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ABSTRACT. This paper considers the one-dimensional Schrédinger equation
with nonlocal nonlinearity that describes the interactions of nonlinear disper-
sive waves. We obtain some the local well-posedness and ill-posedness result
associated with this equation in the Sobolev spaces. Moreover, we prove the
existence of standing waves of this equation. As corollary, we derive the con-
ditions under which the solutions are uniformly bounded in the energy space.

1. Introduction. In this paper, we study the following Schrédinger-type equation
g — Ugy :gDﬁ(\uFu), z,t € R, (1)

introduced in [4, 18] as a model for assessing the validity of weak turbulence theory
for random waves, where ¢ = 1, 3 € R and D? with 8 € R is the usual Fourier
multiplier operator with the symbol |¢|. The parameter 3 controls the nonlinearity,
in particular small value of 5 makes the nonlinearity weaker because of a smoothing
effect in x. Equation (1) was originally derived as

Uy — Upy = <(|Dﬂu\2D5u),

through a heuristic approach, later it was proved that it can be rigorously obtained
as an approximation of the fully nonlinear wave system equations [24]. When 8 = 0,
(1) turns into the classical Schrédinger equation

i — Upe = s|ulu. (2)

Griinrock studies the local well-posdesness for (2) in [11] in alternative function
spaces below L?(R), but only in settings where the local Lipschitz dependence on
the initial data still holds. In the focusing case, (2) admits soliton and multisoliton
solutions. Moreover, it is globally well posed in L? thanks to the conservation of the
L?morm. The scaling-critical Sobolev index associated with (2) is —1/2. Christ,
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Colliander and Tao [6] showed that the data-to-solution map is unbounded from
H?*(R) to H*(R) for s < —1/2. Recently, Harrop-Griffiths et al. in [12] proved
that (2) is globally well-posed for all initial data in H*(R) with s > —1/2 in the
sense that the solution map extends uniquely from the Schwartz space to a jointly
continuous map R x H*(R) — H*(R).

Equation (1) mathematically is similar to the derivative nonlinear Schrédinger
equation

Uy — Uy = g1(\u|2u)x (3)

It is known from [20] that (3) is localy well-posed in H*(R) for s > 1/2. His
method of proof combined the gauge transform with Bourgain’s Fourier restriction
norm method. This result was shown by Biagioni and Linares [2], and Takaoka [21]
to be sharp in the sense that the flow map fails to be uniformly C° for s < 1/2.

Analogous to (2), the — sign in (1) corresponds to the defocusing (repulsive)
problem, while the + sign corresponds to the focusing (attractive) problem. Equa-
tion (1) similar to (3) and contrary to (2) is not invariant by the pseudoconformal
transformation and no explicit blow-up solution is known for both (2) and (1). An-
other main difference between (1) and (2) is that the former one is not invariant
by a Galilean transform. An interesting property of (3) is that all these types of
derivative nonlinear Schrodinger equations are related via gauge transformations,
any result on one of the forms can a priori be transferred to the other forms, but it
seems that (1) has no such a property. Interestingly, given a solution u of (1), then

uy(x,t) = /\l_gu()\x, A?t)

is also a solution of (1). As a consequence, the scale-invariant Sobolev spaces for
(1) are H*(R) with s, = —2(1 — 8). One of the aims of the current paper is to
address the question for local well-posedness of (1). We should also note that the

functionals
1
E(u) :/ <D5/2ux|2+§2|u|4> dz
R

F(u) = / |D=82u? da
R
are formally motion invariants of (1).

Theorem 1.1. Let 8 € (0,1). Then the Cauchy problem associated with (1) is
locally well-posed in H*(R) if s > /2.

The local well-posedness of (1) can be extended to the case 8 < 0. Indeed,
when 3 € (—1,0), then the nonlinear term D?(|u|?u) can be rewritten by the Riesz
potential by

I_g * [ul*u,
where Z_5 = Cg|z|~'~". By using the Hardy-Littlewood-Sobolev lemma, the frac-
tional chain rule and the Strichartz estimates for the Schodinger equation (see [16]),
one can consider a suitable ball in the space

L (R; HY(R,)) N L{(R; H}(Ry))
to show the local-wellposedness by a contraction argument (see [16]), where H? =

(1 —92)=%/2L". So we omit the detilas and focus on the case 8 > 0. For b, s, € R,
we define the (inhomogeneous) X*? spaces with respect to the norm

X2t ={ue S, |lullxen = [{€)*(r =€) al€, 7)ll2(we) < +o0},
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where 4 in this definition is the Fourier transform of u with respect to both time
and space and () =a+|-|. As (1) with an initial data u(0) = ug is related to the
integral form

u(t) = Uty — ig/o Ut — 7)D? (|ul?u)(r)dr,

where U is the unitary Schrodinger group of (1), then the main difficulty, by a
standard iteration argument, is to show a trilinear estimate related to this integral
form in X*? spaces.

It is worth pointing out there is an important relation between the mixed Lebesgue
spaces and the above X spaces, based on the Strichartz estimates for the group
U. We have that

U@ ullLgwce@ S llullzzee)
for all pairs (g, p) satisfying % + % = % with 2 < p,q < co. This leads us to

lull gz S lull o 3+

This estimate can be deduced by adapting suitably the dyadic method introduced
in [22, 23] in which multilinear estimates in weighted L?(R) spaces were generally
studied.

In order to prove the trilinear estimates, related to Theorem 1.1 and the integral
for in X*°, we prove a bilinear estimate for (2) with the resonance function h(¢) =
261&s.

Next aim in this paper is to study the ill-posedness of (1). We use the ideas
of [6]. More precisely, the strategy is to approximate the solution of the Cauchy
problem associated with (1) by the solutions of (2), and use the ill-posedness result
[6] of (2) in H*(R). The main difficulty here lies in small dispersion analysis due to
the non-local nonlinearity.

2

Theorem 1.2. Let 2535_3%) < s < g, 0 < B < 5. Then the solution map of the

following initial value problem
iUy — Ugy — DP (|u|2u) =0,
u(0) = ¢

fails to be locally uniformly continuous. More precisely, for 0 < § < ¢ < 1 and
T > 0 arbitrary, there are two solutions uy,us with initial data ¢1,do such that

p1ll s, |2l s S €, (4)

lp1 — p2llas <6, (5)

sup luy(t) —uz(t)||ms 2 e (6)
0<t<T

Finally, we study the existence of standing waves of (1). By a standing wave we
mean a solution of (1) of the form u(z,t) = e"“!p(x), where w > 0 is the standing
wave frequency. Substituting this form into (1), it transpires that ¢ must satisfy

wD P+ D* P = Lol (7)
Thus one sees that the natural space to study (1) is
2 =H 7 (R)NH'"7(R),
equipped with the norm

£l =101 5 gy + 10
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By multiplying (7) by ¢ and integrating over R, one can easily see that it does
not have any nontrivial solution in the defocusing (repulsive) case. So we study the
following case

wDPp+ D* Py = op. (8)
We use the concentration-compactness principle [17] to show the existence of the
ground states in 2". We recall that the solution ¢ of (8) is called a ground state,
if ¢ minimizes the action

S =E + wF (9)

among all non-trivial solutions of (8). The essential tools in this way is the embed-
ding 2" into L*(R) by showing the following Gagliardo-Nirenberg type inequality:

e P75l

2
L2(R) Gz

for some 61,02 > 0 (see (35) below). We also obtain the best constant for this
inequality. Indeed, we show a profile decomposition by mimicking the proof lines of
[10, 13]. This also enables us to give another approach to study the existence of so-
lutions of (8). As an application of aforementioned Gagliardo-Nirenberg inequality,
we show the uniform bound of solutions of (1) in Z".

