<r> — Beyi(t) + Cf(eni(t)) + Df(eqi(t — (1)) +1(t) + Y AW eqi(t)

i=1 j=1

N
+ Z,}ﬁﬂ/_e”(t - G(U)) ’

j=1

N N N N
=2 el (O)Pye;(t) — 2 el (P Bey(t) +2 ) el (PCF(eri(t)) +2 ) el (DPDf (eqi(t — (1))

i=1 i=1 i=1 i=1
N N N _
+2) el (OP Y Awen(t) + 2L (P Y A eyt — o (t)).
i=1 j=1 j=1
By matrix cauchy inequality,
2el,()PCf (e1i(1)) < €L (OPCZ CTPreyi(t) + fT (e1i(t))Z1 f(eri (D)),
< €5, (OPCZ ' CTPyey (£) + el ()M Zy Mey; (t),
2e5,(OPDf (e1i(t — (1)) < b, ()PDZy ' D Preyi(t) + fT (eri(t — p()))Za f (e1i(t — (1)),
< 5. (0)PDZ, ' D Pyey;(t) + el (¢ — ¢ (£))MTZ,Meyi(t — @(t)).

The coupled terms becomes

N N
2 el (OP Y Awe(t) = 285 ()P (A @ P )ey (t),
i=1 j=1
N N
2 el (OP Y A ey(t — o (1) = 2e5 (DOP (2 @ A )er (t — o (1)),
i=1 j=1

= el (t) (AT @ P ZT WPy )ea(t) + el (t — o (1) (Iy ® Zs)e (t — o (1)),

D*v (t) =D (t) + D% (t)

N N N N
=2 Prefi(t)eyi(t) — Y PiMel;(t)eyi(t) + Y PIM el (t)eyi(t) + Y PyASel;(t)ei(t).
i-1 i—1 i—1 i=1
N N N o N
+ ) RAST el (Deri(t) —2 ) PyBel(t)ex(t) + Y el (OPCZ I CT Preni(t) + Y el (E)M"Z Mey;(t)
i=1 i—1 i=1 i=1
N o N
+ ) el ()PDZ; ' DT Pyesi(t) + Y efi(t — @(t))M'ZMey;(t — (1)) + €5 (7 @ Py#/) g (t)ex(t)
i—1 i=1

+el () (# @ Py )" er () + S (t) (#.7 @ W Z3 W P)es(t) +ef (t — o (1)) (Iy @ Zs)e (t — o (¢)),
=el(O)[Iv® (2P —=PM+ M'ZiM + PAS " + (£ @ P# )" — oy Py — a1 Py) Jex (1)

+el(O[Ive (PM™! + P8 — 2P + P,CZ;'CTPy + BRDZy'DTPy + (o @ Py#) g

+ (AT @ LW Py) — aaPr — azP3) Jea (D)
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+ef (t—@(t)[Iv® (MTZoM — asPy — asPy) Jes (t — o(t))
+el(t—o(O)[Iv® (Zs — asPy — agPy)]er (t — o (1)) +e] (i Preq (t) + el ()i Pex (t)
+el (HaaPre (t) + el (HaaPres (t) + el (t — (t))asPrer (t — (b)) + e} (t — @(t))asPres (t — @(t))
+ef(t—o(t)asPre(t — o (1)) + ey (t — o (t))aaPres (t — o (1)),
<1V (t) + a7 (t) + a3V (t— () + oV (t —o(t)). (14)
When t = tk'
V(&) = () + 72 (),
N N
= > e (t)Preyi(t) + Y ebi(t)Paesi (ty),

i=1 i=1

N N
< > elit ) Un+ AP (I + Reqi(ty) — Y dz" (Reqi(ty))Prey;(ty)

i=1 i=1

N N
+ > elit) Un + )P (—dz(Reyi(t;))) + Y dz" (Reyi(t,))Prdz(Keqi(t)
i=1 i=1
N N
+) el () Un + R)P (I + R)egi(ty) — Y dz" (Reyi(t;))Preaity)

i=1 i=1

N N
+ 3 el (60) (n + TPy (—dz(Resi (6))) + 3 d2” (Reai (7)) Podz(Res (1))
i=1 i=1

