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The Schwarzschild-de Sitter (SdS) metric is the simplest spacetime solution in general relativity with both a
black hole event horizon and a cosmological event horizon. Since the Schwarzschild metric is the most simple
solution of Einstein’s equations with spherical symmetry and the de Sitter metric is the most simple solution
of Einstein’s equations with a positive cosmological constant, the combination in the SdS metric defines an
appropriate background geometry for semi-classical investigation of Hawking radiation with respect to past and
future horizons. Generally, the black hole temperature is larger than that of the cosmological horizon, so there is
heat flow from the smaller black hole horizon to the larger cosmological horizon, despite questions concerning
the definition of the relative temperature of the black hole without a measurement by an observer sitting in
an asymptotically flat spacetime. Here we investigate the accelerating boundary correspondence (ABC) of the
radiation in SdS spacetime without such a problem. We have solved for the boundary dynamics, energy flux
and asymptotic particle spectrum. The distribution of particles is globally non-thermal while asymptotically the
radiation reaches equilibrium.
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I. INTRODUCTION

Historically, black holes have been important systems for
investigating and understanding our universe. Theoretically,
they have played a prominent role in attempts at unifying
quantum theory and gravity. Along astrophysical lines of re-
search, investigations into their formation and evolution have
contributed to our knowledge of the large-scale structure of
galaxies, while the detection of gravitational lensing and grav-
itational waves have corroborated the predictions of general
relativity. More largely, the study of cosmological spacetimes
is of great interest because we live in an accelerated expanding
universe [1, 2]. The simplest expanding spacetime is de Sit-
ter, which is especially appropriate to describe the early phase
of exponential expansion predicted by inflation [3]. Then, the
study of cosmological black holes (e.g. asymptotically de Sit-
ter black holes) is well-motivated, for example, to investigate
black holes formed during the early phase of inflation or even
the global structure of black holes in the current phase of ac-
celerating expansion.

To theoretically analyze black holes embedded in an
expanding universe, the simplest spacetime to start is
Schwarzschild-de Sitter spacetime (SdS), which is an exact
black hole solution to the Einstein’s equations with a positive
cosmological constant. In the context of quantum field theory,
the SdS background is particularly convenient to study the ef-
fects of event horizons on the propagation of quantum fields,
since there are two different horizons in a single spacetime
metric: a black hole horizon and a cosmological horizon.
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In the asymptotically flat Schwarzschild black hole case,
Hawking discovered the quantum particle creation effects that
occur when a black hole forms from the gravitational collapse
of a star [4] (see also [5]). The particles are produced at late
times in a thermal spectrum (with a grey-body factor) at a
temperature that is proportional to the surface gravity at the
event horizon of the black hole. It was further shown in anal-
ogy with the Schwarzschild black hole result, that the de Sit-
ter cosmology also involves thermal particle production with
temperature proportional to the surface gravity at the cosmo-
logical event horizon [6].

In the asymptotically de Sitter Schwarzschild black hole
case, the particle production and thermodynamics were first
investigated in [6]. One can demonstrate, using the mecha-
nism of [4], that the black hole horizon of SdS spacetime, and
the cosmological horizon of SdS spacetime, will create par-
ticles in a Planck distribution (with a grey-body factor) at a
temperature that is proportional to the surface gravity of the
corresponding horizon of SdS spacetime [7]. The grey-body
effect caused by the effective potential is an important physi-
cal aspect of the radiation. However, in the geometric optics
approximation (i.e. no grey-body effect), there is only parti-
cle production in a thermal spectrum for the black hole at late
times (after the collapse). Analogously, at early times (before
the collapse), there is only cosmological particle production
in a thermal spectrum. Our investigation, in part, is to com-
pute and analyze the interesting interaction behaviour between
both early-time and late-time thermal spectra.

The above mentioned results of SdS spacetime came from
considering that the particle detection is made by accelerating
(but static) observers not at but close to the (future) cosmo-
logical horizon [7]. It is more natural to study the quantum
particle creation effects with respect to inertial observers in-
stead of non-inertial observers. However, particle production

ar
X

iv
:2

10
9.

04
14

7v
2 

 [
gr

-q
c]

  1
4 

Fe
b 

20
22

mailto:diefer2@alumni.uv.es
mailto:joshua.foo@uqconnect.edu.au
mailto:michael.good@nu.edu.kz


2

in SdS spacetime and detection by inertial observers can be
understood from detection by non-inertial (who are static) ob-
servers through amplitudes defined via the Bogoliubov coeffi-
cients [8]. In this sense, it is simpler to assume the perspective
of accelerating observers in the analysis of particle production
effects in SdS spacetime. Regardless of this question, there
may be a gravitational analog model that has a well-defined
and intuitive asymptotically flat spacetime inertial observer
ready to detect the corresponding radiation. This analog sys-
tem is the moving mirror model.

