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ABSTRACT Filtering of photonic signals of a certain frequency while suppressing all the others of a
specific band for both electromagnetic signal polarizations, becomes possible with a single dielectric layer by
properly engineering the occurred Fabry-Perot interference. Analytical formulas for combinations of cavity
size, material texture and incoming angle are given so that the filtering purpose is optimally served. In this
way, inverse design for a simple class of optical setups is rigorously performed and, if the employed medium
is very dense and the working band narrow enough, sharp filters with increased frequency selectivity are
obtained.
INDEX TERMS Fabry-Perot interference, photonic filter, inverse design.
I. INTRODUCTION

Design of electronic filters that reject the unwanted signal
frequencies while providing good transmission across the
desired band, has been a traditional research and development topic for many decades during the past century. Indeed,
the optimal combination of capacitors and inductors in various connections and setups constituted the objective of several standard textbooks [1]. With the advent of wave digital
filtering [2], where the time delays interpreted via physical
modeling principles, the performed functionalities acquired
significant further potential. Given specific features for the
frequency response, the old design formulas by P. Chebyshev
and S. Butterworth have been refined [3] to control spurious reaction and insertion loss. Similar techniques have
been extended to support filtering processes for spatially distributed two-dimensional signals [4] and their design recipes
are being continuously improved [5] by incorporating additional active components.
Photonic filtering, where the electronic signals are replaced
by the vectors of electromagnetic fields, is a more challenging operation requiring low loss, high bandwidth, immunity to interferences, tunability, and reconfigurability [6].
Agenda-setting contributors have proposed photonic circuits,
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in which beams of light redirect the flow toward specific
directions [7] and parity-time symmetric bilayers exhibit
extreme tunneling selectivity [8]. In addition, photonic crystals structures enabling transparency throughout the visible
spectrum at one angle and filtering out all the others have been
fabricated [9] while the focusing of a radially polarized field
at a spot size significantly smaller than for linear polarization
has been experimentally demonstrated [10]. Furthermore,
spatial squeezing of light waves is recorded into nanometersized optical cavities [11] and integrated systems for photonic signal processing have been introduced [12]. Finally, all
these enlightening theoretical ideas and practically applicable
concepts have ignited substantial funding interest; indeed,
large programs have been recently approved for research
on wave manipulation via plasmonic interferences [13] and
three-dimensional photonic filters for full duplex network
links [14].
A key mechanism behind the modeling and design of
such electromagnetic-field filters is the Fabry-Perot interference [15] expressing the simultaneous existence of waves
propagating along various directions. It is a generic effect
present in several photonic setups like maser resonators [16],
nanotubes electron waveguides [17] and multiplexed fiber
Bragg gratings [18]. Suitably engineered Fabry-Perot resonances have been also utilized in numerous photonic applications like photodetecting in microcavities [19], optical
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sensing in fibers [20], absorption in thin coatings [21]
and full-color tunability of inorganic electrochromic
devices [22].
Fabry-Perot interference is such a ubiquitous operation
found very useful also to interactions between non-photonic
waves like quantum particle beams that tunnel through potential wells [23], [24] or matter waves employed for estimating
the macroscopic parameters of quantum media samples [25].
Similarly, interference of acoustic waves is exploited in ultrasonic hydrophones used for the measurement of pressure [26]
and fiber-optic sensing [27]. In addition, Fabry-Perot resonances of mechanical waves appear in optical rings [28],
in diaphragm sensors [29] and in pairs of vibrating membranes entanglable at their steady state [30].
The fabrication of Fabry-Perot planar resonators for photonic applications is also feasible through a variety of
methods enabled by recent advances in thin film industry and technology [31]. In particular, a template-confined
micro-reflow process is implemented for full-color filter
arrays [32] and even lithography-free construction is possible by depositing thin layers on required substrates with
low cost [33]. Moreover, micro Fabry-Perot interferometers are machined in a single-mode fiber by using a nearinfrared femtosecond laser [34] while similar layered setups
are grown on suitable substrates by molecular beam epitaxy [35]. It should be finally noted that interference cavities are also constructable via chemical methods involving
solvothermal synthesis [36] or epoxy growing on metallic
bases [37].
In this work, we consider one of the simplest members
from this generic and easy-to-fabricate class of devices,
namely, a single planar dielectric cavity, to build a photonic
bandpass filter. The operational bandwidth and the selected
frequency are given and the size of the slab, the texture of
the material and the incoming angle are optimally selected
to serve such a filtering purpose for both the polarizations,
like in [38]. More specifically, the thicknesses of the cavity corresponding to various tailored Fabry-Perot resonance
orders are analytically derived; to this end, the influence of
the characteristic frequencies, the line of incidence and the
permittivity of the material on the performance of the filter,
is identified. Since the specifications of the transmissivity are
pre-determined, this study elaborates an inverse design problem, a research direction that has recently gained substantial
popularity within the broad area of Photonics. Indeed, several approaches like level-set geometric representations [39],
gradient-based methods [40], deep learning algorithms [41],
integral transformations [42], tight parametric sweeps [43]
and topology optimizations [44], have been followed to find
the best photonic structure observing a pre-specified aim.
The provided analytical expressions for the inverse design
of a frequency selector with extremely simple configuration,
contribute to these advances and may inspire further theoretical or experimental efforts towards optimal polarizationinsensitive filters.
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FIGURE 1. (a) The physical configuration of the considered photonic
filter: a planar slab of thickness d is illuminated by an electromagnetic
wave of frequency ω that meets the interface at angle θ . (b) Specifications
for the inverse design of a photonic filter with 100% transmissivity
τTE /TM at ω = ω0 and no other local maximum within the frequency
range ω1 < ω < ω2 , for both wave polarizations. The performance of the
filter is judged by how much suppressed are the maximal residual
transmissivities rTE /TM at the ends of the considered band, for a fixed
angle θ .