23" a2 (sen (i) )R [dz(5eu(7)) ~ Peu(t7)]

i=1

23" de" (sen (7)) [d2(sex (7)) ~ Tea(t?)]

i=1

éﬁﬂ(rk)@lﬂu(tk) FS ) OBy — 23 d2 (sen(t ) [de(Ren(t,) - Ten(t,)]

i=1 i=1

23" dz"(sew(i ) B[dz(sea(ty) - Tea(ts)],

i=1

IA

= iﬁ{i(f;)Alﬂu(t,:) +Yn () + iﬁé(ta)Azﬁm(%‘) + Y275 (t)-
< ;’]I/(tk*), - (15)
where
Bri(t) = [€1(t) — 4 (sen(®)] Bai(t) = [eh (i) — d2" (sea(t )] 3 = max . v}
0 — [(In + R)Tf1 h+8) (I +Pf)TP1} o, [(I,, + R)sz h+8) (I +Pf)TP2i|
Consider the following system with the comparison of (10) and (13)

DHu(t) = asvi(t) +astq (t —@(t)) + g (t —o (1) + o, t # b,
U(tk) = NU(tI:),t = ty,
v(s) = ¥(s).to <s<ty.

When s € [tg — h, tp], v(s) = ¥ (s) > 0, p > 0 is a constant. By the formula for the variation of parameter, one obtains from
the above equation that

Vet (£) = & (L, to)Ver (fo) + /[ £ (t,5)(asVe1 (s — (5)) + aaVer1 (s — 0 (5)) + p)ds,

where ¢ (t,s)(t,s > 0) is the Cauchy matrix for the linear system considered below is given as.
W(t) =asw(t),t # ty,
w(t) =Rw(t, ).t =t ke Zy.
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Now we can formulate the following estimate through the Cauchy matrix representation and by the Definition 2.5, we get
£ (t,s) =R eas(t=s),
SN[T;aS*Rueas(t,s)’
:fo[]ed(t—s)-

where & = a5 + (InR/T;) < 0. Let .y = sup ¥(s) and «k = R~Nop,., which leads to
to—h=s<ty

- t -
Ver () = ke =0) 4 / RN (r30¢1 (s — @ (5)) + otaVer (s — 0 (5)) + p)ds.
to

Define Z(6) =6 + NN (aze?? + aqe®) +@. If 6 =0, then z(0) =R"S0(a3+0ay)+a& <0.Z(+00) =+oo and Z(f) =
1+ 8o ((pa3e<"" + aa4e"9) >0. As a result, a unique positive constant 6 exists satisfying the condition 6 +
NN (a3e?? + qe®?) + @ = 0. In the following, we show that for all to > to — h,
_ e ft—to) 1%
Ver = K€ T T — 16
€l aRRo Tz +ay ( )
For t € [ty — h, ty], in view of 8% > 1, we have
Ver () =7 (t) < Vet < R0 =k,
—0(t—to) 14
Ke ———. 17
= ARV + o3 + g a7
For t € (ty, +00), we need to prove the following inequality, for t > 0.
So we define f = inf{t >to:Ver(t) <ke0tt) 2 1 We assert that the point f is impulsive.

arNo+ag+ay
From Z(0) = 0, it is obvious that

- - t -
Vet () <kce®t=10) [ RNoe@ ) (q3p 1 (s — @ (5)) + aler (s — 0 (5)) + p)ds,
to

_ t
<sce@ ) | [ R-Ropit-9) [a3 <K.e—9(s—(p—tu) _ o )
- t aRNo 4+ o3 +ay
—0(s—0—tg) _ p ) ]
+ay( ke - + p|ds,
4< ARV + o3 + oy P
. -8 0 _ ) -8 0 . )
ety 4 KRo0ze? (e ¥t _ g-atw) | KR oo (e 00w _ gati-w)
—(a+90) —(@+0)
p —a(f—to)
- (1 —e7 ")),
aR®o + o3+ oy ( )
—Np @0 o6
i) | xR (a3_e +a4e”’) RS C) S—
—(@+0) alNNo + o3 + oy’
—ce0t) _ p

aR®o + o3+ oy’
which contradicts with the above condition (16). Then let p — 07 it is obvious to get ve; (f) < xe~9(E) Noting that f > t,,
it is easy to obtain that
V(£) <ver (b),
5/{6’0 (f—[o) )
:N—Noijal e (t-to) 7
<R Mo, (18)