The analogy of moving mirrors to black holes [9], being a
(1+1)-dimensional case of the dynamical Casimir effect [10],
was initially introduced by Fulling and Davies [11, 12]. They
determined that an accelerated boundary (moving mirror) with
the appropriate trajectory in Minkowski spacetime creates
particles in a thermal spectrum (at late times), analogously to
Hawking’s particle creation by black holes result [4]. A stan-
dard approach to the mirror model is to assume a trajectory
that fulfills given physical requirements and then calculate the
corresponding radiation and resulting spectrum [13, 14]. A
central theoretical achievement of the mirror model has been
the demonstration that these accelerated point mirrors non-
trivially disturb the quantum vacuum via a non-zero Bogoli-
ubov coefficients (and renormalized stress tensor), resulting
in particle production, energy flux, entanglement and other
interesting physics (see e.g. [15–22]). Since the stress ten-
sor is technically divergent in the model, a point-splitting reg-
ularization technique is used to determine finite meaningful
particle production results (see e.g. [23, 24]).

Based on this 50 year old prescription, the particle produc-
tion and energy flux are generally thought to be a consequence
of the mirror’s acceleration and jerk, respectively [25, 26].
Moreover, the close relation with thermodynamics has been
analyzed (see e.g. [27, 28]), as a product of the entanglement,
entropy, and relativistic quantum information issues associ-
ated with the effect (see e.g. [29–31]). Physical detection is
an ongoing priority [32, 33], especially since superconducting
quantum interference devices act as moving mirrors and Bose-
Einstein condensates have demonstrated experimental success
for investigation of the dynamical Casimir effect [34].

The main approach in this paper is the use of an acceler-
ated boundary correspondence in flat spacetime, which cre-
ates particles in a fundamentally related way to the radiation
in a curved spacetime. In flat spacetime the particle produc-
tion is caused by the dynamical acceleration of the bound-
ary (Davies-Fulling effect [11, 12]).1 In curved spacetime
the particle production is caused by dynamical gravitational
fields in the formation of black holes (Hawking effect [4]),
but it can also be caused by the acceleration of observers to
remain static around black holes (Unruh effect [5]) or in an
expanding universe (Gibbons-Hawking effect [6]). Accord-
ingly, the moving mirror analogy is a simple and useful way to
study and understand the quantum effects produced by grav-

1 In flat spacetime there also exists particle creation due to acceleration with-
out the presence of a boundary: an accelerating observer detects particles
in flat spacetime (Unruh effect [5]).

ity. This is the aim of solving for the accelerated boundary
correspondences (ABCs). The associated mirrors have per-
fect reflection, and although these models are limited in scope
(e.g. no backscattering, grey-body effect, superradiance, etc.),
the solutions successfully model the ‘pure’ quantum particle
creation effects in either black hole spacetimes or even cos-
mological spacetimes. This implies that only the s-waves of
‘pure’ gravitational particle production are accounted by this
kind of mirrors [26].

In this context, the ABCs for the Schwarzschild black hole
[35], the Reissner-Nordström black hole [36], the Kerr black
hole [37] (and the Kerr-Newman black hole [38]), and the
Taub-NUT black hole [39] have been recently solved. The
range of ABC utility is quite broad, as particular asymptotic
dynamics characterize well-known non-thermal curved space-
time black hole end-states, including:

• extremals (uniform acceleration [37, 38, 40–42]),

• remnants (constant-velocity [43–48]),

• effervescents (zero-velocity [17, 21, 31, 49–52]).

Even the de Sitter and anti-de Sitter cosmology have a re-
spective ABC [53]. Despite this progress, the amplification
of quantum vacuum fluctuations that result in the all-time par-
ticle spectrum (static observers) for the formation of a black
hole embedded in an expanding universe have not been re-
solved, in the sense that the Bogoliubov coefficients are un-
known. That is to say, the SdS moving mirror has also not
been explored, even though the Schwarzschild mirror [35]
and de Sitter mirror [53] Bogoliubov coefficient solutions are
known. In this paper we analyze the particle creation by the
SdS mirror directly, obtaining analytical expressions for the
Bogoliubov coefficients. The analog SdS mirror will describe
the results detected by static observers near the (future) cos-
mological horizon of SdS spacetime. We combine our un-
derstanding of both the Schwarzschild black hole and the de
Sitter cosmology to derive a particle spectrum which is consis-
tent in both asymptotic regimes. This contribution is a demon-
stration and touchstone of the established program where the
simplicity of analog gravitational systems in a flat spacetime
with lower dimensions have shed light on the more compli-
cated curved spacetime higher dimensional physics. This ap-
proach is expected to be tractable in part because in (1+1)-
dimensional SdS spacetime one can analytically solve the
wave equation [54, 55], where there is no effective potential
and so the effects of the causal structure on the initial wave-
forms are accentuated. Despite significant simplifications that
take place in (1+1) dimensions, nontrivial quantum effects are
present.

The results in the above mentioned papers suggest that the
properties of the radiation of SdS spacetime combination are
qualitatively different from those of the two constituents. This
is one motivation to concentrate on the radiation solution de-
scribing the asymptotically de Sitter Schwarzschild black hole
with respect to static observers. In agreement with [56], which
used energy conservation and self-gravitation interaction, our
derived all-time SdS particle spectrum determined is explic-
itly shown to be non-thermal (see also [57]), although this
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work confirms two asymptotic Planck distributions (at their
respective temperatures).