II. MATHEMATICAL FORMULATION

We consider the structure depicted in Fig. 1(a), where a
plane wave of oscillation frequency ω meets obliquely under
angle θ a planar dielectric layer of thickness d. In Fig. 1(a),
the used Cartesian coordinate system (x, y, z) is defined and
the relative permittivity of the material filling the slab is
denoted by ε(ω); the incoming illumination can be either
of TE (electric field parallel to y axis) or TM (magnetic
field parallel to y axis) type. The incident field Fy,inc =
e−ik(z cos θ +x sin θ ) is of unitary amplitude and may correspond
to electric (Fy = Ey , TE) or magnetic (Fy = Hy , TM) one;
the symbol k = ω/c is used for the free-space wavenumber
while c is the speed of light into vacuum that surrounds
the structure. Naturally, the transmitted field is expressed as:
Fy,inc = Te−ik(z cos θ +x sin θ ) , where T is the complex transmission coefficient determinable from boundary conditions.
As indicated by Fig. 1(b), one may desires unitary transmissivity τ = |T |2 at a specific frequency ω = ω0 and a given
angle θ for both polarizations (TE/TM). In case the dielectric
is dispersion-free (ε(ω) = ε > 1), one of the following
discrete thicknesses for the layer can be selected [45]:
nπ c
nπ
d= p
≡
,
(1)
2
k
0 u(θ )
ω0 ε − sin θ
where k0 = ω0 /c for n ∈ N∗ . Under this assumption,
the explicit forms for the transmissivities are given by [46]:
1
τTE =
(2)

 h 2 2 i2

,
sec θ
ω
2
cos2 nπ ωω0 + 1+u
sin
nπ
2u sec θ
ω0
τTM =

1




cos2 nπ ωω0 +

h

ε 2 +u2 sec2 θ
2εu sec θ

i2


.
sin2 nπ ωω0

(3)

Both functions are maximized at the frequencies ω = mn ω0
with m ∈ N∗ by taking unitary value. In addition, they are
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both minimized at ω =

2m−1
∈
2nh ω0 with m
i−2
1+u2 sec2 θ
values are given by τTE = 2 u sec θ
h 2 2 2 i−2
+u sec θ
by τTM = ε 2εu
for TM waves.
sec θ

