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1. Introduction

This paper is concerned with persistence of spatial analyticity of solutions for the Cauchy problem of the
fourth order wave equation

Ugp + (m+A2)u+|u\p*1u:O, 0

(u, ug)|t=0 = (uo, u1),

where v : R" xR — R, p > 1, and m > 0.

Equations like (1) are also referred to as Bretherton’s type equations or the beam equation. The original
Bretherton equation, written down for n = 1 by Bretherton [3], arised in the study of weak interactions of
dispersive waves. A similar equation for n = 2 was proposed in Love [17] for the motion of a clamped plate.
Recent developments in arbitrary dimension were established in [13-15,21,22].

Questions such as well-posedness, blow-up in finite time, long time existence, and the existence of uniform
bounds for global solutions of (1) are addressed by several authors. For instance, local well-posedness,
scattering, and stability in the energy space H?(R") x L?(R") was studied by Levandosky in [13,14] and
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Levandosky and Strauss [15], results which were extended by Pausader [23,24]. Low-regularity global well-
posedness was also shown by Zhang [32] in dimensions 3 < n < 7 in the cubic case for data (ug,u1) €

H*(R™) x H*~2(R") satisfying
> mi n—2 n
s >ming ——, — ¢
2 74
We remark that the energy

2
R~

1 2
E(t) == / <ut2 + (Au)? + mu® + m|u|p+1> dx

is conserved by the flow of (1), i.e., E(t) = const. for all t.

In this paper, we shall study the persistence of spatial analyticity for the solution of the Cauchy problem
(1), given initial data in a class of analytic functions. By the Paley-Wiener Theorem, the radius of analyticity
of a function can be related to decay properties of its Fourier transform. It is therefore natural to take data
for (1) in the Gevrey space G”°(R"™), defined by the norm

| £llGos@n) = Il exp(aléN(€)* flrz@my (0> 0),
where (§) = /1 + |{|?. When o = 0, this space coincides with the Sobolev space H*(R"), with norm

I £l 25 w7y = ||<§>sf||L§(R”)7

while for any o > 0, any function in G?°(R"™) has a radius of analyticity of at least ¢ at each point z € R™.
This fact is contained in the following theorem, whose proof can be found in [12] in the case s = 0 and
n = 1; the general case follows from a simple modification.

Paley-Wiener Theorem. Let o > 0 and s € R. If f € G7°(R™), then [ is the restriction to R™ of a function
F which is holomorphic in the strip

Se={x+iyeC": |yl <o}
Moreover, the function F' satisfies the estimates

sup ||F(- + iwy)||gs < oo.
lyl<o

Information about the domain of analyticity of a solution to a partial differential equation (PDE) can
be used to gain a quantitative understanding of the structure of the equation, and to obtain insight into
underlying physical processes. The study of real-analytic solutions to nonlinear PDE has developed over the
last three decades. Starting with the works of Kato and Masuda [11] for dispersive wave-type equations, and
Foias and Temam [6] for the Navier-Stokes equations, analytic function spaces have become popular tools
for the study of a variety of questions connected with nonlinear evolutionary PDE. In particular, the use
of Gevrey-type spaces has given rise to a number of important results in the study of long time dynamics
of dissipative equation, such as estimating the asymptotic degrees of freedom (e.g., determining nodes)
[18], approximating the global attractors/inertial manifolds [10] and a rigorous estimate of the Reynold’s
scale [4].

Given a nonlinear dispersive PDE in the independent variables (¢, x), consider the Cauchy problem with
real analytic initial data at t = 0. If these data have a uniform radius of analyticity og, in the sense that
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there exists a holomorphic extension to the complex strip of width og, then we ask whether the solution
at some later time ¢ > 0 also has a uniform radius of analyticity ¢ = o(¢t) > 0, in which case we would,
moreover, like to have an explicit lower bound on (). Heuristically, the picture one should have in mind
is that o(t) is the distance from the z-axis to the nearest complex singularity of the holomorphic extension
of the solution at time ¢. If at some time ¢ this singularity actually hits the x-axis, then the solution itself
suffers a breakdown of regularity. This point of view is the basis for the widely used singularity tracking
method [28] in numerical analysis, where a spectral method is used to obtain a numerical estimate of o (t).
This estimate can then be used to predict either the formation of a singularity in finite time or alternatively
global regularity. Even in cases where singularity formation does not occur (as is the case for the beam
equation), it is still of interest to obtain lower bounds on o(t), as this has implications for the rate of
convergence of spectral methods for the equation one is looking at (see [2] for an example of this).

