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a b s t r a c t 

In this study, we perform non-equilibrium molecular dynamics simulations to investigate phonon heat 

transport in a two-dimensional superlattice with equal-sized domains of graphene and phagraphene. Ef- 

fects on conductivity are examined in relation to modifications of domain sizes, the length of employed 

nanoribbons and temperature differences between the thermal baths used with the superlattices. We 

have determined that effective thermal conductivity reaches a minimum value of 155 W / mK for ribbons 

with a superlattice period of 12 . 85 nm . This minimum thermal conductivity of graphene-phagraphene 

superlattices at infinite length is approximately 5% , of pure graphene thermal conductivity, and ≈ 50% of 

phagraphene thermal conductivity. Minimum thermal conductivity occurs at the transition from coherent 

to incoherent phonon transport, where the superlattice period is comparable to the phonon coherence 

length. 

© 2021 Elsevier Ltd. All rights reserved. 
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. Introduction 

Phagraphene (PG) is a relatively novel two-dimensional (2D) 

raphene (G) allotrope comprising penta- hexa- and hepta-carbon 

ings. Phagraphene was proposed as a defective graphene in 2015 

ased on a systematic evolutionary structure searching reported 

n [1] . The discovery of pharaphene has brought a new scientific 

pportunity to investigate and consider the applications of such 

inds of carbon-based 2D structures. Pereira et al showed that 

hermal conductivity of phagraphene is one order of magnitude 

maller than for pristine graphene [2] . Furthermore, and according 

o their results, a significant reduction in phonon group velocities 

s also recorded for phagraphene in comparison to graphene. 

Over the past few decades, controlling nanoscale heat transport 

y considering different two 2D structures with atomic-scale im- 

urities, interfaces and defects has been investigated [3–7] . Study 

f heat transport in superlattices is one of the most interesting 

esearch areas since superlattices offer some unique opportuni- 

ies in phonon thermal transport study [8,9] and its applications 

n design of novel thermal management devices; see [10] . A su- 

erlattice is a periodic or quasi-periodic combination of different 

aterials, which can be described by the superlattice period l p ; 

ee Fig. 1 . Superlattices may exhibit emergent properties absent 
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o any of their components. The existence of a thermal conduc- 

ivity minimum is one of the significant features studied when 

onsidering thermal transport in superlattices. This has been pre- 

ented by many researchers in superlattices of varying composi- 

ions; see for example [8,9,11–13] . Minimal thermal conductivity is 

esirable for thermoelectric materials and thermal insulation. The 

xhibited behavior can be attributed to the competition between 

oherent (wave-like) and incoherent (particle-like) phonon ther- 

al transport modes in superlattices. Incoherent transport is dom- 

nant when superlattice periods l p exceed in length the phonon 

ean free path, while coherent behavior is exhibited with period 

alues below the phonon mean free path. In other words, coher- 

nt phonons are subject to wave interference whereas incoherent 

honons are subject to diffuse scattering. The type and existence 

f many inter-media interfaces in superlattices affect phonon scat- 

ering which controls heat transmission at the nanoscale level; 

ee [14,15] . Furthermore, there are some attempts to use ma- 

hine learning techniques to explore thermal conductivity in two- 

imensional materials [16,17] , which can be generalized to predict 

hermal conductivity in superlattices. 

In this work, we investigate heat transport properties of 

raphene-phagraphene (G-PG) superlattice nanoribbons with a 

xed width and equal-sized domains of graphene and pha- 

raphene, as shown in Fig. 1 . Our study is performed via non- 

quilibrium molecular dynamics simulations with armchair G-GP 

nterfaces only. We analyze conductivity dependence on supercell 

izes, length of the nanoribbons and we also consider the effect 

https://doi.org/10.1016/j.ijheatmasstransfer.2021.121917
http://www.ScienceDirect.com
http://www.elsevier.com/locate/hmt
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2021.121917&domain=pdf
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Fig. 1. Two G − PG superlattice structures with varying unit cell sizes and periods. Both unit cell have a width of 1 . 31 nm . Width of the G-PG sheet, are fixed for all cases 

by eight times replicating of the depicted unit cells in y-direction. 