which negates the equation ¥ (f) = X0, The set inclusion constraint is important in estimating the domain of attraction
when studying systems with saturation structure. However, it is based on the fact that the system’s trajectory is continuous.
The traditional set inclusion constraint is infeasible when the system is subject to impulses. To address this issue, a new set
inclusion constraint for impulsive synchronization is developed, that is p(Iy® P, 1) c p(Ily ® P, R~%0) c L(H). It should be
noted that the restriction p(Iy ® P, R~%0) c L(H) is required to ensure that the system’s trajectory stays within the bounds
of p(Iy ® P, 8~N0) on both the continuous intervals and the impulse instants. Therefore, based on the previous discussions,
forall t >ty —h, 7 (t) < 8RN0y, e 00t je,

N
lell = [Pl g S ) Petew, (19)

)\min(P)RRU to—h=s<ty j_1
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where, e(t) = (e](t), el (¢))T, P = diag(Py, )T, x € p(Iy ® P, 1). By using Definition 2.5 as a hint, we can determine that the
coupled delayed neural network (2) is exponentially synced to the isolated node (3). The proof is now completed.

Remark 3.2. Generally speaking the impulse is to reduce lower speed cost, more secrecy, and greater robustness are features
that distinguish impulsive control. When the continuous delayed neural network is exponentially stable but the impulses are
input disturbances, sufficient conditions for exponential stability concerned with the magnitude and frequency of impulses
are derived to maintain the exponential stability of the original neural network. When the continuous neural network is
unstable, sufficient stability conditions that utilize impulsive effects to stabilize the unstable neural network are given. For
example, [9,33] investigates the impulsive synchronization of neural networks. The authors of [53] examined the stability of
a type of inertial BAM neural networks with delays that are time-varying. In particular, in [9], impulsive control was used to
examine the dynamical and static multi synchronization issues. In order to achieve the desired control performance, we can
design the impulsive strength artificially. Since actuator saturation is a common occurrence in almost all control systems,
it is actually very challenging from the perspective of applications to accomplish the design aim for each control input.
Moreover, in the aforementioned studies, the saturation structure of impulses has been neglected. Despite the fact that
the synchronization problem has been analyzed by various researchers for neural networks that have saturated impulsive
control in recent years [18,43,46], there are still certain issues to investigate. This paper provides insights on impulse action,
particularly the saturation structure and proposes a novel method for evaluating the synchronization of neural networks
with inertial term and coupling delay.

In the following the effective control scheme v (t),v,(t) in (6) is provided by the actuator situation, i.e vq(t) =
00 o0
Y sat (D4 (£)8(t —ty), Vo () = X sat (P (£))8(t —t), M <ty —t <M,k € Z, where M and M are positive constants. Dif-
k=0 k=0
ferent from previous theorems we are going to consider the actuator situation asymmetric character. Let ¥4 (t) =
Rreq(t), U (t) = Kyey(t), where Ry, R, are control gains. When i =1, 2, ---n, each component sat(£;;eq(t)), sat (fy;e;(t)) is
therefore denoted as

} —Xi» o Ret) <-xi = Xi» _ Ryea(t) < —xi
sat(fyie1(t)) = { RKuier(t),  RKyer(t) € [—xi nil sat (Kaiex(t)) = | Kaie2(6),  Kae2(t) € [—xi mil,
i, e (t) > ni, foiea(t) > n;
where 1;, x; > 0. The following formula can then be used straight away [11]:
) . %, _ Rer(©) ~& > §i~ )
sat® (Rier (t) — &) = { Ryier () - &, =& < fyer(t) —§ < &,
=&, Fier(t) =& < =§;
) 5 &, o Rue®)-&>&
sat* (Ryiez (t) — &) = { Ryiea(t) — &, =& < Ryiea(t) — & < &,
-&i, Riea(t) =& < =&
where & = 15X & = T4 Clearly, sat® (Ryieq (t) — &) and sat®(fyez(t) — &) are two symmetrical non normalized satura-
tion functions respectively. The asymmetric saturation functions can therefore be stated as:
sat (fre1 (1)) = sat* (frer (¢) — §) + &, sat (e () = sat* (e (£) — §) +8, (20)
where 7= (11,02, ... )7, x = (X1, X2, .., xn)T and & = % Thereafter, we rewrite the error system in the following
manner:
“Gt= —a®+e),
~ ~ N N _
G0 = Aey(t) - Bey () + Cf(er (1)) + Df(er (t — (1)) +1(t) + X HAwes(t) + 3 Ajh e (t — o (1)), 1)
j=1 j=1