The spaces G7*(R™) were introduced by Foias and Temam [6] (see also [11]) in the study of spatial
analyticity of solutions to the Navier-Stokes equations, and various refinements of their method have since
been applied to prove lower bounds on the radius of spatial analyticity for a number of nonlinear evolution
equations [5,7-9,16,19,20,25-27,29-31]. The method used here for proving lower bounds on the radius of
analyticity was introduced in [27] in the context of the 1D Dirac-Klein-Gordon equations. This method
is based on an approximate conservation laws, and has been applied to prove an algebraic lower bound
(decay rate) of order t~/* for some a € (0,1] on the radius of spatial analyticity of solutions to a number
of nonlinear dispersive and wave equations (see e.g., [1,25-27,29-31]). The optimal decay rate that can be
obtained in this setting is 1/¢, which corresponds to av =1 (see e.g., [1,29,31]). This decay rate is related to
the behavior of the exponential weight, exp(o|]), that sits in the Gevrey norm. More specifically, it stems
from the simple estimate

exp(0l¢]) — 1 < (ole)* - exp(old) (0 <a <),

which follows from an interpolation between expr — 1 < expr and expr — 1 < rexpr for r > 0.
In the present work, in an attempt to improve the decay rate obtained so far, we introduce a modified
Gevrey norm' by

WV

Il Eos ) = |l COSh(0|§\)<§>Sf||L§(Rn) (0 > 0),

where the exponential weight exp(o|¢|) in the Gevrey norm is now replaced by a hyperbolic weight cosh(o|€]).
These two weights are equivalent in the sense that

1
5 exp(a¢]) < cosh(ol¢]) < exp(aE]). (2)
Thus, the associated G?* and H?*—norms are equivalent, i.e.,

[ flzes ®ny ~ || fllges ®n)s (3)

and so the statement of Paley-Wiener Theorem still holds for functions in H?>*.
Note also that H%* = G%* = H*. The space H°*, however, has an advantage since cosh(c|¢|) satisfies
the estimate

cosh([€]) — 1 < (ol¢)2* - cosh(alel) (0 <a<1). (1)
This follows from

L As far as we know the space H%'® is new to this paper and was not used before.
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coshr —1 < coshr and coshr —1<r?coshr (r € R).

Therefore, in view of (4), an application of our method in the H*-set up can yield a decay rate of order
t=1/2% for some a € (0,1] provided that the nonlinear estimates in the derivation of the approximate
conservation law can absorb the weight [£|?®. In this work we managed to obtain the optimal decay rate of
t=1/2 (which corresponds to o = 1) for the Cauchy problem (1).

We remark that as a consequence the embedding

H®* C H® (0 >0) (5)
and the existing well-posedness theory in H?(R") x L?(R"™), one can conclude that the Cauchy problem (1),
with 1 <n < 3 and p > 1, has a unique, global-in-time solution, given initial data (ug,u;) € H7?(R") x
H09(R™) for some o > 0.

We now state our main theorem.

Theorem 1 (Lower bound for the radius of analyticity). Let 1 <n < 3, p > 1 is an odd integer and oy > 0.
If (ug,uy) € HOO2(R™) x HOO(R™), then for any T > 0 the solution of (1) satisfies

(u,u) € C ([0, T); H*(R™)) x C* ([0, T]; H°(R™))
with
o :=o(T) = min {00, cT*%} )
where ¢ > 0 is a constant depending on the initial data norm.

In view of the Paley-Wiener theorem and (3), this result implies that the solution u(-,t) has radius of
analyticity at least o(t) for every ¢ > 0.

Remark 1. The result of Theorem 1 can be extended to dimension n = 4 if one uses Strichartz estimates
(see [21]) instead of just Sobolev embeddings as we do in this paper. It is also possible to extend the result
for n > 5 but with some upper bound restriction on p. However, we will not pursue these issues here.

The first step is to prove the following local-in-time result, where the radius of analyticity remains
constant.