N∗ ; their minimal
for TE waves and

One may aim at using the simple setup of Fig. 1(a) for
filtering electromagnetic waves by letting them pass at ω =
ω0 and blocking all the other frequencies within the range
ω1 < ω < ω2 , as shown in the sketch of Fig. 1(b).
In particular, we demand the transmissivity to diminish away
from the passing frequency ω = ω0 without increasing again;
in other words, a strictly increasing behavior of τTE/TM (ω)
for ω1 < ω < ω0 and a strictly decreasing one for
ω0 < ω < ω2 is requested. Indeed, the functions τTE/TM (ω)
are periodically oscillating with respect to ω (of period ω0 /n)
between unity and their minimal values; our objective calls
for a single maximum (at ω = ω0 ) across the defined window
ω1 < ω < ω2 , without the two neighboring ones being
close to its respective limits for both polarizations. Such a
goal is well served if the two minima of the transmissivities
τTE/TM (ω) for m = n and m = n + 1 appear outside of the
specified band, namely [47]:


2n + 1
2n − 1
ω0 , ω2 <
ω0
ω1 >
2n
2n
1
n
o , (4)
⇒n<
2 max 1 − ωω10 , ωω02 − 1
while the maximum of m = n occurs at ω = ω0 . It is straightforward to show that for ω1 /ω0 < 0.5 or ω2 /ω0 > 1.5, there
is no positive integer n to satisfy (4) and thus the proposed
inverse design approach fails. The described process can
be considered as treatment to an inverse problem since one
specifies the characteristic frequencies {ω1 , ω0 , ω2 } and the
analytical formulas (1),(4) give optimal thicknesses for the
Fabry-Perot resonator of fixed dispersion-less permittivity ε
and at a constant incidence angle θ .
III. NUMERICAL RESULTS
A. RESIDUAL TRANSMISSIVITIES

The performance of the filter will be certainly related to the
maximum residual transmissivities at the ends of the considered frequency interval, namely, the quantities rTE/TM =
max{τTE/TM (ω1 ), τTE/TM (ω2 )}, as indicated by Fig. 1(b).
Indeed, the more successful the filtering, the more suppressed
the transmission from the filters at the ends of the regarded
band for both polarizations. Therefore, it would be meaningful to examine the variation of these two quantities, in order to
judge under which conditions the sharpness of the proposed
filter becomes substantial.
In Fig. 2(a), we show the trajectories of the device response
on the map of residual transmissivities for both wave types
(rTE , rTM ) when the incidence direction varies from normal
(θ = 0◦ ) to parallel (θ = 90◦ ) to the interface, for various
Fabry-Perot orders n, given by the inequality (4). As long
as the incoming rays meet the boundary normally (θ = 0◦ ),
there is no difference between the two polarizations and that is
VOLUME 8, 2020

FIGURE 2. The residual transmissivities for both polarizations (rTE , rTM )
as sweeping the incidence angle 0◦ < θ < 90◦ , for various Fabry-Perot
orders n. Normal incidence (θ = 0◦ ) corresponds to the starting points
from the dashed lines where rTE = rTM and the two polarizations are
identical; Grazing angle (θ = 90◦ ) corresponds to the ending point at the
origin. (a) ε = 2, (b) ε = 20. Plot parameters: ω1 /ω0 = 0.9, ω2 /ω0 = 1.1.
Each point of the curves corresponds to a different filter optimized for
different angle θ and describing interference of different Fabry-Perot
order n.