o

n

d

w

r

S

p

t

t

e

e

a

h

F

r

2

t

s

c

l

r

t

c

g

c

r

t  

F

s

p

t

t

l

l

I

i

(

t

p

o

o

r

N

1  

b

p

n

e

6

w

g

c

c

e

t

o

e

e

t

J

l

J

w

m

s  

p  

4

t

l

κ

w

d

p

l

r

t

a

f temperature difference of the employed thermal baths. In con- 

ection to our investigation of nanoribbon’s length effect on con- 

uctivity, an effective phonon mean free path (MFP) is determined 

hose value is, similarly to conductivity, linked to superlattice pe- 

iod. 

The remaining part of this work is structured as follows: 

ection 2 presents the problem formulation and describes the em- 

loyed computational approach. Subsequently, in §3 , our simula- 

ion results are displayed and discussed. This is mainly performed 

hrough a series of graphs which visualizes the correlation of the 

ffective thermal conductivity with supercell sizes, the length of 

mployed ribbons and temperature difference. Kapitza resistance 

t the interface along with phonon density of states (DOS) are used 

ere to illustrate the mechanism for interfacial thermal resistance. 

inally, we conclude this work with a brief summary and remarks 

egarding potential future research directions in §4 . 

. Problem formulation and computational approach 

The Large-scale Atomic/ Molecular Massively Parallel Simula- 

or (LAMMPS) 1 [18] is used for performing all molecular dynamics 

imulations in our work. Thermal conductivity in nanoribbons is 

alculated via non-equilibrium molecular dynamics (NEMD) simu- 

ations with periodic boundary conditions along both in-plane di- 

ections and a free boundary condition in the perpendicular direc- 

ion. The optimized Tersoff potential by Lindsay and Broido [19] is 

onsidered for interactions between carbon atoms and Verlet inter- 

ration, with a time-step of 1 fs, is employed in particles trajectory 

alculations. 

We form the employed monolayer superlattice nanoribbons by 

epeating successively unit cells of graphene and phagraphene of 

he same size, i.e., equal to the lattice period l p , as depicted in

ig. 1 . Although varying length of the ribbons in x-direction are 

tudied, the ribbon width, by eight times replicating of the de- 

icted unit cell in Fig. 1 in y-direction, remains fixed and equal 

o 10.5 nm. Finally, the thickness of the ribbon corresponds to the 

hickness of pristine graphene, i.e., 0.34 nm, since this is a mono- 

ayer 2D structure. 

Proper calculation of thermal conductivity for the G-PG super- 

attice requires a series of phases that are briefly described here. 

nitially, energy minimization is performed for positioning atoms 

n the system. Then, we implement a relaxation phase via an NPT 

constant atom number, pressure, and temperature) ensemble with 

he use of the Nosé-Hoober thermostat and barostat [20] . In this 

rocedure, the structure reaches zero pressure and a temperature 
1 https://lammps.sandia.gov/ 
T

2 
f 300 K in 100 ps. In order to achieve zero-stress along the peri- 

dic direction (x-axis), zero average stress is considered along the 

emaining directions. Afterwards, equilibrium is achieved with an 

VE (constant atom number, volume, and energy) ensemble for 

 ns to further relax the system at 300 K. Finally, a hot and cold

ath, coupled with Nosé-Hoover thermostats and appropriate tem- 

erature difference, are set on the two longitudinal ends of the 

anoribbon (x-axis). This essentially imposes a temperature gradi- 

nt and generates heat flow. 

Following the abovementioned series of preparatory steps, a 

 ns time interval is used for recording our main results. It is also 

orth mentioning here that the NVE ensemble is applied to the re- 

ion between the baths. Heat flux is generated by continuous ex- 

hange of energy between the hot atoms in the cold region and 

old ones in the hot region. Fig. 2 depicts the accumulated energy 

xtracted from the hot bath or equivalently, the energy added to 

he cold one. The depicted graphs corresponds to a sample length 

f L = 40 nm under a �T = 40K thermal-baths temperature differ- 

nce. 