Theorem 2 (Local well-posedness). Let 1 < n < 3, p = 1 is an odd integer and o > 0. Given (ug,u1) €
Ho2(R™) x H%O(R™), there exists a time 6 > 0 and a unique solution

(u,u) € C ([0,8]; H*(R™)) x C* ([0,6]; H°(R™))
of the Cauchy problem (1) on R™ x [0,0]. Moreover, the existence time is given by
6 = co ([[woll o2 + lrll o)™ (6)
for some constant cy > 0.

The second step in the proof of Theorem 1 is to prove an approximate conservation law for the norm of
the solution, that involves a small parameter o > 0 and which reduces to the exact energy conservation law
in the limit as ¢ — 0. To derive this approximate conservation law, we set
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v (x,t) := cosh(o|D|)u(z,t),

where w is the solution to (1). Define a modified energy associated with v, by

2
eatt) = 5 [ (@a? + Qo a4 -2
Rn

|vg|p+1> dz.

Theorem 3 (Approxzimate conservation law). Let 1 < n < 3, p = 1 is an odd integer and o > 0. Given
(ug,u1) € H%? x H™Y, let u be the local solution of (1) on R™ x [0,8] that is obtained in Theorem 2. Then

sup E,(t) = E,(0) + 602 - O ((50(0))”7“) : (7)

0<t<s

Observe that in the limit as o — 0, we recover the conservation & (t) = £(0) for 0 < ¢ < J§ (note that
vg = u). Applying the last two theorems repeatedly, and then by taking o > 0 small enough we can cover
any time interval [0, 7] and obtain the main result, Theorem 1.

Notation. For any positive numbers a and b, the notation a < b stands for a < c¢b, where ¢ is a positive
constant that may change from line to line. Moreover, we denote a ~ b when a < b and b < a.

In the next sections we prove Theorems 2, 3 and 1.
2. Proof of Theorem 2

Theorem 2 can easily be proved using energy inequality, Sobolev embedding and a standard contraction
argument. Indeed, consider the Cauchy problem for the linear beam equation

Upp + (m+A2)u:F,
(U,Ut)‘t:[) = (U(),Ul)

whose solution is given by Duhamel’s formula

u(t) = Sl (g + S (H)us + / St — 5)F(s) ds, (8)
where
_sin (HA),)
Snl®) = =4},

Applying cosh(c|D|) to (8) and taking the H2-norm on both sides yields the energy inequality

Itx

5
sup ([[ull oo + [[utll gro0) < [l o2 J’_||U1HH”«0+/HF<S)”HU:U ds (9)
0

for some ¢ > 0.
Now consider the integral formulation of (1),

u(t) = S, (o + Sm(t)us + / St — )P (s) ds, (10)
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where we used the fact that |u[P~tu = uP for odd p.
Then by (9) and a standard contraction argument, Theorem 2 reduces to proving the nonlinear estimate

[l oo S Ml ez s (11)
which is also equivalent, by (3), to proving
1wl oo S NullGes -
Setting U = exp(c|D|)u, this estimate reduces further to
lexp(a|DI) [(exp(=a|DNU) Il 2 S 1U1= - (12)
By Plancherel,
LHS (12) = ||Fs {exp(o| D)) [(exp(=a[DNU)"T} ()]l 2

P P
= [ e (ol Xl | 1106 dade-as,

=514 =t =t

P
H U(&))] dérdey -+ dg,

P
§:Z§:1 9] J Lz

N

= V7l

where V = F~! [|(7|] To obtain the third line we used the fact that || < 3°7_, [¢;], which follows from
the triangle inequality.
Now by Sobolev embedding,

IVPle = VI 20 S IV I = U5
for all> p > 1 if 1 < n < 4. This concludes the proof of (12), and hence (11).
3. Proof of Theorem 3 and Theorem 1

Let 1 <n<3,p>1isan odd integer, 0 > 0, and § > 0 be the local existence time for the solution
obtained in Theorem 2, (6). Recall that v, (z,t) = cosh(o|D|)u(x,t), where u is the solution to (1). Thus,
u(z,t) = sech(o|D|)vy(x,t).
8.1. Proof of Theorem 3

Using integration by parts and equation (1), we obtain

EL(t) = /atvo [@tvg + A%, +mo + vg] dx
R‘VL

2 This estimate also holds for 1 < p < =2 if n > 5.

N n—4
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= /8ﬂ)a [cosh(a|D|) (ue + A%y + mu) + vP] da
Rn

/8,5110 —cosh(o|D|)uP + 2] dx

/atva : o II},

where
N, (vy) = v2 — cosh(a|D|) [sech(a|D])v,]" .