The paper is organized as follows: in Sec. II we briefly
introduce the SdS spacetime, obtaining the horizons as well
as the corresponding surface gravities. We also solve for the
Regge-Wheeler (tortoise) coordinate. In Sec. III we deal with
the SdS moving mirror by correctly interpreting and mapping
the SdS spacetime into the corresponding flat spacetime plus
moving mirror equation of motion. In Sec. IV we demon-
strate that the energy flux of this system is consistent with the
known physics of the SdS spacetime black hole and cosmo-
logical horizons. In Sec. V the particle production results are
shown. In Sec. VI we briefly investigate the corresponding
spacetime associated with the approximated asymptotic SdS
moving mirror. In Sec. VII we conclude. Throughout we use
natural units: G = c = ~ = kB = 1.

II. SCHWARZSCHILD-DE SITTER SPACETIME

We consider the form of a general spherically symmetric
static spacetime. In spherical coordinates, the metric reads

ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2, (1)

with dΩ2 = dθ2 + sin2 θdϕ2. The SdS metric is the simplest
solution describing a black hole embedded in an expanding
universe with positive cosmological constant2. It follows from
Eq. (1) with

f(r) ≡ fSdS = 1− 2M

r
− Λr2

3
, (2)

whereM is the black hole mass and Λ > 0 is the cosmological
constant [59]. One can directly verify that the Schwarzschild
case is recovered for Λ = 0 and the de Sitter case is recovered
for M = 0. All along, we will use the parameter L ≡

√
3/Λ,

so that

f(r) ≡ fSdS = 1− 2M

r
− r2

L2
. (3)

By setting fSdS = 0, and also assuming that 3
√

3M/L < 1,
the black hole and cosmological horizons are, respectively, at
r = rB and r = rC with

rB ≡
2L√

3
cos

[
1

3
cos−1

(
3
√

3M

L

)
+
π

3

]
, (4)

and

rC ≡
2L√

3
cos

[
1

3
cos−1

(
3
√

3M

L

)
− π

3

]
, (5)

where rB < rC . There also exists a negative, nonphysical
solution given by r = r0 ≡ −(rB + rC). This solution is

2 The SdS metric is otherwise known as the Kottler metric [58].

unphysical since one cannot extend the coordinate range be-
yond the curvature singularity at r = 0. In terms of these
parameters we rewrite Eq. (3) as

fSdS =
(r − rB)(rC − r)(r − r0)

L2r
, (6)

which imply the following relations:

M =
(rB + rC)rBrC

2(r2B + r2C + rBrC)
,

L2 = r2B + r2C + rBrC .

(7)

The surface gravity associated with each horizon ri is defined
from the relation κi = 1

2 |dfSdS/dr|r=ri . Explicitly, we get

κB =
(rC − rB)(rB − r0)

2L2rB
,

κC =
(rC − rB)(rC − r0)

2L2rC
,

κ0 = − κBκC
κC − κB

.

(8)

Finally, we will be interested in writing the SdS metric in a
double null (light-cone) coordinate system (u, v) and, for that,
we will need the Regge-Wheeler or tortoise coordinate r∗ de-
fined by r∗ ≡

∫
f−1SdS dr. The horizons ri and surface gravi-

ties κi allow us to write f−1SdS from Eq. (6) simply as

f−1SdS =
1

2κB(r − rB)
+

1

2κC(rC − r)
+

1

2κ0(r − r0)
, (9)

thence

r∗ =
1

2κB
ln

(
r − rB
rB

)
− 1

2κC
ln

(
rC − r
rC

)
+

1

2κ0
ln

(
−r − r0

r0

)
.

(10)

The Regge-Wheeler or tortoise coordinate will prove to be
more than convenience; it is physically related with the trajec-
tory of the moving mirror in the analog gravitational system.

III. TRAJECTORY DYNAMICS

We are now ready to solve the accelerated boundary corre-
spondence with SdS spacetime. This is achieved by consider-
ing the matching of two metrics. This matching condition ap-
pears when one considers the dynamical gravitational model
of a null shell collapsing in a (1+3)-dimensional spacetime. A
(1+3)-dimensional spacetime of this type allows us to deduce
the corresponding trajectory for the perfectly reflecting SdS
mirror analog in (1+1)-dimensional flat spacetime.

A. Geometric considerations of the (1+3)-dimensional
gravitational collapse of a null shell

The (1+3)-dimensional spacetime describing the dynamical
gravitational collapse of a null shell at v = v0 takes advantage
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of matching two metrics: the metric inside the shell (v < v0)
and the metric outside the shell (v > v0) [26]. In this case, we
apply the matching along a null shell between an inside (“in”)
Minkowski metric and an outside (“out”) SdS metric.