why the corresponding points exist along the dashed identity
line rTE = rTM . Note that for θ = 0◦ the filter behaves more
efficiently when the interference order is large, meaning that
the best choice for n would be the maximal integer indicated
by (4). Once the incident beam becomes more oblique, rTE
decreases and rTM is maximized for specific angles before
declining along with rTE ; apparently, both the quantities vanish for θ → 90◦ .
In Fig. 2(b), we repeat the same calculations but for a much
denser dielectric (larger ε) and is clear that the spread between
different-order trajectories enlarges. As a result, the filters
are very effective when n is close to maximal. In addition,
for higher n, the variation of both (rTE , rTM ) is sharper with
respect to θ since d increases and the incoming ray covers a
larger path into the slab. It should be stressed that for each
angle θ , the size of the layer d, changes according to (1)
even at a fixed order n; therefore, every single point of the
curves corresponds a different slab that has been optimized
according to the proposed technique.
In Fig. 3(a), we represent the mean of the two residual
TM
in dB as a function of the two
transmissivities r = rTE +r
2
frequencies (ω1 /ω0 , ω2 /ω0 ) that determine the operational
band of the filter for the smallest possible d, namely at
the fundamental resonance n = 1. One clearly notices the
blank areas that correspond to infeasible combinations of
frequencies preventing the condition (4) from being fulfilled.
Furthermore, the isocontour levels have rectangular shape
as imposed by the linear nature of the expressions at the
arguments of max functions in (4). We finally notice that
the efficiency of the filter is better for ω1 → ω0 /2 and
ω2 → 3ω0 /2; such a specification considers the behavior of
the system across a larger frequency range where resonant
responses are possible with moderate thickness d. On the
contrary, the filtering task becomes more challenging when
ω1 → ω2 since n = 1 and very sharp changes in τ (ω) are
ruled out; therefore, the performance r of the photonic filter
deteriorates for increasing ω1 and decreasing ω2 .
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FIGURE 4. The residual transmissivities as functions of incidence angle θ
ω +ω
for various frequency ratios ω1 /ω2 with ω0 = 1 2 2 . (a) rTE , (a) rTM . Plot
parameters: ε = 100, maximum Fabry-Perot order n. Each point of the
curves corresponds to a different filter optimized for different angle θ and
frequency ratio ω1 /ω2 .

r

+r

FIGURE 3. The average residual transmissivity r = TE 2 TM in dB as
function of the two frequencies (ω1 /ω0 , ω2 /ω0 ) defining the band of the
photonic filter. (a) First Fabry-Perot order n = 1, (b) Maximum Fabry-Perot
order n, according to (4). Plot parameters: ε = 100, θ = 0◦ . The white
regions indicate infeasible combinations of frequencies for which there is
no optimal interference order n ∈ N able to satisfy the inverse design
specifications. Each point of the contour plots corresponds to a different
filter optimized for different frequency ranges.

In Fig. 3(b), we show the same quantity r = r(ω1 , ω2 ) as a
function of the characteristic frequencies (ω1 /ω0 , ω2 /ω0 ) for
the thicker optimal design, namely with the highest FabryPerot interference order n according to (4) (maximum thickness d). The discontinuous variation is apparently attributed
to the change in the value of n as the limits of the operational band alter accordingly. It is noteworthy that the average
residual transmissivity r drops significantly along the line
ω1 + ω2 = 2ω0 of symmetric response, exhibiting a fractallike variation on the considered map due to the jumps of n
by unity. However, for most of the combinations (ω1 , ω2 )
the only permitted order for the developed Fabry-Perot interference is the fundamental n = 1 and thus the represented
quantity r is identical to that of Fig. 3(a); the same happens
for the infeasibility parametric region.
In Fig. 4, we examine the effect of the incidence angle θ
and the ratio of the characteristic frequencies ω1 /ω2 with a
2
on the residual
centralized filtering frequency ω0 = ω1 +ω
2
transmissivities {rTE , rTM }; the resonance order n is taken
equal to maximum from (4). In Fig. 4(a), we consider the
TE waves and realize that the average values are quite
small indicating highly selective functionality and further
decrease when the incoming ray gets more and more oblique.
141644

In Fig. 4(b), TM polarization is regarded and the opposite
trend with respect to θ is recorded before the well-known
rapid drop near the grazing angle (θ → 90◦ ). Such a difference between the two polarizations of waves is attributed
to the fact that the deployed material is dielectric but nonmagnetic; once θ increases, the TE wave participates at the
boundary conditions with its entire electric field; on the contrary, the TM wave concerns only the tangential electric component which vanishes for θ → 90◦ . In addition, the larger
is the frequency ratio ω1 /ω2 , the worst the filter is since the
design gets more demanding; the same happens in Fig. 4(a).