As can easily seen from the same figure, conservation of en- 

rgy is satisfied as the energy extracted from the hot bath equals 

he amount added to the cold one. Heat flux along the x-direction, 

 x , can be computed with the aid of the energy line slope, as fol- 

ows: 

 x = 

1 

A 

dE 

dt 
, (1) 

here E denotes the accumulated energy exchanged with the ther- 

ostats, t is the simulation time and A corresponds to the cross- 

ectional area (0 . 34 × 10 . 5) nm 

2 of our ribbon. For the case de-

icted in Fig. 2 , i.e., 1 . 58 keV 
ns , the heat flux corresponds to J x =

43 eV 
ns ·nm 

2 . 

Once steady state conditions have been reached, we may obtain 

hermal conductivity for a sample of size L directly from Fourier 

aw with the aid of heat flux and temperature gradient: 

L = 

〈 J x 〉 
〈 ∇ x T 〉 , (2) 

here 〈 ·〉 indicates time averages and ∇ x T is the temperature gra- 

ient in the direction of heat flow. For the evaluation of the tem- 

erature gradient, in the stationary regime, we divide the simu- 

ated region into several slabs uniformly distributed along the di- 

ection of the heat flux. According to the equipartition theorem, 

he temperature T i of the i th slab can be calculated from the aver- 

ge kinetic energy of the particles within the slab, as: 

 i = 

2 

3 N i k B 

N i ∑ 

j 

p 2 
j 

2 m 

, (3) 

https://lammps.sandia.gov/
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Fig. 2. Accumulated energies with time for a sample length of 40 nm at a temperature difference �T = 40 K . 

Fig. 3. Temperature profile along the longitudinal-direction with L = 40 nm and �T = 40 k . 
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here N i is the number of atoms in the i th slab, k B denotes Boltz-

ann’s constant, and m , p j are the atomic mass and corresponding 

omentum, respectively. We obviously average temperature values 

ver the last 6 ns of the simulation, i.e., after steady state has been

stablished. Fig. 3 illustrates the temperature profile correspond- 

ng to a sample length of L = 40 nm with bath-temperature dif- 

erence of �T = 40K (average temperature of baths T = 300 K ). It

orth mentioning that the obtained temperature profile is not for 

uperlattice with repetition of supercells. As depicted in top part of 

ig. 3 , we consider right side of the sheet are graphene and other 

ide is phagraphene. The red solid line, included in the same fig- 
3 
re, corresponds to a linear trend that closely matches the temper- 

ture behavior away from the thermal baths. Temperature change, 

s can be also seen by our numerical results (blue circles) exhibits 

 nonlinear behavior near the baths due to the strong phonon scat- 

ering. 

The depicted temperature jump, with an approximate value of 

.2K, at the interface indicates the existence of interface resistance 

gainst scattering of vibrational carriers at the corresponding area. 

e can plug in this value in the Kapitza resistance equation to cal- 

ulate it. Specifically, the interfacial thermal resistance or Kapitza 

esistance, which was introduced by P. L. Kapitza [21] , can be com- 
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Fig. 4. Thermal conductivity dependency on ribbon lengths for three superlattice periods ( l p ). Data points are extracted from NEMD simulations and solid lines correspond 

to least-squares fits of Eq. 5 to the corresponding data set. The results, for all system sizes, are calculated based on 10 different simulations, but, for the sake of clarity, error 

bars are omitted. 
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uted as follows: 

 K = 

T g 

J 
(4) 

here T g is the temperature gap at the interface ( ≈ 9 . 2 K) as

hown in Fig. 3 and J is the heat flux calculated by Eq. 1 . There-

ore, Kapitza resistance for this G-PG interface is equal to 12 . 96 ×
0 −11 m 

2 K 
W 

. 