The “in” metric is

ds2 = −dt2in + dr2 + r2dΩ2, (11)

which we rewrite in the double null coordinate system (uin, v)
with uin = tin − r and v = tin + r as

ds2 = −duindv + r2dΩ2. (12)

The “out” metric is

ds2 = −fSdSdt2out + f−1SdSdr
2 + r2dΩ2, (13)

with fSdS given by Eq. (3) or Eq. (6), which we rewrite in the
double null coordinate system (uout, v) with uout = tout− r∗
and v = tout + r∗ with r∗ given by Eq. (10) as

ds2 = −fSdSduoutdv + r2dΩ2. (14)

The matching condition between both “in” and “out” metrics3

demands the continuity of the coordinates r and v along the
null-shell (v = v0)4 and reads simply as

r(uin, v0) = r(uout, v0). (15)

Accordingly, if we write

r(uin, v0) =
1

2
(v0 − uin) (16)

and

r∗(uout, v0) =
1

2
(v0 − uout), (17)

we arrive at the coordinate relation uout = uout(uin) through
Eq. (10),

uout(uin) = v0 −
1

κB
ln

(
v0 − uin − 2rB

2rB

)
+

1

κC
ln

(
2rC − v0 + uin

2rC

)
− 1

κ0
ln

(
−v0 − uin − 2r0

2r0

)
.

(18)

From the above expression we check that if uin = v0 − 2rB
we have that uout → +∞ whereas if uin = v0−2rC we have
that uout → −∞. Hence, we define vB ≡ v0−2rB and vC ≡
v0− 2rC , denoting the null rays that represent the horizons of

3 Note that the “out” metric is the SdS metric written in static coordinates. As
a consequence, the analog SdS mirror trajectory in Minkowski spacetime
will represent static observers in SdS spacetime.

4 This is why we add no subscripts for the coordinates r and v.

SdS spacetime. The coordinate relation uout = uout(uin) is,
then,

uout(uin) = v0 −
1

κB
ln

(
vB − uin

2rB

)
+

1

κC
ln

(
uin − vC

2rC

)
− 1

κ0
ln

(
−v0 − uin − 2r0

2r0

)
,

(19)

with vC < uin < vB . We can set (without loss of generality)
v0 = 0 so vB = −2rB , vC = −2rC , and

uout(uin) =− 1

κB
ln

(
vB − uin

2rB

)
+

1

κC
ln

(
uin − vC

2rC

)
− 1

κ0
ln

(
uin + 2r0

2r0

)
.

(20)

B. (1+1)-dimensional SdS mirror trajectory

A massless quantum scalar field φ(x) propagating in a
(1+3)-dimensional spacetime with spherical symmetry must
satisfy the condition φ(t, r = 0) = 0, since the correspondent
modes are spherical-type waves. This regularity condition at
r = 0 allows determination of the exact form of the “out”
modes in the “in” (Minkowski) part of the spacetime where at
r = 0 we identify the (Minkowski) coordinates uin and v, i.e.
uin = v. On the other hand, a massless quantum scalar field
φ(x) propagating in (1+1)-dimensional Minkowski spacetime
with a mirror must satisfy the boundary condition φ(t, z(t)) =
0, where z(t) parameterizes the mirror perfectly reflecting tra-
jectory. Accordingly, we can think of the origin of coordinates
r = 0 in the (1+3)-dimensional spacetime as a mirror in flat
spacetime with a trajectory that we can read straightforwardly
as the the coordinate relation uout = uout(v). At this point,
we move to the (1+1)-dimensional acceleration model. The
SdS moving mirror is completely described by the following
function of advanced time that parameterizes the perfectly re-
flecting trajectory in flat spacetime:

f(v) =− 1

κB
ln

(
vB − v

2rB

)
+

1

κC
ln

(
v − vC

2rC

)
− 1

κ0
ln

(
v + 2r0

2r0

)
,

(21)

Finally, let us rewrite the SdS mirror trajectory, Eq. (21), as

f(v) =− 1

κB
ln [κ̄B(vB − v)]

+
1

κC
ln [κ̄C(v − vC)]

− 1

κ0
ln [κ̄0(v + vB + vC)] ,

(22)



5

FIG. 1. Penrose diagram showing the trajectory, Eq. (22), of the SdS
moving mirror. We see the two acceleration horizons (yellow and
red lines), which are analogs of the past cosmological horizon and
the future black hole horizon, respectively. The purple line is the
SdS moving mirror. Here the gravitational parameters are taken as
M = 1/24 and L = 2/3 for clarity.

where the constants κ̄B ≡ (2rB)−1, κ̄C ≡ (2rC)−1 and κ̄0 ≡
(2r0)−1 have been conveniently defined. In the SdS mirror
trajectory, Eq. (22), one should understand κB (or κC) as an
acceleration parameter in the future (or in the past), and vB (or
vC) as the null asymptote of the mirror trajectory in the future
(or in the past). In gravitational terms, κB (or κC) is the black
hole (or cosmological) surface gravity and vB (or vC) is the
null ray representing the black hole (or cosmological) horizon.
The causal history of Eq. (22) is depicted in a Penrose diagram
in Fig. 1.

As a check, one can evaluate the Schwarzschild limit (L→
∞) and de Sitter limit (M → 0) of the accelerated boundary
correspondence with SdS spacetime, Eq. (22). In the limit
L→∞ we get

f(v) ' v − 1

κ
ln [κ(vH − v)] , (23)

with κ = (4M)−1 and vH = −4M , recovering the re-
sult of the accelerated boundary correspondence with the
Schwarzschild black hole [35]. In the limit M → 0 we get

f(v) ' 2

κ
tanh−1

(κv
2

)
, (24)

where κ = L−1 and vH = ±2L, recovering the result of the
accelerated boundary correspondence with de Sitter cosmol-
ogy [53].