FIGURE 5. Frequency response of optimal filters corresponding to various
Fabry-Perot orders of resonance n. Plot parameters: ε = 20, θ = 50◦ .
(a) TE waves, (b) TM waves. Each pair of curves in the two graphs
corresponds to a single filter of different thickness d .

B. FILTERS FREQUENCY RESPONSE

Having understood the significance of the frequency range
on the performance of the filter, the beneficial effect of
Fabry-Perot interference order n on the selectivity of the
device for both the incoming polarizations and the tradeoff between the two when the incidence angle changes,
it would be meaningful to show certain frequency responses.
In Fig. 5, we show the transmissivities as functions of ω for
various thicknesses d of the slab corresponding to different
orders n from (4). By inspection of Fig. 5(a), one clearly
recognizes the higher filtering efficiency once n increases
in the presence of TE waves; similar findings are reported
for TM illumination in Fig. 5(b), but, due to the dielectric
VOLUME 8, 2020
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FIGURE 6. The transmissivity of the filter τ (ω) as function of the
normalized harmonic frequency ω/ω0 for both polarizations (TE/TM).
(a) ω1 /ω0 = 0.8, ω2 /ω0 = 1.2. (b) ω1 /ω0 = 0.85, ω2 /ω0 = 1.1.
(c) ω1 /ω0 = 0.95, ω2 /ω0 = 1.15. Plot parameters: ε = 100, θ = 45◦ .
All points of the curves correspond to the same filter.

nature of the material (ε > 1), the performance is slightly
poorer (rTM > rTE ).
This difference in the selectivity of TE and TM waves is
also demonstrated by Fig. 6 where a much denser lossless
dielectric medium is utilized (ε = 100) and excited by
obliquely incident (θ = 45◦ ) waves. In Fig. 6(a), a symmetric
response is required, while in Figs 6(b),6(c) the maxima are
chosen to appear at positions of lower or higher oscillation
frequencies respectively. One directly notes that the curves
are identical in all the three panels of Fig. 6; the only feature
that varies are the minima and the maxima of the working
band ω1 < ω < ω2 . Inevitably, when we move from
2
the condition ω0 = ω1 +ω
2 , the residual transmissivities
(rTE , rTM ) increase and the filtering performance of our setup
deteriorates.
In Fig. 7, we represent the transmissivities of the considered slab on the plane of the two spectra: frequency (ω/ω0 )
and angular (θ); the systems are optimized for θ = 45◦ .
In the first two Figs 7(a),7(b), we assume a dense dielectric
(ε = 100) and thus notice that both transmissivities τTE
(Fig. 7(a)) and τTM (Fig. 7(b)) are almost symmetric,
regardp
2
ε
−
sin
θ ∼
less
of
the
incidence
angle.
Indeed,
u(θ
)
=
=
√
ε, is practically independent from θ when ε  1. Impressively, the variation of τTE (ω) becomes sharper once the angle
θ increases, even though the structure is designed for one
direction; as far as the TM waves are concerned, the filtering
performance worsens with θ.
In Figs 7(c),7(d), we repeat the calculations of
Figs 7(a),7(b) but by deploying a much sparser material
(ε = 5). The frequency response of the filter is symmetric
only at the pre-selected angle θ = 45◦ while gets significantly
distorted away from it. Interestingly, the proposed layer for
VOLUME 8, 2020

FIGURE 7. The transmissivities for both polarizations (TE/TM) of the filter
τ represented in contour plot with respect to operational frequency ω/ω0
and incidence angle θ . (a,b) ε = 100, (c,d) ε = 5. (a,c) τTE (ω, θ),
(a,c) τTM (ω, θ). The first pair of contours (a,b) corresponds to one filter
and the second pair (c,d) to another filter. The symbols × signify the
optimal operation points.