. Results and discussion 

Thermal conductivity of a sample with finite length L , under the 

onditions in our numerical setup is expected to follow the follow- 

ng relationship (see [22] ): 

1 

κL 

= 

1 

κ∞ 

(
1 + 

�eff 

L 

)
, (5) 

here κ∞ 

is the intrinsic (length-independent) thermal conductiv- 

ty of the material and � eff denotes the effective phonon mean 

ree path. Within this description, the effective MFP corresponds 

o the length at which κL equals to 50% of κ∞ 

, i.e, substituting 

eff = L in Eq. 5 yields κL = 

1 
2 κ∞ 

). For each period of the su-

erlattice, this thermal conductivity is the same as its effective 

hermal conductivity. Fig. 4 depicts the least-squares fitted rela- 

ionship described in Eq. 5 (solid lines) to numerical results ob- 

ained from Eq. 1 for three different lattice periods. Data points 

ncluded in Fig. 4 have been obtained by averaging over 10 real- 

zations, with different initial atomic velocities, to account for the 

omputational uncertainties. It is also worth mentioning here that 

e calculated thermal conductivities for a wide range of periods, 

 . 13 nm ≤ l p ≤ 27 . 50 nm , however only three are included for rea-

ons of clarity. We observe an increase in conductivity with ribbon 

ength for all cases, as expected by Eq. 5 . As can be deduced from
4 
ig. 4 , thermal conductivity, κ , depends also on the superlattice pe- 

iod l p and therefore we may describe it as a function of ribbon 

ength and superlattice period, i.e., κL = κ(L, l p ) . Using now these 

tted curves and Eq. 5 we can estimate both the intrinsic thermal 

onductivity κ∞ 

and the effective phonon MFP, �eff , for each su- 

erlattice period l p . As indicated in Fig. 4 , we can distinguish two 

eat transport regimes that affect the ribbon-length/conductivity 

elationship. We firstly identify the ballistic regime (region I in 

ig. 4 ) that extends up to lengths of approximately 130mm and 

n which κ ∝ L . In this region, the phonon MFP is larger than the

ystem length and therefore phonons may travel at distances that 

xceed the coherence length. For lengths greater than 160 nm (re- 

ion II in Fig. 4 ), we enter the diffusive regime in which κ shows a

eak dependence on system length and the phonon MFP is shorter 

han the system length. Finally, as expected, between these two re- 

ions there is a ballistic-diffusive transition regime, depicted with 

 gray overlay in Fig 4 . Within this transient phase, the phonon 

FP and system length are of the same size and conductivity’s, κ , 

ependence on L starts to decrease. 

As a next step, we explore the effect of superlattice period 

 p on the estimated intrinsic thermal conductivity κ∞ 

of the G- 

G nanoribbons and the effective phonon mean free path �eff . 

ig. 5 presents our NEMD results for an average temperature be- 

ween the two baths equal to 300 K. It is quite easy to see from

ig. 5 (a) that the overall superlattice thermal conductivity is less 

han the thermal conductivity of either graphene or phagraphene; 

ee also [2,23] . Specifically, thermal conductivity of the superlat- 

ice is remarkably reduced, by ≈ 5% , when compared to thermal 

onductivity of pristine graphene, and ≈ 50% when compared to 

hermal conductivity of phagraphene. We should also note here 

hat these results are in agreement with previous studies regard- 

ng the effect of lattice period on thermal conductivity of su- 

erlattices; see [8,9] . Moreover, a distinct feature in both graphs 

 Fig. 5 (a) and 5 (b)) is the existence of a minimum value (for ther-
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Fig. 5. (a) Intrinsic thermal conductivity and (b) effective phonon mean free path as a function of superlattice period. The error bars for all system sizes are calculated based 

on 10 different simulation runs. 

Fig. 6. Thermal conductivity as function of temperature differences, �T , between thermal baths for two superlattices with periods l p = 12 . 85 nm and l p = 22 . 10 nm . Error 

bars are calculated from 10 different simulation runs. 
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al conductivity and effective MFP, respectively) for a superlattice 

eriod equal to 12 . 85 nm . The existence of a single minimum in

he function of thermal conductivity, as illustrated in our simula- 

ions, is in excellent agreement with what has been reported for 

arious configurations and types of superlattices; see [8,9,24–26] . 

his phenomenon occurs at the transition from coherent to in- 

oherent phonon transport and it is further explained in [8] . Ob- 

iously, the exact value of this minimum thermal conductivity is 

ubject to variations due to numerical inaccuracies as well as the 

mployed the dimensions of the superlattice ribbon employed in 

ach study. 