Therefore,

E,(t) = E,(0) + //8tvg(x7s) - Ny (v (2, 8)) dads.

0 R~

We now state a key estimate that will be proved in the next section.

Lemma 1. For O;v, € Li and v, € H?, we have the estimate

| [ Buv Ve (00) do| < €O orvallz o

for some constant C > 0.

Now we use (13) and (14) to obtain the a priori energy estimate

sup E5(t) = E5(0) + 60> - O (1000l 3= 12 10 5o g2
0<t<o @

where we use the notation
L*X = L X ([0,6] x R™)

with X = L2 or H?.
As a consequence of Theorem 2 we get
vl Lo g2 + 10000 [l oo 2 = llull Lo o2 + utll Lo oo
C (lluoll o> + lluall 7o.0)

= C (J[o ()l 7= + 10005 (5 O)ll 2 )

Since

1

E,(0) = 3 / ([&svg(a:, 0)]? + (Avy (z,0))? 4+ mvy (x,0)]* + > i -

R~

2
2 (Ilos (-, O)ll 7= + 1000s (01l 2)

|va<x,o>|p“) -

(14)

(15)

(16)



8 T.T. Dufera et al. / J. Math. Anal. Appl. 509 (2022) 126001
it follows from (16) that
0ol e sz + 10300 [l e 12 S [E5(0)]2 (17)
Finally, using (17) in (15) we obtain the desired estimate (7).
3.2. Proof of Theorem 1
Suppose that (ug,u1) € H7? x H°Y for some oy > 0. This implies
Voo (+,0) = cosh(og|D)|)ug € H?, Do, (+,0) = cosh(og|D)|)u; € L?.
Then by Sobolev embedding
Eo0(0) S (Voo () 1772 + 1960, (-, 072 + [|vg (- 0) 55" < o0.

Now following the argument in [27] (see also [25]) we can construct a solution on [0, T for arbitrarily large
time T by applying the approximate conservation (7), so as to repeat the local result in Theorem 3 on
successive short time intervals of size § to reach T' by adjusting the strip width parameter o € (0, o] of the
solution according to the size of T

The goal is to prove that for a given parameter o € (0, 0¢] and large T' > 0,

sup &,(t) < 2&,,(0) for o =c¢/VT, (18)
t€[0,T]

where ¢ > 0 depends only on the initial data norm, o¢ and p. This would imply &,(t) < oo for all ¢ € [0,T],
and hence

(u,u)(-,t) € H? x H™® for o=¢/VT andte[0,T].

To prove (18) first observe that for a given parameter o € (0, 0¢] and 0 < ¢y < 6 we have by Theorems 2
and 3,
p+1 p+1

sup &, (t) < E,(0) + C802 (E,(0)) 7 < &,y (0) + Co02 (E4,(0)) 2,
te0,to]

where we also used the fact the £,(0) < &,,(0) for o < 0yp; this holds since coshr is increasing for r > 0.
Thus,

sup &, (t) < 2&4,(0), (19)
t€(0,to]
provided
C502 (£,,(0))% < E,,(0). (20)

Then we can apply Theorem 2, with initial time ¢ = ¢ and the time step § as in (6) to extend the solution
to [to, to + d]. By Theorem 3, the approximate conservation law, and (19) we have
p+1

sup &, (t) < &5 (to) + Céo? (2£5,(0)) = . (21)
[to,to+0]
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In this way, we cover time intervals [0, 0], [d, 2d] etc., and obtain

£,(8) < £,(0) + Cd0? (2E,,(0))"F
E5(20) < E,(0) + Co0? (24, (()))pTJrl < E,(0) + 02602 (265, (O))pTJrl

p+1

£,(n0) < E,(0) + Cndo? (26, (0)) "2

This continues as long as

p+1

Cndo? (264,(0)) 2 < E,,(0)

since then

p+1

E5(n6) < E,(0) + Cnda? (2E,,(0)) 2 < 2&,,(0)

so we can take care one more step. Note also that (20) follows from (22).
Thus, the induction stops at the first integer n for which

p+1

Cndo? (25,(0)) 2 > E,,(0)

and then we have reached the final time

when
CTo? (2,,(0)7 > 1.