er(th) =  er(t) +sat(Rier(ty) — &) + £ ex(t)) = ex(ty) +sat(frex(ty) —€) + .t =1,
e1(s) = &i(s),ex(s) =&,(s),s € [to — h, to].

Using the asymmetric saturated impulsive control technique, we will present some suitable criteria for the synchro-
nization of inertial neural networks in the following theorem. The dead zone function is considered as dz(&ieq(t) —é;: )
and dz(fye,(t) — &) described by dz(&ie;(t) — &) = sats(R1eq1(t) — ) — fye1(t) + &, dz(Ryey (t) — ) = sats (Ryey(t) — €) —
fye,(t) + £. The error dynamics (21) can therefore be stated as:

L0 = ey (1) +ex(t).

50 — ey () ~ Bea (1) + CF(er () + DF(er(t — p(0) +10) + X A e (0)+ X A er(t 0O,y
j= =

e1(tf) = e (t) + dz(R1e1 (t) — &) + fre1 (). e2(t7) = e (ty) + dz(8ae2(t) — &) + Raea (t). £ =y,
e1(s) = &1(s).ea(s) =&2(5),s € [to — h, to].
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Definition 3.3. The INN system (22) is said to be stable exponentially, if there exists constants Q > 1 and e, for all

ini-

tial value v (t) such that |e(t)| < Q| (t)| exp (—€(t —ty)),t > to, is in a domain Y that includes the origin’s open section.

Suppose T = R", it is said to be globally stable.

Theorem 3.4. Suppose that there exist constants a1 > 0,05 > 0, 03 > 0, ¢q > 0 and some n x n diagonal matrices P; > 0,
0,M=>0,Z; >0,Z, > 0,MTZ,M < 0 and matrices U,W > 0 such that the following inequalities hold:

Iv® (2P =AM+ M'ZiM + PBAS ™! + (# @ Py )™ —ayPy) <0,

In® (PIM™" + P28 — 2Py B + P,CZ ' CTP + BDZ; ' DRy + (4 @ Py ) g
+ (AT @ P I WP) —arPy) <0,

[(1+ SOTPT+ &) = AP (T4 8)TPr - ;UTW} -0

P -W

)

(I + ﬁ])sz(I-f— ﬁ]) - AzPZ (I-I—ﬁ])TPZ — lUTW <0
P-W

InA +oqT <0,
then the leader-following synchronization between INN (1) and (3) will be realized.
Proof: A Lyapunov functional candidate is constructed as follows
7 (t) = () + 7(t),

N
where 71 (t) = Z] el (OPrey;(t), 5(t) = Z el (O)Pyex;(¢).
Taking the derivative of 7 (t) along the trajectories of (6)

DY (t) =2 ZeL(t)Héu(t),

i=1

N N
=-2 Z el.(t)Prey;(t) +2 Z eli(H)Prey(b),

i=1 i=1

N N N
<=2 Piefi(t)eyi(t) + Y Prel (t)Meyi(t) + Y Prel ()M~ ey(t),
i=1 i=1 i=1
N
D 75(t) =27 e5,(t)Paéi(t),
i=1

N N
=2 el ()P, <me1,~<r> — Beyi(t) + Cf(eni(t)) + Df(eqi(t — (D)) +1(t) + Y A0 eqi(t)

i=1 j=1

N
+ Z,}ﬁﬂ/_e“(t - G(t))> ’

j=1

N N N N
=2 eh(OPAey;(t) —2Y el ()P Bey(t) +2 el ()PLS(eri(8)) +2 > el ()PDf (eyi(t — (1))

i=1 i=1 i=1 i=1

N N N
+2) el (OP Y Awen(t) + 25 (P Y A eyt — o (t)).
i=1 j=1 j=1

Then, we can get

N N N N
Dr v (t) =2 Preli(t)esi(t) — Y PiMel;(t)eq;(t) + > PIM el (t)eyi(t) + Y PrASel (t)eyi(t)
i=1 i=1 i=1 i=1
N N N R . N
+ Y PAS el (Deyi(t) — 2 PyBel(t)ey(t) + Y el (t)PCZ I CTPeyi(t) + ) el (t)MTZyMey;(t)
i=1 i=1 i=1 i=1
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N N
+ > el ()PDZy ' D Pyeyi (1) + Y el (t — ()M Z,Meyi(t — (1)) + e (' @ P, ) (t)ex (t)
i=1 i=1