To further clarify the observed trends in thermal conductivity 

f superlattices, an additional discussion on the effective MFP and 
5 
honon coherence length is due. The effective phonon mean free 

ath indicates the average phonon travel distance before scatter- 

ng, while the coherence length demarcates the length at which 

he wave-like behavior of phonons becomes important relative to 

article-like behavior [27] . When superlattice period is comparable 

o phonon coherence length, a transition from coherent to inco- 

erent phonon transport occurs. From the data in Fig. 5 (b) we es- 

imate phonon coherence length in the order of 12 . 85 nm which 

s 10 times smaller than �eff value. This essentially means that 

honons reach distances much larger than the coherence length, 

hich is also in agreement with the increasing trend in thermal 

onductivity shown in Fig. 4 . 
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Fig. 7. Phonon power spectral density of states on two sides of the G-PG interface at T = 300 K and �T = 40 K . 

Fig. 8. Phonon power spectral density of states for l p = 22 . 10 nm at T = 300 K and �T = 20 K and �T = 50 K . 
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[

This series of investigations concludes with the examination of 

otential effects of the temperature difference, between the em- 

loyed thermal baths, to thermal conductivity in our structure. 

ig. 6 depicts thermal conductivity in terms of this temperature 

ifference, with a fixed average temperature of 300K. Although 

ome small fluctuations are observed, we may consider that ther- 

al conductivity is practically unaffected and we may therefore 

tate that our results are valid for any temperature difference be- 

ween the two thermal baths. 

Finally, to better understand the differences in the interfa- 

ial thermal resistance value for the G-PG interface, we calcu- 

ate phonon spectra of two groups of atoms, corresponding to the 

raphene and phagrephene sides of the super cell. The density of 

tates (DOS) of phonons on each side is obtained via Fourier trans- 

ormation of the velocity autocorrelation function 〈 ·〉 using the fol- 

owing equation: 

OS(ω) = 

m 

k B T 

∫ ∞ 

0 

e −iωt 〈 v (0) • v (t ) 〉 dt , (6) 

here brackets denote averaging over time, and ω, m and v are the 

honon angular frequency, atomic mass and velocity, respectively. 

OS(ω) captures phonon scattering when at the G-PG interface. 

s shown in Fig. 7 , there is a strong mismatch between the left

nd right spectra. This asymmetry of phonon spectra explains the 

nterfacial thermal resistance and the asymmetrical phonon scat- 

ering through the interface. Also, in order to understand the be- 

avior of the calculated thermal conductivity ( Fig. 6 ) with tem- 

erature differences, we determined the spectral density of states 

or different temperature gradients. As illustrated in Fig. 8 , there 

s a rather small deviation between tow spectra for �T = 20 K 

nd �T = 50 K . Therefore, the effect of temperature differences on 

hermal conductivity is small, as is also indicated in Fig. 6 

. Conclusions 

In this study, non-equilibrium molecular dynamics simulations 

ere used in investigating the dependence of thermal conductiv- 

ty on the total length, period and temperature difference between 

hermal baths for the Graphene-Phagraphene superlattice. Our re- 

ults indicate that the minimum thermal conductivity and effec- 

ive phonon mean free path, at room temperature, are approxi- 

ately 155 W / mK and 130 nm , respectively. The occurrence of this 

inimum value at a specific period can be explained if we con- 

ider the competition between two factors: conductivity value re- 

uction with decreasing periods and the change in phonon behav- 

or below a certain threshold. Specifically, by decreasing the period 

ength, thermal conductivity is decreased due to the increase in 

he number of interfaces (thermal resistors), but when the period 

oes below the identified point, coherent behavior becomes dom- 

nant and interface resistant diminishes. Based on our simulation 

esults, thermal conductivity of 2D G-PG superlattices at infinite 

ength is reduced by approximately 5% , compared with the ther- 

al conductivity of graphene, and up to ≈ 50% when compared 

ith the thermal conductivity of phagraphene. Also, Kapitza resis- 

ance value at G-PG interface were also computed and found to be 

qual to 12 . 96 × 10 −11 m 

2 K 
W 

. The results of this study, can be po-

entially useful in thermal design of novel thermal management 

evices whit minimum thermal conductivity. 
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