IV. ENERGY FLUX

After having analyzed the accelerated boundary correspon-
dence with SdS spacetime and before studying the particle
creation by the SdS moving mirror, we find it insightful to
investigate the energy flux radiated by the perfectly reflecting
trajectory. An analysis of the energy-momentum tensor in the
(1+1)-dimensional quantum theory of a massless scalar field
disturbed by the boundary dynamics in flat spacetime yields
an expression for the energy flux [11, 12], which one can write
as

F (v) =
1

24π

(
df(v)

dv

)−2
{f(v), v} . (25)

The brackets define the Schwarzian derivative,

{f(v), v} ≡ f ′′′(v)

f ′(v)
− 3

2

(
f ′′(v)

f ′(v)

)2

, (26)

where the prime denotes derivative with respect to v. The
explicit expression that follows from Eqs. (22) and (25) is
lengthy but, from it, we can get an idea of the constant en-
ergy flux and the distribution of particles near the acceleration
horizons (null asymptotes) of the mirror trajectory. A plot of
the energy flux is given in Fig. 2. On the one hand, at early
times (v → vC) and to leading order we have that

F (v) =
κ2C
48π

+O((v − vC)2). (27)

On the other hand, at late times (v → vB) and to leading order
we have that

F (v) =
κ2B
48π

+O((v − vB)2). (28)

These results show different constant energy flux at early and
late times for the SdS moving mirror. Furthermore, the above
results, Eqs. (27) and (28) suggest two Planck distributions
of particles at different temperatures TC and TB that are pro-
portional to the acceleration parameter in the past and future
κC = 2πTC and κB = 2πTB , respectively. These two ther-
mal spectra will be explicitly calculated in the next section.

V. PARTICLE PRODUCTION

We are now in a position to address the particle creation by
the SdS moving mirror. The main goal is to obtain the solution
to the Bogoliubov coefficient βωω′ [25],

βωω′ =
1

2π

√
ω′

ω

∫ vB

vC

dv e−iω
′v−iωf(v), (29)

where ω (ω′) are the frequencies of the outgoing (ingoing)
modes. The calculation of the beta Bogoliubov coefficient di-
rectly via Eq. (22) is intractable. As a first approximation, let
us consider the following form for the SdS mirror trajectory:

f(v) ≈ − 1

κB
ln [κ̄B(vB − v)] +

1

κC
ln [κ̄C(v − vC)] , (30)
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FIG. 2. Energy flux, Eq. (25), as a function of advanced time v;
demonstrating the different constant energy flux at the horizon loca-
tions (yellow and red lines). Here the gravitational parameters are
taken as M = 1/24 and L = 2/3 for consistency with Fig. 1. The
key takeaway is that the energy flux (purple line) increases mono-
tonically from the smaller constant value of the analog cosmological
horizon in the past to the larger constant value of the analog black
hole horizon in the future. The black hole horizon is hotter than the
cosmological horizon. See Eqs. (27) and (28) for the early-time and
late-time energy flux asymptotic behavior.

instead of the full expression, Eq. (22). Note that we have ig-
nored the third logarithmic term. This approximation of the
SdS mirror trajectory, Eq. (30), finds its justification at early
and late times, as it presents the same asymptotic behaviour in
the far past and far future as the exact expression. Notice that,
in the exact SdS mirror trajectory, Eq. (22), the first logarith-
mic term dominates at late times (v → vB) and the second
logarithmic term dominates at early times (v → vC), which
are the two terms in the approximated SdS mirror trajectory,
Eq. (30). The third logarithmic term has significance not at
early and late times but at the intermediate times of the tra-
jectory. However, in the regime 3

√
3M/L ' 1 (which we

have considered in Figs. 3 and 4), one finds that the magni-
tude of this third term is negligible in comparison to the first
and second terms, justifying our approximation. See Fig. 3
for a Penrose diagram with the approximated trajectory over-
laid on the exact trajectory. See Fig. 4 for a comparison of
the energy fluxes of the approximated trajectory overlaid on
the energy flux of the exact trajectory. As shown in Figs. 3
and 4, the asymptotic and exact SdS mirrors are qualitatively
similar (both dynamically and energetically), and hence one
can have confidence that they will likewise possess a similar
particle production spectra as a result.

This approximation is inspired by the method used in the
first papers on analog moving mirrors by Fulling and Davies
[11, 12]. In them, they began by considering an asymptotic
form of a mirror trajectory at late times since the behaviour
of the mirror trajectory at early times was considered irrele-
vant to analyze the particle production in the asymptotic late-
time region. What Fulling and Davies did was to approxi-
mate the calculation of the Bogoliubov coefficients by using
the asymptotic late-time form of the mirror trajectory at all
times. Then, the beta Bogoliubov coefficient derived in that

FIG. 3. Penrose diagram showing the approximated and exact SdS
moving mirror trajectories, Eq. (30) (black dashed line) and Eq. (22)
(purple line). Wee see that asymptotic version of the SdS mirror
trajectory also has the exact same two horizons, which are analogs of
the past cosmological horizon (yellow line) and the future black hole
horizon (red line). Here M = 1/24 and L = 2/3 as before. At the
intermediate times of acceleration the bifurcation of both trajectories
manifests.