Note that T" will be arbitrarily large for ¢ > 0 small enough. Moreover,

—p+1

o? > C71(28,,(0) 2

.71

proving

as claimed.

4. Proof of Lemma 1

First we prove the followings two Lemmas which are crucial in the proof of Lemma 1.

Lemma 2. For a,b € R, we have

1
|coshb — coshal| < 5’()2 - a2’ (cosh b+ cosha) .
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Proof. Note that coshr is an increasing function for » > 0. Since coshr is even, i.e., coshr = cosh |r|, we
may assume a,b > 0. By symmetry we may also assume b > a. Then

b s b s
1
coshb—cosha://coshrdrdsScoshb//drds:g(bz—aZ)coshb. O
a 0 a 0

Lemma 3. Let £ = Z?:l & for & € R, where p > 1 is an integer. Then

p p
1 — cosh [¢] H sech |¢;]| < 2P Z 15115 |- (24)
=1 k=1
Proof. First observe that
p p
H cosh |¢;] = 2177 Z cosh [ |&] + Z s;i1&1 ), (25)
j=1 82,83 ,8p Jj=2

where s9, 53, -+ , s, are independent signs (+ or —). Indeed, the case p = 1 is obvious, while the case p = 2
follows from the identity

2 cosh |€1| cosh [€a] = cosh(|€1] — |€2]) + cosh([&1] + [€a]),

which also implies (25) for p = 3. The general case follows by induction.
It follows from (25) that

p p
cosh [ [€1]+ > &1 | + cosh[¢] < 2° [ cosh(lg;]). (26)

j=2 j=1

Observe also that
2
p p

G+ sl =P <2 D 1€ (27)

Jj=2 JAk=1

Applying (25), (23), (26) and (27) we obtain

P p
[T cosh || —coshfe]| = 277 >~ cosh | |G|+ s5l¢] | — coshg|

Jj=1 $2,83" ,Sp j=2

p
=127 3" feosh [ ||+ silg] | — coshlg|
j=2

82,83 ,8p
2

B 1 P P
<2 30 Sl al+ Dosilgl | — 1P [ cosh [ &l + D silé;l | + coshg]
Jj=2 j=2

52,83 ;Sp
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p p
<277 S Y 1G] | 22 [T coshlg;))

2,83 ,8p \j#Ek=1 j=1
P p
=22 | 37 1glléel | [T cosh(g))
j#k=1 j=1

Dividing by H§=1 cosh(|;]) yields the desired estimate (24). O
Now we prove Lemma 1. Recall that
N, (vy) = v — cosh(a|D|) [sech(a|D|)v,]" .

By Cauchy-Schwarz inequality
[ B N (0) da] < 010 1N (0015
Rn

and so we are reduced to prove

HNP (Ua)HLi S 0—2 HUGHZ;” .

~

Taking the Fourier transform we have

p

FuNy(00)](6) = / 1 — cosh(olé]) [ ] sech(ole, ) _H (&) de1des - - de,

e=Y7 ¢ =1 =

By symmetry, we may assume |£1| > |€2| = -+ = |€,]. By Lemma 3,

p p
1 — cosh(olé]) [ [ sech(ol;h| <27 3 Jog;llot]

=1 j#k=1

< c(p)o®lallézl,
where ¢(p) = p?2P. Now set
we = F5 ' ([U5]).-
Then applying (30) to (29) we obtain
[F2 [Ny ()] ()] < e(p)o® / |§111€2 [V (§1) 105 (&2))] ﬁglﬁ(&) d€ydEy - - - d&p
=301 & -

p
—cp)t [ lallalm @)TE) [T (&) vy
5=Z§=1fj 7=3

= c(p)o?Fu (I Dlwo)? - wh™2) (6).

11

(28)

(30)
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Therefore, using Plancherel, Hélder and Sobolev embedding we obtain

[Np(vo)lzz < ¢

<c

P)o?||(IDfwo)* - wy™?| 2

PN

-2
P)o?[|| Dlwo |3 4 |we |7
< C0? ||we|[3p2 wo [y

= Co” |lvs |2
as desired in (28).
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