The paper is organized as follows. In section 2, we use some useful known esti-
mates which we need in the subsequent section to show the well-posedness result.
In section 3, we prove the ill-posedness result. Finally, the existence of the standing
waves and their applications are proved in section 4.

We end this section by presenting the following convention. We use A < B to
denote the statement that A < CB for some positive harmless constant C' which
may vary from line to line and depend on various parameters. We use A ~ B to
denote the statement that A < B and B < A.

_8
lgllzam) < C’HD 2g

L(®)

2. Well-posedness. In this section, we prove our well-posedness result.

We use the following result [19, Proposition 3] to obtain the bilinear estimates.
So we need to recall the definitions and notation accordingly.

For any integer k > 2, we denote I'y(Z) as the hyperplane

Tw(Z)={¢=(&,....&) € ZF, & +...+ & =0}

with the measure
/ f= / f(&) dé&y ... dég—1,
T'w(2) Zk-1

where Z can be any abelian additive group with an invariant measure d¢. By
following the concepts introduced in [22], the [k; Z]-multiplier is a function 7 :
I'y(Z) — C and the multiplier norm |||z, 7 is the best constant such that

k k
[ n© T #(6)] < Wl TT Ml
r'(2) ot

Jj=1

holds for all test functions f; on Z.

We should review some of Tao’s notations in [22]. Any summations over capital-
ized variables such as N;, L; and H are presumed to be dyadic. It will be convenient
for N1, No, N3 > 0 to define the quantities Npar > Nmed = Npin which are the
maximum, median, and minimum of Ny, No, N3, respectively. Likewise, we have
Lyar = Lpedq > Lppin if Ly, Lo, Ly > 0. We also adopt the following summation
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convention. Any summation of the form L,,q; ~ ... is a sum over the three dyadic
variables Ly, Lo, L3 2 1. Hence, we have for instance that

Lmaz~H L1,L27L321:Lmam~H

Analogously, any summation of the form Ny, ~ ... sum over the three dyadic
variables N1, N3, N3 > 0. For example, we have

> - ¥

Nmaz~Nmea~N N1,N2,N3>0:Npmaz~Nmea~N

If 7,¢ and ¢(§) are given with 7 + 75 + 73 = 0, then we write A := 7 — ¢(¢).
Similarly we have \; := 7, — ¢(&;). We refer to h : I's(Z) — R as the resonance
function, which is defined by

h(&) = d(&1) + @(&2) + d(&3) = —A1 — A2 — As. (10)
By the dyadic decomposition of each variable &; or \;, as well as the function h(§),
we are led to consider ||XN17N2,N3;H;L17L27L3||[3;RX]R] , where XN, Ny Ny:H:Ly, Lo, Ls 18
the multiplier
3
XNy Mo NostiLa Lo L (6 7) = X iy [ X0 Imvpxgngierys (D)
j=1

where x is the characteristic function. From the identities

§1+&+8=0
and
M+ A+ A3+ h(E) =0 (12)
on the support of the multiplier, we see that Xy, n, nNs:H;L1,L,,1; vanishes unless
Niaz ~ Nmed (13)
and
Lz ~ max(H, Lyeq). (14)

The following estimates can be found in [22] (see also [19, Proposition 3])

Lemma 2.1. Let H, Nl,NQ,Ng,Ll,LQ,Lg >0 satzsfy Nmax ~ IVmed; H ~ N2N3
and
Liax ~ max(H, Lyed). Then we have the following estimates.

(1) o
[ XNy No N Hs L Lo L | 3 xr) S Lmin Vimin- (15)

(2)

1
. (LiLy LiL3\?
||XN17N2,N3;H;L1’L2,L3||[3;]R><]R] 5 mln( N3 ) N2 . (16)
(8) If L1 = Liax and Ny ~ No ~ N3 holds, then
11
[ XNy No N L Lo Ll 3ipcr) S Danin Dmeas (17)

If Ly = Liyax and N1 ~ Ny ~ N3 does not hold, then

oot
||XN17N2,N3;H;L1,L2,L3”[3;]R><R] 5 %' (18)

max
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Lemma 2.2. Ifs> , 0 < B <1 then for all u,v on R x R, we have

ol escmy S il g g7l ey

st sy S Ml e 191 o

Proof. We first dispense with the estimate (19). Indeed, it suffices to show by the
Plancherel theorem that
8
(€1)>

‘ ()3 — &)+ &)

The comparison principle and orthogonality reduce our estimate to show that

< 1.

~

[3;RXR]

B
NZN;*®
Z Z 172; X ||XN1)N27N3§L1nax§L1’L27L3||[3;]R><]R] S 1 (21)

s—epgte
Nmax~Nmea~N L17L27L3>1 L L2

and

N1 N2
Z Z Z i_¢ (22)

+€

2 2

Ninax~Numea~N Luax~Lmed Lmax>H L1 L3
HXNl,Nz,Ns;H;Ll,Lz,La||[3;RX1R] S L

Fix N, we first prove (22). If we have Lyax ~ Lmed > NoN3, we apply (15).
Hence, the sum in (22) is estimated by

>y oy M

1 1ie
2 2
Nmax~Nmed~N Lmax~Lmed Lmax>H L L

.
Nmax~Nmea~N (NQNB)
If Nmin = N7, then we have

B_1
—st+5—5+2¢
S NTetETERE g
Nmax~Nmea~N

provided s > g - %

If Nmin == NQ, then

Z N N_stm < Z N—s—&-sNgngrs

Nunax~Nomed~N (NeN3)2 = ™ NoxNasoamN
if s > 0 then the estimate is certainly true for 8 < 1, if s < 0, then the estimate is
similar to the case Ny, = Nj.

If Npmin = N3, then Ny ~ Ny ~ N, we can obtain the desired estimate for
s>8 -1

Now we show (21). We may assume Lyax ~ NoNs.

If Linax = Lo, we apply (15), the estimate is similar to (23), we omit it.