very oblique TE rays (Fig. 7(c)) keeps exhibiting a sharper
transmissivity, as happening in Fig. 7(a); on the contrary,
the transmissivity spectrum for TM fields (Fig. 7(d)) flattens
completely for a large cone of incident beams.
It should be stressed that this study presents the limits for
filtering operation of a very simple setup (Fig. 1(a)), under the
assumption that a dense dispersion-less dielectric with almost
negligible losses (Re[ε]  |Im[ε]|) is available. Therefore,
the functionality of the described concept is restricted to
low sub-terahertz photonic frequencies ω, where losses of
insulators are suppressed and their permittivities ε are rather
non-dispersive [48].

FIGURE 8. The transmissivity τTE /TM (ω) of optimal Fabry-Perot filters as
function of the normalized harmonic frequency ω/ω0 for various
employed media operated at sub-terahertz frequencies (silicon,
germanium, lithium tantalate, titania). (a) TE fields, (b) TM fields. θ ∼
= 58◦ .

In Fig. 8, we represent the transmissivity for both polarizations as a function of oscillating frequency ω for various
employed media (silicon, germanium, lithium tantalate, titania). In Fig. 8(a), where TE waves are considered, we observe
sharp maximizations for a quite extended operational band
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(0.7ω0 < ω < 1.3ω0 ). Obviously, as indicated by Fig. 7,
the larger is the real part of the permittivity Re[ε], the more
selective the filtering is and thus TiO2 Fabry-Perot resonator
with its Re[ε] ∼
= 96, does a much better job than the Si-based
design (Re[ε] ∼
= 12). As far as the imaginary part of the
permittivity Im[ε] is concerned, one directly understands its
harming influence on the transmissivity at ω = ω0 , which
is not anymore perfect, especially for Ge (Im[ε] ∼
= −0.04)
and TiO2 (Im[ε] ∼
= −0.1). Indeed, even a so moderate
|Im[ε]| is responsible for non-negligible absorption, let alone
larger losses at higher frequencies ω (infrared, visible or ultraviolet).
In Fig. 8(b), we assume TM illumination and the sharpness
of the depicted resonances is much weaker compared to TE
case, as also suggested by Fig. 6. As indicated above, such a
finding is due to the fact that our samples are non-magnetic;
thus, it cannot support large magnetic flux density within its
volume with substantial contrast. On the other hand, electric
flux density difference inside and outside the slab can be very
high (due to large ε) and it is exactly this property that inherits
significant selectivity for TE waves. Nonetheless, it can be
seen from Fig. 8(b) that significant ε contributes also to the
filtering sharpness for TM signals.
IV. CONCLUSION

Many schemes, algorithms and recipes have been formulated
for the design of electronic filters during the previous century.
However, only recently an increased scientific interest has
been recorded for photonic filtering of electromagnetic fields.
The simplest mechanism that is utilized in frequency selection of optical waves regardless of their polarization, are the
so-called Fabry-Perot interferences between pulses propagating along different directions. We optimally engineer these
resonances so that a single dielectric slab transmits 100% at a
specific frequency and suppresses the rest of waves within a
considered band, for both polarizations. The reported results
serve the purpose of inverse design that is currently attracting
huge attention; indeed, analytical formulas are provided for
the thickness and texture of the layer combined with suitable
angle of incidence so that the filtering job is compatible
with the specifications. Under certain conditions, like dense
dielectrics and sufficiently narrow bands, the sharpness of
the optimal filters has been found substantial and therefore
the provided inverse-design expressions have been proven
successful.
An interesting expansion of the present work would be to
consider several dielectric layers of different materials making a more complex filter whose transmissivity would be predetermined at multiple frequencies. Such a multi-parametric
configuration will support more enriched wave dynamics
through its response and enable tunable filtering operations.
However, the inverse design and the involving optimizations will not be anymore susceptible to analytical treatment;
instead, state-of-the-art fast techniques like those incorporating gradient-based methods and deep-learning algorithms
would be required.
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