FIG. 4. Energy fluxes Fa(v) and F (v) for the approximated and ex-
act SdS moving mirror trajectories, Eqs. (30) and (22), obtained from
Eq. (25) as a function of advanced time v; demonstrating the differ-
ent constant energy fluxes at the horizon locations (yellow and red
lines). Here M = 1/24 and L = 2/3 as before. The key takeaway
is that the energy fluxes, Fa(v) and F (v), are similar. Again, like
in Fig. 2, the energy flux increases monotonically from the smaller
constant value of the analog cosmological horizon in the past to the
larger constant value of the analog black hole horizon in the future,
highlighting that the black hole horizon is hotter than the cosmologi-
cal horizon. Eqs. (27) and (28) are the usual early-time and late-time
energy flux asymptotic behavior. The same color scheme is used in
the Penrose diagram of Fig. 3.
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way was a good approximation in describing the particle pro-
duction in the asymptotic late-time region. That analog mir-
ror asymptotic solution has the same form as the asymptotic
Schwarzschild mirror. In the case of the analog SdS mov-
ing mirror developed in this paper, we have determined the
exact form of the mirror trajectory, Eq. (22), but since the
computation of the Bogoliubov coefficients is intractable, and
the asymptotic early-time and late-time regions are relevant to
study the particle production, we approximate the mirror tra-
jectory by using the asymptotic form, Eq. (30), at all times;
just as Fulling and Davies did. Now, the beta Bogoliubov co-
efficient to be derived in this way will be a good approxima-
tion in describing the particle production in the asymptotic
early-time and late-time regions. Importantly, the asymptotic
SdS mirror will certainly give approximate but physically rel-
evant particle production results in the intermediate-time re-
gion.

Thus, bearing in mind the regimes of validity of the ap-
proximation and the subsequent discussion, we will derive the
beta Bogoliubov coefficient from Eq. (29) with f(v) given by
Eq. (30). Then, we define

a ≡ iω′

κ′
, b ≡ iω

κB
, , c ≡ iω

κC
. (31)

with κ′ = (vB − vC)−1. The final result is

βωω′ =
1

2π

√
ω′

ω

(κ̄B)b(κ̄C)−c

(κ′)1+b−c
e−iω

′vB

· Γ(1 + b)Γ(1− c)
Γ(2 + b− c) 1F1(1 + b; 2 + b− c; a),

(32)

where Γ(x) is the Gamma function and 1F1(p; q; z) is the con-
fluent hypergeometric function of the first kind. The explicit
derivation of the above expression is developed in Appendix
A. Thereby, using the regularized confluent hypergeometric
function 1F̃1(p; q; z) ≡ 1F1(p; q; z)/Γ(q), we obtain

βωω′ =
1

2π

√
ω′

ω

(κ̄B)b(κ̄C)−c

(κ′)1+b−c
e−iω

′vB

· Γ(1 + b)Γ(1− c)1F̃1(1 + b; 2 + b− c; a).

(33)

The particle spectrum per mode ω and per mode ω′ is the mod-
ulus square of the beta Bogoliubov coefficient in Eq. (33),

Nωω′ ≡ |βωω′ |2 . (34)

Therefore, we write Nωω′ as

Nωω′ =
a2bc

ωω′
eiπ(b+c)

(e2iπb − 1) (e2iπc − 1)

∣∣∣1F̃1

∣∣∣2 , (35)

Notice the not-so-inconspicuous hint of two Planck distribu-
tions in the denominator. In the high frequency regime, i.e.
ω′ � ω, we expect to see a late-time thermal spectrum,
as is the case in Hawking radiation [4], see e.g. the analog
Schwarzschild black hole mirror [35]. Importantly, in this sit-
uation we also expect to see a early-time thermal spectrum,

corresponding the de Sitter cosmological horizon. Expanding
Eq. (35) for large ω′, gives to leading order,

Nωω′ = NB +NC +NBC , (36)

where

NB ≡
1

2πκBω′
1

e2πω/κB − 1
, (37)

which is the expected late-time thermal spectrum for the black
hole horizon. This result agrees with particle creation by the
asymptotic version of the SdS moving mirror in a Planck dis-
tribution at a temperature TB that is proportional to accel-
eration parameter of the boundary trajectory in the future,
κB = 2πTB . What about the expected early-time thermal
spectrum for the cosmological horizon? This term also makes
an appearance:

NC ≡
1

2πκCω′
1

e2πω/κC − 1
. (38)