If Linax = L3, we apply (16), performing the L summations, then the summation
in (21) is estimated by

Z Z NiNzlS L%Lf% < Z NFNQS (lNzNg)i

+e
2 2 2 2
Nmax~Nmea~N L17L27L3>1 L L N3 Nmax~Nmeda~N N3
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if Npin = N3, then (21) is true for s > 8 5, if Nimin # N3, then we can get (21) for

B 1
If Liyax = L1 and Ny ~ Ny ~ N3 ~ N, then we can estimate the sum in (21) via

(17),

B
NZN,® 1 1 8
§ E 1-'2 2 1 E 2 NS -1
%75 %J’,E Lmianed S Nl N2 (N2N3)
Nuax~Nmea~N Ly, Ly, Ls>1 L L3 Numax~Nmea~N
<1

for s > g — %. Otherwise, (17) can be used to estimate the sum in (21)

B B
2 —S 2 1 2 —S
Z Z ]Yl N21+ meLmed 5 Z % /S 1
5—€r5+€ r—e 1
Nmax~Nmea~N Ll,LQ,LSZl L12 L22 Nn%ax Nmax~Nmea~N L4 NI?I&X
for s > é - %
The proof of (20) is similar to (19), we omit it. O

Theorem 2.3. Let s > 5, for any u,v,w, then

107 (i) | oy e S Wl oy lltll oy el oy (24)
Proof. By duality and the Plancherel theorem, it suffices to show that
6+ & + &7 (&)® <
(Ta+ &) 775 (&) (m — )T+ (&)* (2 + )7+ (&) * (r3 — €F) =t wExE]
(25)
We estimate |€1 + &2 + &3| by (£4), then apply the inequality
3
s B8 ot 8
(€)™ S (&)= Y ()™t
Jj=1
If max |€5] = |&2], we may minorize (mp + €2)2+ by (15 4 £2)27¢, and reduce
i=12,
to showing that
B8 B8
(€ n —&)2te (e + )27 (&) (m — &) (m+ &% | nm
then T'T* identity reduce our estimate to show that
8
@i 1 <L
@ in eI m 4 3 | o
’ () ? -
1. 1. ~ o
(€a)(m3 = &8 (ra + €027 || gy
These estimates follows from (20).
If _mlaZx3|§j| = |&1], we may monorize (11 — £2)27 by (1 — €2)27¢, reduce to
J=12,
showing that
8 8
Sk _. R e
()3 — €T+ &3)27° (&) (rs — )7 (ra + £3)° [4RXE]
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then TT* identity reduce our estimate to show that

8
<£1>§ <1
() = )2 (2 + &8)27° || sy
8
(€a)2 <1
I 1 ~ L
(€3)(m3 = &8) " (ra + €227 || gy
The first estimate is valid by (19), and the second estimate is valid by (20).
By symmetry, the estimate of max |€;] = |€3] is the same as the case max €] =
i=12, i=1.2,
[STP O

With Theorem 2.3 in our hands, the completeness of proof of Theorem 1.1 is
obtained by the standard approach and we omit it (see [6]).

3. Ill-posedness. In this section, we prove our ill-posedness result in Theorem 1.2.

Our idea is to approximate the solutions of (1) with ones of (2). For convenience

we the case ¢ = +1:

iy — Uy — DP (|u|2u) =0, (28)
u(0) = ¢

We also consider (2) correspondingly. To prove the ill-posedness result, we recall

the following result of [6, Lemma 2.1] (see also [5]).

Lemma 3.1. Let s > —5 and w € H°(R) with 0 > 0. For M > 1,7 > 0,39 € R

and A >0 let
v(z) = AetMy (HJ) .

-
(1) If s >0, then
1
[oll e < CrlAl7z MP||ul| g
for all u, A, xy whenever M - > 1, where C is a positive constant depending
only on s.
(2) If s <0 and o > |s|, then
1
[ol|as < C1|Al7= M?||ul| -

for allu, A, xo whenever M'T= .1 > 1, where C is a positive constant depending
only on s and o.
(8) There exists c; > 0 such that for each u there ezists C,, < oo such that
1
[0l s = 1| Al72 M |ul| L2
whenever 7 - M > C,.

Now we recall the ill-posedness result of [6] for (2).

Lemma 3.2. Let s < 0. The solution map of the initial value problem associated
with (2) fails to be uniformly continuous. More precisely, for 0 < 0§ < ¢ < 1 and
T > 0 arbitrary, there are two solutions vy,vy to (2) with initial data ¢1, P such
that

p1ll a5, | P2l s S,
|1 — d2llme <0,
sup |lvi(t) — va(t)|| s 2 e
0<t<T




ON A NONLOCAL NONLINEAR SCHRODINGER EQUATION 7193

Moreover we can find solutions to satisfy
sup i) s Se, J=1,2. (29)
0<t<oo
Suppose that N > 1 is a large parameter that will be chosen later. Let v(s,y)
be a solution of the cubic NLS equation (2) and
(s,y) := (t,x + 2Nt).
We are going to construct an approximate solution given by
Vt,z) = eiNxeiN2tv(s, Y). (30)
Since v(s,y) is a solution of (2), we have
10,V — 02V — D? ([V’V) = E,
where
E = Ne Nty 2y — D (|V?V) = By — E.

Lemma 3.3. Let u be a smooth solution to (28) and V' be a smooth solution to the
equation
0,V — 02V - DP ([V]*V) = E

for some error function E. Let e be the solution to the inhomogeneous problem
i0e — 0%e = E with e(0) = 0 and suppose that ((t) is a compactly supported smooth
time cut-off function such that ¢ =1 on I = [0,1]. If ||u(0)HH§+E, [IV(0)

||C(t)e||Xg+£,%+g < e and ¢ is sufficiently small, then we have
le=VI gy S 100) = VO s + ISl 5y
In particular, we have

5 - < _
s [[u(®) = VOl 3 S1u0) = VO 3+ 1EOel .y

”Hngs’

=

Proof. If we consider in the integral form for V', then we have
t
V(t)—e(t) =U@)V(0) — / Ut —t)(DP(VPV)(E) dt.
0

We get by taking Xg’%“(f) norm on both sides that
VIl e ye SV oo+ ICOel s,y + 1D (VEV)]

X%+5,—%+€(1)

3
SIVON g0+ 16Ol g gre + VI g gy,

Now it reveals by the continuity argument with sufficiently small e that [V 5, 1 e <
xTteate(

B Let w := u — V. Then w satisfies the equation
0w — daw = D° (jw|*w + 2|w*V + 20|V > + W’V + @V?) — B, w(0) = u(0) — V(0).
which is written in integral form as

w(t) = U(t)w(0) — e(t)

t
_ i/ Ut — ) (D (JwPw + 20wV + 20|V + w7 +@V?)) (¢) d".
0
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We have by taking again X Stedte (I) norm on both sides of the above equation
that
holl sy SHa(0) = VO 5. + 10l sy
+ || [w]Pw + 2[w]?V + 20|V |* + w?V + @V?||

<[u(0) = VO g+ 1COel 5.0y

3
X5+e-3+e(p

2
gt gy (100 gy + IV gy )

Finally the desired bound is deduced by the continuity argument with respect to
time provided ¢ is sufficiently small. O

Lemma 3.4. If e is a solution of equation i0;e — 0%¢ = E with ¢(0) = 0, and
is the smooth time cut-off function given above, the V(t,z) in E satisfy (30) and
(29), then
14384
HC(t)QHXngE%JrE 5 eN zTE

Proof. Using the Plancherel theorem we have
IC@Oerll g reyre SICOB 5oy

= |- et i m|

272
L2L2

< [+ E|

L2L3

= lc)© =Bt €)

L3L?