+el () (P ) ey (t) + ey () (AT @ LW Z W P)ey(t) +ef (t — o (1) (Iy ® Zz)e (t — o (1)),
<el(O[Ive (2P = PAM + MTZiM + BAS ™" + (2 @ Py#) s~ ' — a1 Py) |eq (1)

+eS(O[Ive (AM ™" + PAS — 2P + BCZ;'CTPy + BRDZy'DTPy + (7 @ Py#) g

+ (AT @RI Py) — arPy) ]ea(t)

+el(t — @) [Ive (MTZ:M)]er (t — o))

+el(t—o)[Iv®Zslei(t — o (t)) +e] (HaiPrer (t) + e (HaiPres (1),
<a17(t). (29)

From Lemma 2.7, if e1(t), e;(t) € U, where set U = {e] (t),ey(t) eR™: —S,- < Rpeq(t) — é —Ue1(t) < Si, i=1,2,-- ~N}, 5=

WA we can get —dzT (Rie1(t) — E)W(dz(fier (£) — £) + Uey () = 0, —dz" (Rye5(t) — E)W (dz(fye5(t) — €) + Uey (£)) = 0,
i.e, if e1(t), e;(t) € U, where set U= {eq(t),e;(t) e R": —x; < K1e1(t) —Uiey(t) <m;,i=1,2,---N}, then

—dZ" (fye1(t) — E)W (dz(Rie; (£) — €) + Uei () = 0, —dz" (Riex(t) — E)W (dz(Riex(t) — ) +Uey(t)) =0 (30)

Taking U = {e;(t), e3(t) € R" : —min (1;, x;) < &i1e1(t) —Uie; (t) < min (n;, x;),i=1,2,---N}, one obtains U < U. When ¢t =
to, from (30), one obtains

—dz" (R (to) — E)W (dz(Sse1(to) — &) + Ues (£o)) = 0,
—dz" (fiex(to) — §)W (dz(fie2(to) — §) + Uea (to)) = 0. (31)
And one can demonstrate this
7(6) =(e1(to) + dz(Sres (to) — €) + Raex (t0)) Py (€1 (to) + dz(Sres (o) — £) + Rex (to))
+ (ex(to) + dz(Srea(to) — §) + ﬁ1€2(f0))TP2(ez(fo) +dz(fiex(to) — §) + ez (to)),
<eq(to)" (I + &) P (I + K1)e (to) + €1 (to)" (I + £1) Prdz( 8161 (to) — )
+dz" (R1e1 (to) — £)Pr (I + 81)es (to) + d2T (Rreq (to) — €)Prdz(req (to) — §)
+ea(to) (I + 81) Py (I + R1)ex(to) + ex(to) (I + £1) Prdz(rea(to) — §)
+dZ" (ﬁ1 ex(to) — §)P2 (I+ R1)ea(to) +dz" (ﬁl ex(to) — é)Pde(ﬁlez (to) — 5)
— dz" (Req (to) — §)Wdz(ses (to) — §) — dz" (Re1 (to) — §)WUe (to)

— dZ (Rey(to) — §)Wdz(S1ex(to) — §) — dz' (R1e2(to) — & )WUex(to)
— Aver(to) Pres (to) + Aver (to) Pres (to) — Agea(to) Paex(to) + Azea(to) Paex (to),
<A (t). (32)
From (29) and (32), one can get that when k=0,ty <t < tq,
¥ (t) <7 (t5) exp (a1 (t — o)),
<A¥ (to) exp (a1 (t — to)).
7 (tr) <A¥ (to) exp (a1 (th — to)). (33)