This result agrees with particle creation by the asymptotic ver-
sion of the SdS moving mirror in a Planck distribution at a
temperature TC that is proportional to acceleration parameter
of the boundary trajectory in the past, κC = 2πTC . With the
above arguments, we confirm that the (Schwarzschild black
hole) late-time thermal spectrum in Eq. (37) and the (de Sit-
ter cosmology) early-time thermal spectrum in Eq. (38) are
present in SdS moving mirror system. Furthermore, an addi-
tional complicated cross term is obtained, indicating the ap-
proximate form of the interaction between both the black hole
horizon and the cosmological horizon of SdS spacetime. The
presence of this term is reminiscent of the treatment of radia-
tion resistances for resistors in ‘parallel’ (see e.g. [60]). This
term is

NBC = N̄BC + N̄∗BC , (39)

where

N̄BC ≡−
1

4π2ωω′

(
ω′

κ′

)− iωκ
e−

πω
2κ −

iω′
κ′

· Γ
(

1 +
iω

κB

)
Γ

(
1 +

iω

κC

)
,

(40)

where we have defined κ−1 = κ−1B + κ−1C , and κ′ = (vB −
vC)−1 as in Eq. (31). This result indicates the particle cre-
ation by the asymptotic version of the SdS moving mirror at
intermediate times. It demonstrates a non-thermal particle dis-
tribution between the early-time and late-time thermal equi-
libria. Note that this result implies (for SdS) that the regime
ω′ � ω captures both the late time and the early time radi-
ation (this limit is most commonly associated with late-time
radiation in the context of Schwarzschild [4]). Eq. (40) has
a counterpart in the SdS moving mirror system, and it should
take a different but similar form since it shows the effect of the
acceleration horizons and the interaction behaviour between
them resulting in the non-thermal spectrum. The radiation
will almost certainly be influenced by the intermediate-time
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trajectory dynamics. Eq. (40) is one of the more interesting
results of our analysis and a key novelty of the SdS-type ra-
diation where two Planck distributions ‘interact’ to give an
overall non-thermal spectrum.

VI. DUAL-TEMPERATURE ABC

Once having obtained the early-time and late-time particle
production results for the SdS moving mirror through the use
of the trajectory Eq. (30), an open question remains: What is
the approximate form of SdS spacetime that gives the asymp-
totic SdS mirror trajectory? A brief calculation gives an ap-
proximate metric of the form of Eq. (1), with

f(r) ≈ A(r − rB)(rC − r)
r +B

. (41)

Here the horizons locations r = rB and r = rC are obtained
from the SdS metric, Eq. (3), with A > 0 and B > 0 being
two constants determined by imposing that the corresponding
surface gravities obtained from the SdS metric, Eq. (3), are the
same as those obtained from the approximate metric, Eq. (41).

Additionally, we can be more precise about the all-time par-
ticle evolution in the corresponding exact spacetime. This is
a tractable problem which can be answered by solving for the
exact spacetime analog for Eq. (30). The accelerated bound-
ary correspondence (ABC) metric has a simplified spherically
symmetric form of Eq. (1), with

f(r) ≡ 1− 2M

r
− r

L
, (42)

where M > 0 and L > 0 are two constants. We keep this
notation for the constants to contrast with the SdS curved
spacetime system, Eq. (3). Despite the resemblance between
Eqs. (3) and (42), the constants M and L of Eq. (42) do
not have an immediately clear physical meaning, unlike the
SdS metric. The corresponding horizons are, respectively, at
r = rB and r = rC with

rB =
1

2

[
L−

√
L(L− 8M)

]
, (43)

and

rC =
1

2

[
L+

√
L(L− 8M)

]
, (44)

where rB ≤ rC . In this case there exists no negative, non-
physical solution. This is the key point to eventually get an
exact mirror with trajectory of the form of Eq. (30). The sur-
face gravities associated with each horizon are, respectively,

κB =
rC − rB

2LrB
, (45)

and

κC =
rC − rB

2LrC
. (46)

If we follow the same steps as in Secs. II and III we arrived
at exactly the mirror trajectory of Eq. (30) with analog hori-
zons ri and surface gravities κi obtained from the ABC met-
ric. In this case, the particle production results in Sec. V are
completely valid at all times. Note that the SdS mirror trajec-
tory, Eq. (22), has analog horizons ri and surface gravities κi
obtained from the SdS metric, where the particle production
results in Sec. V are completely valid at early and late times.

We conclude by noting that the model in [61] likewise
presents an accelerated mirror trajectory with two different
temperatures (Planck distributions) at asymptotically early
and late times. This previously studied mirror has early-time
and late-time thermal particle spectra, just like the SdS sys-
tem. However, in [61] there is no horizon at early times,
whereas the SdS moving mirror has a cosmological horizon
in this region.

VII. FINAL REMARKS

In this work, we have analyzed the horizon radiation of SdS
spacetime with respect to static observers by using the moving
mirror model. In particular, there a few salient steps forward
made:

• We have derived the accelerated boundary correspon-
dence, Eq. (21) or Eq. (22), to SdS spacetime and de-
termined the energy flux of the SdS moving mirror,
Eq. (25).

• We have derived the particle spectrum, Eq. (35), of the
asymptotic SdS moving mirror, Eq. (30).

• We have determined the corresponding curvature ana-
log to the all-time particle spectrum of the asymptotic
SdS moving mirror, Eq. (30).