< [©5+Eo)

L L2([0,1]xR)
A direct computation leads to that

C(t)BA(7,€) = [€]°ClofPu(r + N? — 2NE, € — N).
Let Py, be the Littlewood-Paley projection with dyadic numbers A, . The fact
that ((t) is compactly supported yields

— 3
|Pocioree)| L S

rzez ~ VK ()R

by choosing K large enough, and so

HP)\mzv(T + N2 —2N¢, € — 3N)’ c

<
r2r2 ~ (A + N2 —2N&EK (- N)K”

by dyadic decomposition,

Rewriting ||<(t)E1||X§+5,7%+E
2 _
OB g e S 5 )12
A,p>1,dyadic
/\2 9 B B
X ’ Py Clo2o(r + N? — 2N¢ ¢ SN)‘ oo
< Z < 2> 1+25< >35 g2
~ A=p)” H 2 2K 2K
A,u>1,dyadic <A + N* — 2N€> </.L - N>

< 22 N 2H+3B+2e
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The estimate of ||C(t)E2Hi/a

1
PR R

L 2 -
is similar to H((t)E1||X§77%+E. We omit it. [
Now we are ready to prove our ill-posedness result.

Proof of Theorem 1.2. Let 0 < 6 < ¢ < 1 and T > 0 be given. From Lemma 3.2
we have two global solution v1, vy with initial data ¢1, ¢2, respectively, such that

[o1llms, |2]ms S,
|1 — d2llms < 0,

sup [[o1(t) — va(t)||ms Z e (31)
0<t<T

sup (o1 (t)ll s [[02(8)[ s S -
0<t<o0

Define V7, V5 by
Vi(t,x) = eiNIeiNztvj(&y),j =1,2.
And let ug,us be smooth solutions of (28) with initial data V;(0,z), V2(0, ), re-

spectively. Let A > 1 be a large parameter to be chosen later. For j = 1,2,
set

= M (Nt Ax), V) o= AV; (AL, Aa).
Thus we have
u?(O, x) = eiN’\””Vj)‘(O, z) = AN (0, \z).
Lemma 3.1 with M = NX, 7 = A~! implies that if s > 0,

30 NFEN® o; (0)]] .

M S
while for s < 0, for sufficiently large k& we obtain

43 (0)]] ;7. S A2 N [0 (0)]| 17 -

We choose A = N**z , then

3 O . S & [[u2(0) =u2(0)| . S 6.
Rescaling gives
[} (0) = VO] € AmCOTE Jus (1) = V;(20)] .
5 )\max(s,O)+§ ||uj(/\2t) _ V}()\2t ||HngE )
Induction argument on time interval up to logN yields
lus (V) = ;D) g, SeNTTETE
whenever 0 < t K 10/%—2]\]. Hence we have
4306 = VAD) . € AmeOd ey e
From the hypothesis s > (36 35) it follows that
3 @) = V@)l o S e (32)
Applying Lemma 3.1, we have
13 Ol 7. < 1636 = VPO e + VPOl e S e+ 05D S0 (33)
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By the ill-posedness result (31), we can find a time ¢ty > 0 such that ||vi(to) —
va(to)|lz2 2 €. Using Lemma 3.1 we obtain

to to
() v )]
I Ge) = o)l
Combining (32), (33) and (34), a triangle inequality shows
to to
U ﬁ — U2 ﬁ

for ty < log N. Choosing A large enough that % < T, we get (6). This completes
the proof. O

> AN e (34)

&,

~

’HS

4. Standing wave. In this section we study the existence of standing waves of

(1).

The following result is direct consequence of the Gagliardo-Nirenberg inequality.

Lemma 4.1. Let —% <pB< % and 0 < g < % — 1, where
;o= e B>1L
OO?’ B S ]"
where 0o~ is any number q1 < co. Then there is a constant C > 0 such that for
any g € X,
1-5(B+5H)

L2(R)

By __a
2 T 2(q+1)

. 35
@) (35)

B
||g||L2q+2(R) <C HD_QQ‘ 2 g,

=

As a consequence, it follows that X is continuously embedded in L*7T2(R).

Proof. If 8 > 0, then (35) is obtained from the following Gagliardo-Nirenberg in-
equality

s 1-3(B+) | B+
ID% gllz2vramy < Cligllagey " Ngall faay " - (36)

If —% < B <0, then we have again from the Gagliardo-Nirenberg inequality with
p > 1 that

_ _s ?
lgllzzasmy < Cligliale |0 % 9]

L2(R)
—_P_
where 6 = ﬁ € (0,1). Finally inequality (35) is followed from
_s
lgllLe@) < CIID™ 2 gl L2 (m).
with p = ﬁ 0

Lemma 4.2. Assume that w > 0. Equation (8) possesses no nontrivial solution
o€ X NLYR) if B> % or B < —% holds.

Proof. Let ¢ be a nontrivial solution of (8). First we multiply (8) by ¢ and integrate
over R to get
_B _B
WDz @l o) + 1D 2 llRem) = el (37)

Next, we multiply (8) by z¢, and integrate over R, and use the identity (see [14,
Lemma 3] and [15, Theorem 4.1])

o a—1 o
/QUS%D ¢ dr = THD“PH%%R)
R
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to deduce that

1 _s 8
5”@”%41(]&) + (1= B)ID"2¢lf2ry = w(B+1)ID”Z¢||72w)- (38)
Combining (37) and (38), we derive

s 26+1
|D* 2<P|\%2(R) = TH@”%%R)
(39)
_B 2 3— 2/6 4
w||D 280||L2(R) = T”@HM(R)-
And the proof is deduced form (39). O

Theorem 4.3. Let —3 < B < 2. If p € 2 be a nontrivial solution of (8), then
v € LY(R) N H*(R) and

()| = O(e™ V¥, (40)
at infinity if B> 0 and |p(x)| = O(|z|*=#) if B <0.