Therefore, it is easy to see that ¥ (t;) < ¥ (to) exp(In A + 1 T). And from condition (27), InA + &, T <0, we get ¥ (t;) <86,
ie eq(t;) Pre;(ty) + ex(t]) Pey(ty) < 6, that is ey (1), ex(t;) C U. Similarly, we get

7 (tF) < Av (),
< A7 (to) exp (o1 (t1 — to))- (34)
When k=1,t; <t <tp, we get
7 (t) < ve(ty) exp (aa (t — tr)),
< A2 (to) exp (1 (t — to)).
¥ (ty) < A% (to) exp (a1 (tz — to)). (35)
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By means of mathematical deduction, when k=h —1,¢t,_; <t <t suppose that
¥ (t) < Ay (to) exp (a1 (¢ — to)).
¥ () = N (t) exp (o1t — ). (36)

It is simple to demonstrate that ¥ (t;) < ¥ (ty) exp(h(In A + o4 T)). From (27), one can get ¥ (t;) <0, i.e e{(tk)Plel (ty) +
el (t)Paes (t) < 6. Therefore, ey (ty), ex(t,) ¢ U. And from (30), one has

7 (65) < Av () < Ay (to) exp (e (t — to). (37)
When k= h, t, <t <ty 1, we obtain,

7 (e(t)) = A7 (e(to)) exp (1u(t — to)),

< 7 (e(to)) exp((k+1)(InN + pT)). (38)

Suppose that for t, <t <ty 1, one derives ~that t—tyg<thy1 —to=th1 —th+tp+---—t;+t; —tp < (h+1)T. Hence, # <
h+ 1. From the theorem condition (27), InA + a1 T < 0, it is simple to demonstrate this, when t;, <t <t q,

¥(t) < V(to)exp<t;,t0 (1n&+alr)) (39)
and

¥ (t) < ¥ (to) exp (—(f—fo)(—lnTA —%))- (40)
Therefore from (28)

Amin(P)e(O]? < 7 (8) < Amax (P)[le(®)]]%, (41)

where e(t) = (e (t), e (t))T, P = diag(P;, P), then the inequality provided below holds true:

le@ll =/ 75 exp (¢~ to) 5 (-~ B - ) ). (42)

Therefore, from Definition 3.3, and conditions (23) — (27), every trajectory of the error signal converge to the origin as
t — oo, for all t > ty. That is, the leader-following synchronization between addressed leader-follower systems through the
control law (20) will be achieved.

4. Numerical simulations

This section includes two examples to further illustrate our results.

Example 4.1. Consider the INN (1) with coupling delays and the isolated node (3) with the correspondiAng system parame-
ters: [ =3,n=2,1(t) = (0,0)T, p(t) = 1,0 (t) =1, fi(w;(t)) = tanh(w;(t)).i=1,2,3,4,5 and matrices A, B, C, D are given

by:
1.3
A- (g ?),éz (}) ?),é: (%g %O-O})D: (glz]ﬁ o1 )
SeoaT AL =75
The delayed and non-delayed coupling matrices % and # are given as follows:
5 _ (04 0 (02 0
’= ( 0 0.4>’ V= ( 0 0.2)'

Fig. 1, shows the coupled network’s topological structure. The following is the equivalent Laplacian matrix and leader adja-
cency matrix:

1 0 0 -1 0

-1 1 0 0 O
L=] 0 -1 1 0 o0},

0 0o -1 1 0

0o -1 O 0 1

H =diag{1,0,1,0,0}.

The phase diagram of the node that is isolated (4) with the initial values h(0) = (1.0,2.01)T,y(0) = (1.0, 2.01)T is shown
in Fig. 2. When there is no control input, the coupled delayed INN(1) cannot achieve the same synchronization behavior
as the isolated inertial delayed neural networks (3). The coupled delayed INN (1) will be synchronized exponentially to the
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Fig. 1. The topological structure of the network.
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Fig. 3. The state trajectories with saturated impulsive control.

isolated node (3). The saturation control with impulses will be developed as follows. To that aim, we examine the saturation
level S; = (1, 1)T, i=1,2,3,4,5 while also obtaining certain matrices as follows:

004 0 0102 0
Pl:(o o.o4>’ Pz:( 0 0.102)‘ (43)

The leader following error system (6), according to Theorem 3.1, converges to zero exponentially when the impulsive se-
quence is t, = 0.12n, n € Z,.. Synchronization between INNs with coupling delays (1) and neural network node with inertial
term and isolated delay (3) is achieved via the impulsive saturated control as exhibited in the Figs. 3,4,5.