The temperature and thermodynamics of the SdS spacetime
has been the object of study because a static observer in this
universe will have to interact with both the black hole hori-
zon and the cosmological horizon and their quantum particle
creation effects. The open question of what actually consti-
tutes a thermodynamic equilibrium in this scenario can be ig-
nored with a small cosmological constant but becomes impor-
tant with a large cosmological constant. While many previous
studies have defined effective temperatures for the SdS space-
time and numerous proposals for temperature have been in-
troduced (see e.g. [62–64] and references therein), our work
conclusively delivers on the non-thermal distribution identi-
fied with the interacting spectra. The all-time non-thermal
spectrum contains definitive early-time and late-time regimes
of energy flux in thermal equilibrium indicative of the particle
production in different Planck distributions. It highlights the
limited utility of associating an interactive temperature to de-
scribe the SdS spacetime as a whole (in agreement with [57]).
While the temperature of the black hole horizon defined in
terms of the corresponding surface gravity fails to take into ac-
count the lack of an asymptotically flat limit, the well-defined
and expected Planck distributed particle radiation spectrum
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is nevertheless present in the analog moving mirror system,
which is correspondingly asymptotically flat.

Future Work

While we have addressed the study of the analog SdS mov-
ing mirror and concretely tackled the problem of particle pro-
duction using standard tools of quantum field theory in curved
spacetime, i.e. the formalism of the Bogoliubov transforma-
tions [25], there are future extensions. A physically appro-
priate approximation, i.e. the asymptotic SdS moving mir-
ror, has been introduced and so we have managed to obtain
the beta Bogoliubov coefficient, but the next step is to try to
arrive at particular, intermediate-time, physical results with-
out using any approximation. With this aim, alternative ap-
proaches that avoid the calculation of the Bogoliubov coeffi-
cients can be considered, and so we point out the formalism
introduced in [65] which takes advantage of the conformal
symmetry present in (1+1)-dimensional systems (like the mir-
ror model). This formalism has been applied in black hole
and cosmological scenarios [66–69] and it has also been ap-
plied recently to analyze the particle creation by wormholes
[70]. It would be insightful to try to use it in gravitational
analog mirror models like the SdS ABC.

Alternatively, the extension to general cosmological black
hole spacetimes would be interesting as well. In particular, the
generalization to Kerr-de Sitter spacetime [7, 71] could pro-
vide insight into the radiation of a rapidly spinning black hole
and its evaporation process in an expanding universe. Our ap-
proach would confirm the cosmological constant quenching
effect on the amplification of quantum vacuum fluctuations,
among other things.

The analogy between black holes and moving mirrors has
encouraged recent fruitful investigations (see e.g. [72, 73]).
In this year (2021) alone, we have seen special attention given
to the moving mirror model with treatments ranging from var-
ious fields and topics like entanglement capacity [74], har-
vesting [75], holography [76], qubits [77], relativistic semi-
transparency [78], Page curves [79] and complexity [80]. We
expect the model to continue to be enriched by diverse and
novel ideas connecting the nature of quantum vacuum radia-
tion to the resulting effects of acceleration and gravity.
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Appendix A: Bogoliubov coefficient for the approximated
asymptotic SdS moving mirror

In this Appendix, we determine the expression of the beta
Bogoliubov coefficient in Eq. (32). We begin by considering
Eq. (29) and the asymptotic SdS mirror trajectory, Eq. (30), to
end up with

βωω′ =
1

2π

√
ω′

ω

∫ vB

vC

dv

· [κ̄B(vB − v)]
iω
κB [κ̄C(v − vC)]

− iω
κC e−iω

′v.

(A1)

A change of variable x = vB − v allows us to arrive at

βωω′ =− 1

2π

√
ω′

ω
e−iω

′vB

∫ 0

vB−vC
dx

· [κ̄B(x)]
iω
κB [κ̄C(vB − vC − x)]

− iω
κC eiω

′x.

(A2)

Another change of variable x′ = κ′x with κ′ = (vB − vC)−1

leads us, after some steps, to

βωω′ =
1

2π

√
ω′

ω

(κ̄B)b(κ̄C)−c

(κ′)1+b−c
e−iω

′vB

·
∫ 1

0

dx′ (x′)b(1− x′)−ceax
′
,

(A3)

where we have defined

a ≡ iω′

κ′
, b ≡ iω

κB
, , c ≡ iω

κC
. (A4)

Finally, the integral in Eq. (A3) is analytically solved in terms
of the Gamma function Γ(x) and the confluent hypergeomet-
ric function of the first kind 1F1(p; q; z) as∫ 1

0

dx′ (x′)b(1− x′)−ceax
′

=

Γ(1 + b)Γ(1− c)
Γ(2 + b− c) 1F1(1 + b; 2 + b− c; a),

(A5)

and we get

βωω′ =
1

2π

√
ω′

ω

(κ̄B)b(κ̄C)−c

(κ′)1+b−c
e−iω

′vB

· Γ(1 + b)Γ(1− c)
Γ(2 + b− c) 1F1(1 + b; 2 + b− c; a),

(A6)

which is the beta Bogoliubov coefficient in Eq. (32).
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