Proof. One can observe that any nontrivial solution ¢ € 2" satisfies

=K x¢°, (41)
where
ke - 18
w+ [¢]>

We note that K = DKy, where Ko(x) = (w + D?)~!. It is known that

1
Ko(z) = ﬁe—ﬁlx\.

It is easy to see that || Kol|Lem®) = w™2F 9 Tt is known from [7] that
K(z) = g csc(g(l + B)) cosh(v/wz)
1
+ 301+ B) cos(F(1+ )

x (e VEIr=ATig (=8, —Vidla]) — eVPly(, Vidle), )
where (-, -) is the lower incomplete gamma function. Furthermore,
DK, € LY(R) (42)

forall 1 < ¢ < ooand 8 > 0 with 8 —1/¢ < 1 by an interpolation. To show the
regularity of the solutions of (8), we claim that ¢ € L>°(R). Actually, it is obvious
from the Sobolev inequality for th case < 1. In the case 8 > 1, we can use (41)
and apply the Young inequality and (42) to get ¢ € L"(R) when % > 58 —17; so that
p e L>™(R)if 8 < % If we repeat this process once again, we conclude ¢ € L"(R)
when % > 78 — 11; so that ¢ € L (R) for any 8 < %

Now, (42) shows that ¢ € H21=5)(R), so if 8 < 1, then € H'(R). We proceed
to find from (41) that

ID* Pl S 1€0allze® S leallne@) < +oc.

So ¢ € H*P(R). In the case 8 > 1, let L > 0 be an integer such that 1/(L + 1) <

— g < 1/L < 1. Then by an iteration argument as done for the case § < 1, we can
deduce that ¢ € H3>7#(R). Repeating the above argument show that ¢ € H¥(R)
for any k£ > 1.
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The decay analysis follows again from the properties of the kernel associated with
(8). We show that DPK(z) = O(exp(—+/w|z|)). Indeed, by using the equivalence
form of D” [9], we have

o—Valel _ e—\/amd
p'V'/R |z — y[1+5 Y

1— e\/u?(lw\—\yl)d
p'v'/ﬂ§—|x—y|1+5 Y
1— eﬁ(\wlflw*ym
< e Vwlal p.v./ | dy
< ly|<1 |y[++F

/ 1 — VBl e=ub)
+ y
lyl>1 [yt +7

1—e Vel |1 — e V¥l
< e Vel p.v./ |7dy +/ ————dy | .
( i<t yltP IS i

The second integral of the above expression is easily bounded. The first integral is
also bounded by using |1 — exp(—v/wl|y|)| < >

Next we consider the case 8 < 0. Without loss of generality, we can assume that
w = 1. we have

1 1
B _ —-1-B8| _ =yl _
(D" Koz) = I "’/Re (|xy|1+ﬁ x|1+ﬁ>dy‘

Note that when |y| < 2|z|, one has

1 1
z—y[t+F [zt P

|DP Ko(x)| =

< o= Velel

lyl
~ |£B‘2+ﬁ

and thus

1 1
—lyl — ) d
e Y
/|y<2|m <|$ o R £ L

On the other hand, we have in the case |y| > 2|z| that

1 1 1
o —y[8 [ B |21+

|
<—— [ ey dy‘
& |x|2+ﬂ‘ Al

from which we obtain that

1 1
—lyl < — )d <
e y
/Iy22|w e e P L

e

—2|x|

Since e~ 1#l is a bounded positive solution of —u” +u = 0, then there exist 7, 3,7, s €
R such that uzs and u, s are the subsolution and supersolution of this equation,
respectively, where

s (@) = |7 4l TP 4 e

We conclude from the comparison principle and the above inequalities thatD? Ko(z) <
|z|~'7#. Finally, we obtain the result by following the ideas of [3]. O
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Remark 1. It is interesting to know by using the Bessel function J that

mH%XK(I) = K(0) = 2V/2I'(1/2) sin(w(B +1)/4)

02 0 N
0 2 .
04 4

F1GURE 1. The graphs of K with negative values of 8 are shown
in the left and in the right figures with both signs.

5 4 3 2 1 o 1 2 3 a4 5

Define the functional
_B _B
I(u) = w[|D™2u|Z2) + 1D 2 g1 72
and consider the minimization problem
My = inf{I(u), u€ Z, |[u]|fsm = A} (43)

for some A > 0. Then if ¢ € 2 achieves the minimum, there there exists a Lagrange
multiplier # € R such that

wD P+ DX1=2p — 6|20,

An appropriate scaling of ¢ satisfies (8). By the homogeneity, these solutions also
achieve the minimum
I(u)

m=m(w,B)= in —_—
0= o [l gy

It is easy to see that

My =mvV\ (44)
We show that

Gw,B)={pe 2, I(p) =m® = [lo)1am}

is not empty. Let {¢,,} be a minimizing sequence. That is, I(v,) — M), and
[¥nll74@) — Aasn — oo. To show that G(w, 3) # 0, we can apply the concentration-
compactness principle [17]. We observe first from (44) that the following strict
subadditivity condition holds:

My < M, + M_, (45)
for any p € (0,A). Next, we have from Lemma 4.1 and the fact ||u||i4(R) =A>0
that |lul|% ~ I(u) > C > 0, where C = C()\,,w). Thus, for the minimizing
sequence {,}, the coercivity of I implies that {¢,} is bounded in £ . So, if we
define p, = |[DP1,|> + |D'=P4),|?, then we can assume up to a subsequence after

normalizing that [, pindz = L > 0. Similar to [17], the coercivity of I, Lemma 4.1
and (45) rule out dichotomy and evanescence cases. Hence, {p,} is compact, and
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there exists {x,} C R such ¢, (z) = (2 + z,) has a subsequence y,, converges
weakly to some ¢ € 2. We now have from the weak lower semicontinuity of I
over 2 that I(p) < lim,_, o I(¢n) = M. In addition, weak convergence in 2,
compactness of p,, and Lemma 4.1 again imply that {¢,} converges strongly to
¢ in L*(R). Therefore, ||<p||‘i4(R) = A. This means that I(¢) > M), and then
¢ € G(w, B). Finally, in the case 8 < 0, since the kernel K is positive, then by the
symmetric decreasing rearrangement we can show the existence of an even, strictly
positive, decreasing solution of (8). This summarizes in the following theorem.

Theorem 4.4. Let 8 € (—1/2,3/2) and w > 0. For any minimizing sequence
{¥n} of (43), there exist the sequence {x,} C R and ¢ € £ such that, Y (- + xp)
converges weakly in 2, up to a subsequence, to . Moreover, @ attains the minimum
I(p) = My with ”50”%4(11&) = \. Furthermore, if 8 < 0, there exists an even, strictly
positive, decreasing solution of (8).

Remark 2. It is worth noting that because of the structure of the dispersion of (1)

in the case 8 > 0, the standing waves of (8) should be sign-changing. We cannot
show this claim, but our numerical computations confirm it. See Figures 2.

FIGURE 2. Plots of ground states of (1) with w = 1 and various
values of 3.