Remark 4.1. Because equation (1) with the parameters in Example 4.1 is initially unstable, most known studies on the
synchronization problem of delayed inertial neural networks without impulses like [2,34,38] cannot be applied to it. On the

contrary, the saturated impulsive control approaches suggested in this study can successfully achieve exponential synchro-
nization.
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Fig. 4. The state trajectories with saturated impulsive control.
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Fig. 6. The chaotic behavior of the isolated node (4) in Example 4.2.

Example 4.2. Consider the underlying coupled delayed INNs which take into account both current-state and delayed cou-
pling:
Poit) _ adoit) g - 5 S o
12 = A B (©) + Cf(@i(0) + Df (@it — p(0) + 1) + 3 Ap wj(t) + Y AiH wj(t — o (1)),
j=1 j=1

(44)
where the values of A, B,¢, D, # and # are given as follows:
0

= (04 . (16 0\ ~ (18 18\ A (-2 01

AZ(O 0.4)’ BZ(O 1.6)’ CZ(o.z 1.8)’ D:(o —2)’
06 0. (04 0

W:(o 0.6)’ WZ(O 0‘4)’

and f(w;(t)) = (Joi(t) + 1| — |wit) = 1|)/2,¢ =1,0 =1,i=1, 2, 3,4, 5, then inertial neural networks (1) exists chaotic be-

havior with the initial values h(0) = (0.1,0.2)T which is shown in Fig. 6. Now examine the INNs with exponential synchro-
nization (44) and asymmetric saturated impulsive control (20). If n = 0.1, we can deduce that the coupled delayed inertial
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Fig. 8. The state trajectories with asymmetric saturated impulsive control.

neural networks (44) are exponentially synchronized with the isolated node (3) under asymmetric saturated impulsive con-
trol (20) using Theorem 3.2. Figs. 7 and 8 demonstrate the state trajectories of inertial neural networks (44) under the initial
conditions &;(s) = (3i,6i)7T, &;(s) = (3i,6i)T, i=1,2,3,4,5.

Remark 4.2. Actuator saturation nonlinearities are common in many dynamical systems because every physical actuator
is subject to its maximum and minimum limits. Impulse saturation may be detrimental to the synchronization process as
compared to unconstrained impulsive control. Figs. 3 and 4 make it clear that the impulsive controller’s saturation reduces
the rate at which synchronization convergence occurs. That is because the actuator saturation degrades the performance of
the system. The asymmetric character of saturation is very common in practical situations. It is easy to see from Fig. 7 and
8 that the existence of asymmetric saturation in the impulsive controller further slows down the convergence rate than the
actuator saturation of the synchronization.

5. Conclusion

In this article, some novel suitable conditions for the leader-following synchronization problem of neural networks with
inertial term are proposed that considers two types of delays at the same time. Using variable transformation on inertial
neural networks, a given model can be transformed into first order differential equations and by substituting saturation non
linearity for a dead-zone function and some adequate conditions for the exponential synchronization of coupled delayed
INNs can be deduced in terms of LMIs. In addition, an asymmetric saturated impulsive control method is proposed in the
leader-following synchronization pattern to achieve exponential synchronization of the addressed INNs. Finally, simulation
results are used to validate the theoretical research findings. It should be noted that our findings are only applicable in sit-
uations when the impulse and time delay are known or measured. On the other hand, the impulse signal can sometimes be
controlled or monitored throughout many application scenarios, particularly in control components, and it is also stochastic.
Actuator saturation can be addressed using one of two strategies. The first one takes into account the saturation nonlinearity
at the outset of the control design based on a control law, another is referred to as a anti-windup compensator, which adds
more feedbacks to the actuator to maintain it within acceptable bounds. The primary benefit of this approach is that the
compensator functions in concert with the existing linear controller and only intervenes when saturation is reached. The
issue of master-slave fixed-time synchronization of a discontinuous coupled inertial neural network with saturation actuator
indefinite functionals will be the focus on future research.
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