Next, we show that the minima obtained in Theorem 4.4 are precisely the ground
states of (8).

Theorem 4.5. The following assertions are, up to a change of scale, equivalent.
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(i) ¢ is a ground state,
(i) @ minimizes I subject to the constraint ”90”%4(]1%) = \o = 4M?.

Proof. The proof can be obtained by modification of one of Theorem 1.2 in [8], so
we omit the details. O

Next aim is to find best constant for inequality (35). It is standard that this
constant related to an equation similar to (8) with the power-law nonlinearity. As
in the present paper we have considered (1), we investigate the existence of the best
constant of
B B4 1
’ e (46)
L2(R)

3_
1

_B
||u||L4(]R) < Chest || D™ 21

‘Dl_gu

L2(R)

However we should remark that our argument is valid for the nonlinearity |u|*¢u.
It can be seen that the best constant Chegst in (35) is obtained via

3-28 28+1

R P L 9
Cpl = i 47
best ue2\{0} Hu”%qﬁg) ( )

Theorem 4.6. There exist A, and y in R such that the best constant Cregy in
(35) is attained at p € 2, where $(x) = Ap(wx +y) and @ is a ground state of
(8) with w = 1. Moreover, there holds that

148

Cla=(4—0)"70"5d", (48)
where 6 =1+ 28 >0 and
d = inf{S(u), ue 2\ {0}, S'(u) =0},
recalling S from (9).

To prove Theorem 4.6, we show a profile decomposition by mimicking the proof
lines of [10, 13]. This also enables us to give another approach to study the existence
of solutions of (8).

Theorem 4.7. Let {v,}, be a bounded sequence in 2 . Then there exist a subse-
quence of {vp}y (still denoted by the same), a family {x1}; of sequences in R and
a sequence {V7}; of & -functions such that

(i) for every k # j,

lim |z% — 27| = +o0, (49)
n—oo

(i) for every £ > 1 and every x € R

with

lim lim sup ||va||Lp(R) =0 (51)
£—00 n—soco

for every p € (ﬁ,q*).
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Moreover, we have as n — oo that

£
— ]2,¢ 112 7112
ol gy = W8 g DIV g g+ 0n() (52)
14
2 12 j 112
n = VI n(1). 53

Proof. Since 42 is a Hilbert space, we denote u(v,,) is the set of functions obtained
as weak limits of subsequences of the translated v,(x + x,) with {z,}, in 2 .
Denote

n(vn) = sup |[Vl]a.
Veu(vn)

It is obvious that

n(vy) < limsup ||v,] 2 -
n— o0

Next, we shall prove that there exist a {V7}; of u(v,,) and a family {7 } of sequences
of R such that (49) holds, and up to a subsequence, we can write for every £ > 1
and every = € R that

L
() = vh @) + 3V (@ = o)

such that lim,_, o, n(v’,) = 0. Moreover, (52) and (53) hold. In fact, if n(v,) = 0, we
can take V7 = 0 for all j and the proof is finished, otherwise, we choose V! € u(v,,)
such that [|[V1|2 > 3n(v,) > 0. There exists, from the definition of x(v,), a
subsequence {z}} of R such that up to a subsequence, we have that v, (- + zl)
converges weakly to V1 in 2. By setting vl (z) = v,(z) — V1(x — x1), we obtain
that v} (z + 1) converges weakly to zero in 27, and then

lvall2r = llonll% + IV + 0n(1).

Now, by replacing {v, }, by {vi} and repeating the same process, we find V? €
p(vl) and {z2} C R such that [|[V2| o > 3n(vl) > 0, vl(z + 22) and vi(z) =

v} (x) — V2(x — 22) converge weakly to V2 and zero in 2, respectively. Moreover,

lonllzr = [lvall% + V2% + 0n(1).

Furthermore, |z} — 22| tends to infinity as n — co. In fact, if it is not true, then
the facts vl (- + 1) — 0 and

U@+ 23) = vy (2 + 23 — a) + 2)
lead us to V2 = 0, and consequently the contradiction n(v}) = 0. By an iteration
procedure with orthogonal extraction, we are able to construct the families {7 }; C
R and {V7}; C 2 satisfying our claims above. In addition, we have from the
convergence of the series V]2 that lim;_,o ||V7]| 2~ = 0. Hence, n(v}) tends
to zero as j — co. Finally we show (51). Let R > 1 and vg € S such that Dg(£) =1
if R~ < |¢] < R and supp(?r) = [(2R) ™!, 2R]. Then, we can write

vl = vr v + (0o — vg) * V7,
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where §p is the Dirac function. Thus, we have for any p € (8p, ¢*) that

¢ ¢
160 — vr) * vnllLe@ < [[(6o = vr) * onll s g

1/2 1/2
2s |l 2d 2s |l 2d
< </|§<R1 €179, (&) £> + (/WR €] |85 (¢)] §>

B B
< PTST 5 |t s—1+5 ¢
NR H’UHHH’%(R) +R an|‘H17§(R)7

where 3y = max{2, ﬁ} and s = ==, On the other hand, the Hélder inequality
and the Sobolev embedding imply that

’ Ba
oo lan S 0%, ooy
Now we observe from the definition of u(n ) that

limsup ||V * vh]| o r) = sup limsup |vg * 05, (2,,)]
n— 00 T, N—00

/R vr(—2)o(a)ds]

But, we have from the Plancherel formula that

and

veu@ﬁ}~

hmsupHyR*vnHLoo < sup{

IR 8.
[ rat-ai@as| < o], 650,
1,8
SRR gl g el g ) < REE0(0).
Hence we obtain for every £ > 1 that
. _g—B _148
timsup o4 2oy < R 5ot g o + R E A g
8o
l+ﬁ Y/ P
il gy (REFE0GD)

B
2

M for some € > 0 small enough, we have from the the

uniform boundedness {v/}, in 2 and the fact limy_,o n(v)) = 0 that

By choosing R = (n(v}, ))67%7

lim sup HUfLHLv(R) =0,
n—oo
as n — 00. And the proof is now complete. O

Proof of Theorem 4.6. One first can observe easily that the best constant in (47) is
invariant under any scaling. Then, given u € £ \ {0}, we can find a,b € R such
that u, p, = au(bx) satisfies ||uq bl|

h P Hua,bHHl,g(R) = 1. More precisely, one
as
el %, lall,.
o= H'™ 2 (R) - H'™ 2 (R)
- +5 llull . _s
U 2 2 _B
IIHH,QW) H™2(R)

Now suppose that {v,} C 2 is the minimizing sequence of (47). We can also
normalize it as above, and then it is uniformly bounded in Z°. By Theorem 4.7
we can find a sequence {V7} C 2" and {27}, C R such that, up to a subsequence,
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(49)-(53) hold. Hence, we deduce from (51) and the facts Z§:1 [V7]|2 2 ®) <1
H 2 (R

and Eﬁzl ||Vj||217§(R) < 1 that

, 4
Chest = Hm_[[vnl|74(g) < lim sup 1D V76 = el + lvnllzae)
- (54)
¢
< limsu V(- —2)|7
= n_wop || ; ( n)||L4(]R)
The relation (49) shows that C2_, < =1 V7| 74()- The definition of Cpes; and
(35) imply that
¢ ¢
1< Gt DIVl aqe) < sup V717 Z ||VJH4 ?s twy
j=1 j:l

Hence, we obtain from the convergence of ), |V H2 that there is jo € N such
2 (R

that \\Vj0|| ® = 9P |V ||H77 ®' Therefore 1 < |[Vio . oy pas and conse-

quently VJ0 is only nonzero element of the sequence {V7}. Thereby, ||[V7°||
Vol

Hﬁ*(lR)

o 1 and Ches; = ||V La(r). That is, V70 is a minimizer of (47) and

its Fréchet derivative is zero. This means that V7 satisfies
0C;, DX =2V 4 (4 — ) DV — 4(V0)3 = (.

By setting V7 (z) = Ap(wz + y), where y € R,

oL,

4

one observe that ¢ satisfies (8) with w = 1. Finally, we have from (39) that

m\m

B8 4
g 2

A? = —(4-0)202, w? == -1,

Chon =4(4=6)"7 07 F 1 (p).
Finally, it is obvious that d < S(¢) (see Theorem 4.5). On the other hand, if
S’(u) =0 for some u € 2"\ {0}, then u is a nontrivial solution of (8). This means
that S(¢) < S(u) and thereby S(p) < d. This fact combined with (39) lead us to
(48). O

As an application of inequality (46), we show the uniform bound of solutions of
(D).

We recall the following calculus result that is helpful.
Lemma 4.8 ([1]). Let I :=[0,T) C R be a non-degenerated interval. Let q > 1,
a>0,b >0, be real constants. Define 9 = (bg)~/4=V and f(r) = a —r + brd
for m > 0. Let G(t) be a continuous nonnegative function on I. If G(0) < 9,
a<(1-=1/9)9 and f oG >0, then G(t) < ¥, for anyt € I.

Theorem 4.9. Let ug € H*(R), s > 2, and u € C([0,T); H*(R)) be the solution of
(1), associated with the initial value ug. Then u(t) is uniformly bounded in 2, for
t€[0,7), if¢=1, or¢=—1 and one of the following conditions hold:

(i) 1> 2B;
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(i) 1 =28 and

F(uo) < 277 F(p); (55)
(i3) 1 < 20 and ug satisfies
luol %073 F*(uo) < Crollel’1 ) FU(e). E(wo) >0, (56)
H 72 (R) 2 (R)
and
B2 (ug)F*~? (ug) < Ca, o B~ 2()F1 () (57)
where

0—2 0—2

a3 28 _ o (3-28
(4 mA—0p0—2 — () _ 90204 _ p\4-0

Cro=(4-0)""’% <i+§> , Cag=(6-2"2(4-0) (25_1) ,

@ 1s a ground state solution of (8) with w = 1. Moreover, we have, in this
case, the following bound for the solutions

0 0 —
@073 F* (o) < Cuollel 379 F (o) (58)

Proof. We consider only the case ¢ = —1. The case ¢ = 1 will be more simpler.
Let u € C([0,T); H*(R)) be the solution of (1) with the initial data ug € H*(R?),
s > 2. Then by using the invariants E and F, we have

(o) = ()12, _y 5 [ wt)da

Cl ;
bt 3 o) Ju(®)?, g

(59)
> [u@I?, 5 -

where § = 26 + 1. If 1 > 23, then (59) immediately implies that ||u(t)||H17§

(thereby |lu|| o) is uniformly bounded for all ¢ € [0,T). If 1 = 23, then we have the
uniform bound provided

2> ObestFi (UO) (60)

Using (48) we see that (60) is equivalent to (55).

By (59) and Lemma 4.8, we can define G(t) = [lu(t)|]? | 2 ®) and f(r) =a—7r+
H'™3 R
br%7 where

4 —
a=2E(up) and b= %F%(uo).

It is deduced from Theorem 1.1 that G is continuous. Furthermore, we have from
(59) that f o G > 0. Hence, the proof of theorem will be complete if we show that
G(0) < ¥ and a < (1-2/6)9, where ¥/~2 = ()% Now it is easy to check by using
(35) that G(0) < ¥ is equivalent to (56). In addition, we obtain from (39) that

28— 1
E(p) = ——F(p).
() 303 = 20) ()
Therefore, a < (1 —1/¢)9 is equivalent to (57). Thus, we get from Lemma 4.8 that
G(t) < 9, and equivalently (58). Hence, it is concluded from F(u(t)) = F(ug) for
all t € [0,T) that u(t) is uniformly bounded in 2" for all [0,T). O

Acknowledgments. The authors wish to thank the unknown referees for their
valuable suggestions which helped to improve the paper.



7206 HONGWEI WANG AND AMIN ESFAHANI

i
2
3
[4
5
6

[7
8

9
[10
[11
[12
[13

[14

[15
[16
(17
18
[19
20
[21
[22

[23

[24

REFERENCES

| P. Bégout, Necessary conditions and sufficient conditions for global existence in the nonlinear
Schrodinger equation, Adv. Math. Sci. Appl., 12 (2002), 817-827.

| H. Biagioni and F. Linares, Ill-posedness for the derivative Schrodinger and generalized
Benjamin-Ono equations, Trans. Amer. Math. Soc., 353 (2001), 3649-3659.

] J. L. Bona and Y. A. Li, Decay and analyticity of solitary waves, J. Math. Pures Appl., 76
(1997), 377-430.

| D. Cai, A. Majda, D. McLaughlin and E. Tabak, Dispersive wave turbulence in one dimension,
Phys. D., 152/153 (2001), 551-572.

] Y. Cho, G. Hwang, S. Kwon and S. Lee, Well-posedness and ill-posedness for the cubic
fractional Schrodinger equations, Discrete Contin. Dyn. Syst., 35 (2015), 2863-2880.

| M. Christ, J. Colliander and T. Tao, Asymptotics, frequency modulation, and low-regularity

ill-posedness of canonical defocusing equations, Amer. J. Math., 125 (2003), 1235-1293.

A. Erdélyi, Tables of Integral Transforms, Vol. I, McGraw-Hill, New York, 1954.

| A. Esfahani, Anisotropic Gagliardo-Nirenberg inequality with fractional derivatives, Z.
Angew. Math. Phys., 66 (2015), 3345-3356.

| R. L. Frank, E. Lenzmann and L. Silvestre, Uniqueness of radial solutions for the fractional
Laplacian, Comm. Pure Appl. Math, 69 (2016), 1671-1726.

| P. Gérard, Description du defaut de compacite de I'injection de Sobolev, ESAIM Control
Optim. Cale. Var., 3 (1998), 213-233.

| A. Grunrock, Bi- and trilinear Schrodinger estimates in one space dimension with applications
to cubic NLS and DNLS, Int. Math. Res. Notic., 41 (2005), 2525-2558.

| B. Harrop-Griffiths, R. Killip and M. Visan, Sharp well-posedness for the cubic NLS and
mKdV in H*(R), preprint, arXiv:2003.05011.

| T. Hmidi and S. Keraani, Blowup theory for the critical nonlinear Schrodinger equation
revisited, Int. Math. Res. Notic., (2005), 2815-2828.

| C. E. Kenig, Y. Martel and L. Robbiano, Local well-posedness and blow-up in the energy
space for a class of L2 critical dispersion generalized Benjamin-Ono equations, Ann. Inst. H.
Poincaré, 28 (2011), 853-887.

| F. Linares, D. Pilod and J.-C. Saut, Dispersive perturbations of Burgers and hyperbolic
equations I: Local theory, SIAM J. Math. Anal., 46 (2014), 1505-1537.

| F. Linares and G. Ponce, Introduction to Nonlinear Dispersive Equations, 274 edition,
Springer, New York, 2015.

] P.-L. Lions, The concentration-compactness principle in the calculus of variations. The locally
compact case, Part 1, Ann. Inst. H. Poincare Anal. Non-linéaire, 1 (1984), 109-145.

] A. Majda, D. McLaughlin and E. Tabak, A one-dimensional model for dispersive wave tur-
bulence, J. Nonlinear Sci., 7 (1997), 9-44.

] S. Oh and A. Stefanov, On quadratic Schrédinger equations on R'*1: A normal form ap-
proach, J. London Math. Soc., 86 (2012), 499-519.

| H. Takaoka, Well-posedness for the one-dimensional nonlinear Schrodinger equation with the
derivative nonlinearity, Adv. Differ. Equ., 4 (1999), 561-580.

| H. Takaoka, Global well-posedness for Schrodinger equations with derivative in a nonlinear
term and data in low-order Sobolev spaces, Electron. J. Diff. Equations, (2001), 1-23.

| T. Tao, Multilinear weighted convolution of L? functions and applications to nonlinear dis-
persive equation, Amer. J. Math., 123 (2001), 839-908.

| T. Tao, Nonlinear Dispersive Equations. Local and Global Analysis, CBMS Regional Con-
ference Series in Mathematics, 106. Published for the Conference Board of the Mathematical
Sciences, Washington, DC; by the American Mathematical Society, Providence, RI, 2006.

] K. Trulsen, I. Kliakhandler, K. Dysthe and M. Velarde, On weakly nonlinear modulation of
waves on deep water, Phys. Fluids, 12 (2000), 2432-2437.

Received August 2021; revised January 2022; early access March 2022.

E-mail address: wanghwxxu@gmail.com
E-mail address: saesfahani@gmail.com


http://www.ams.org/mathscinet-getitem?mr=MR1943994&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1837253&return=pdf
http://dx.doi.org/10.1090/S0002-9947-01-02754-4
http://dx.doi.org/10.1090/S0002-9947-01-02754-4
http://www.ams.org/mathscinet-getitem?mr=MR1460665&return=pdf
http://dx.doi.org/10.1016/S0021-7824(97)89957-6
http://www.ams.org/mathscinet-getitem?mr=MR1837929&return=pdf
http://dx.doi.org/10.1016/S0167-2789(01)00193-2
http://www.ams.org/mathscinet-getitem?mr=MR3343545&return=pdf
http://dx.doi.org/10.3934/dcds.2015.35.2863
http://dx.doi.org/10.3934/dcds.2015.35.2863
http://www.ams.org/mathscinet-getitem?mr=MR2018661&return=pdf
http://dx.doi.org/10.1353/ajm.2003.0040
http://dx.doi.org/10.1353/ajm.2003.0040
http://www.ams.org/mathscinet-getitem?mr=MR0061695&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR3428469&return=pdf
http://dx.doi.org/10.1007/s00033-015-0586-y
http://www.ams.org/mathscinet-getitem?mr=MR3530361&return=pdf
http://dx.doi.org/10.1002/cpa.21591
http://dx.doi.org/10.1002/cpa.21591
http://www.ams.org/mathscinet-getitem?mr=MR1632171&return=pdf
http://dx.doi.org/10.1051/cocv:1998107
http://www.ams.org/mathscinet-getitem?mr=MR2181058&return=pdf
http://dx.doi.org/10.1155/imrn.2005.2525
http://dx.doi.org/10.1155/imrn.2005.2525
http://arxiv.org/pdf/2003.05011
http://www.ams.org/mathscinet-getitem?mr=MR2180464&return=pdf
http://dx.doi.org/10.1155/imrn.2005.2815
http://dx.doi.org/10.1155/imrn.2005.2815
http://www.ams.org/mathscinet-getitem?mr=MR2859931&return=pdf
http://dx.doi.org/10.1016/j.anihpc.2011.06.005
http://dx.doi.org/10.1016/j.anihpc.2011.06.005
http://www.ams.org/mathscinet-getitem?mr=MR3188389&return=pdf
http://dx.doi.org/10.1137/130912001
http://dx.doi.org/10.1137/130912001
http://www.ams.org/mathscinet-getitem?mr=MR3308874&return=pdf
http://dx.doi.org/10.1007/978-1-4939-2181-2
http://www.ams.org/mathscinet-getitem?mr=MR0778970&return=pdf
http://dx.doi.org/10.1016/s0294-1449(16)30428-0
http://dx.doi.org/10.1016/s0294-1449(16)30428-0
http://www.ams.org/mathscinet-getitem?mr=MR1431687&return=pdf
http://dx.doi.org/10.1007/BF02679124
http://dx.doi.org/10.1007/BF02679124
http://www.ams.org/mathscinet-getitem?mr=MR2980922&return=pdf
http://dx.doi.org/10.1112/jlms/jds016
http://dx.doi.org/10.1112/jlms/jds016
http://www.ams.org/mathscinet-getitem?mr=MR1693278&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1836810&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1854113&return=pdf
http://dx.doi.org/10.1353/ajm.2001.0035
http://dx.doi.org/10.1353/ajm.2001.0035
http://www.ams.org/mathscinet-getitem?mr=MR2233925&return=pdf
http://dx.doi.org/10.1090/cbms/106
http://www.ams.org/mathscinet-getitem?mr=MR1789997&return=pdf
http://dx.doi.org/10.1063/1.1287856
http://dx.doi.org/10.1063/1.1287856
mailto:wanghwxxu@gmail.com
mailto:saesfahani@gmail.com

	1. Introduction
	2. Well-posedness
	3. Ill-posedness
	4. Standing wave
	Acknowledgments
	REFERENCES

