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Abstract

This thesis is aimed to study boundary conditions for heat potentials for degenerate-
type diffusion equations with initial condition and conductivity coefficient given by
a time variable. Equations can be one-dimensional or multi-dimensional. The latter
gives a new look to the problem. It is worth to mention that the coefficient is not
always positive and therefore, it causes a degeneracy for the equation. The found
boundary conditions make the solution, which is in the form of potential, unique.
These boundary conditions are commonly called transparent boundary conditions or
Kac’s boundary conditions. This kind of results first appeared in M. Kac’s work in
the middle of last century. He developed potential theory and established further ap-
plications. Since then, many researchers have been studying potential theory related
to the field. Some problems can be solved by simple integration, whereas others need
more efforts to put in. Even though the works of past decades play an important
role in potential theory, there exist problems which are still hard to solve. Hence,
potential theory needs further developments and modern approaches.
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Chapter 1

Introduction

The history of potential theory for parabolic equations such as heat equations (diffu-
sion equations) is long enough. It has been used to handle the initial-boundary value
problems of parabolic equations with different levels of difficulty for several years.
This strategy is implemented by using volume potentials, Poisson integrals, single
and double layer potentials which are the elements of potential theory. Despite the
long history and many works done in this sphere, potential theory has some shortcom-
ings which need further developments. It needs to use modern approaches to solve
them. Up to now, potential theory was applied to both one-dimensional and multi-
dimensional parabolic equations. Usually, firstly one finds the fundamental solution
which can be obtained by applications of transform operations such as Laplace and
Fourier. The structure of this thesis is simple. In Chapter 2, we consider the elements
of potential theory for one-dimensional degenerate parabolic equation. To do so, we
first explain the fundamental solution to this equation. After that, different potentials
will be characterised. Namely, volume potential, single-layer potential and double-
layer potential. Note that discussion of this session is based on Malyshev’s work [5].
In Chapter 3, we discuss the elements of potential theory for multi-dimensional de-
generate parabolic equations based on work done by Karazym and Suragan in [4]. It
is done by first considering the fundamental solution and Cauchy problems. Then,
types of potentials such as Poisson integral and volume potential will be figured out.

In Chapter 4, we discuss the gap left in one-dimensional parabolic equation. Namely,



we find what boundary can be put in to make the given potential a unique solution
of one-dimensional parabolic equation respect to zero source function. The analogue
of this in multi-dimensional case is considered in [4]. Finally, in the last chapter, the

key ideas and meaning of the findings are summarized.



Chapter 2

Elements of potential theory for
one-dimensional degenerate

parabolic equation

In [5], the author studied the parabolic potentials for the initial-boundary-value prob-

lems in a semi-infinite domain given by:

Liy(z,7) = 8y(827, 7 _ (7)% =g(z,7), 2>0, 7>0; (2.1)
y(z,0)=((2), z>0; (2.2)
y(0,7) =n(r), 7 >0. (2.3)

The conductivity coefficient k(7) with 7 € [0,77] is not always positive and follows

one of the following two assumptions:
(a) k(1) > 0, the coefficient can accept zero values at isolated points.

(b) kyi(7) given by integral

ki (1) = /0 k()

is greater than zero for any 7 > 0. This means, k(7) can be negative somewhere
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in the interval.

It is clear that if a function fits the condition (a), it automatically fits the condition
(b) too. It is very important to mention that (2.1) is never reducible to the heat
operator in standard form y, — y.. due to several reasons. The demonstration can be

done by using evident substitution:

\ = / k(v)dv,
0
1

which is under (a) refers the presence of inverse function 7(v) with derivative 7/ = e)
at the points where the denominator is not equal to zero. Under (b) the inversion
is impossible. To avoid these difficulties, we develop the fundamental solution and
potentials with characteristics. Note that discussion of this session is based on Maly-

shev’s work [5].

2.1 Fundamental solution

The boundary N of the domain can be divided into two parts. The first part is given
by Ni = (2 > 0,7 = 0) and the second part is given by Ny = (z = 0,7 > 0). If the
function satisfies (b), then the fundamental solution of (2.1) can be constructed by
using Fourier transform in z in forms of:

H(T) 22

exp(

§(z,7) = &(2, k(7)) = m _4k1(7))' (2.4)

It is worth to mention that here ki(7) > 0 and H(7) is the Heaviside function.

The fundamental solution has a following property:

/OO &e(z,7)dz = 1; &(2,7) — 6(2) with z — 0. (2.5)
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After assuming g, y be equal to zero for the values of z, 7 out of boundary N, the

initial-boundary value problem (2.1) — (2.3) can be reduced to general form

Y

LY = G(2,7) + [Y]n,cos(n, e1)dn, — k() [5

} cos(n, e2)dn,
N2

, (2.6)

—&(k(T)[Y]NQCOS(n,62)5N2) = F(z,7),

where [Y]y is a jump of y on boundary N = N; U N, n is an external normal to
boundary N and ey, es are unit vectors along 7, z axis-es.
If the operator L; had a constant coefficient, the solution of the equation (2.6) could

be of the form y = & * F. However, in our case it is not obvious [5].

Lemma 2.1.1 Under (a) the distributional solution of (2.6) is unique and can be
represented as a convolution of the fundamental solution &, with the right-hand side

of (2.6), that is y = &, x F', where, as in,

fa(2_677-_7) :g(z_eaal(T_f}/))v (2'7)
and
(7 — ) = / k() = ko(7) — k1(); an(r) = a(7).

Namely, ki(7) is considered as a time variable. Apparently, aq is continuous and,

respect to the condition (a) aq(T —) >0 for 7 —~ >0 [5].

Proof 2.1.1 Suppose that (a) is true. Then ,(z — e, 7 —y) from equation (2.7) is a

distributional solution of

RS 0%¢ B .
Liéo(z —e,7—7y) = 9 kI(T)@ =d(z—€,T7—7) in z, T,
and
0& 0%¢ .
+ - —_ = —— — _— = —_ —_
Li&a(z—€e,m—7) N k() 3m =0z —e1 =) in ¢ 7.

It can be checked by using Fourier transform strategy. Hence, integration by parts
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gave us the result that y = &, * Ly, then by simple derivative y = Li(&, * y), that
brings to:

Li(§a *Y) = (Lia) * Y = &a * LY

The uniqueness of distributional solution is obvious, because
Liy=0= & xLyy=Lylaxy =0y =y =0.

After generalizing the initial-boundary value problem (2.1)-(2.3), the author found
the solution of the problem in terms of sum of four integrals:
ver) = [ [T glengats - er = det [ yle 0l - e
0 0 0

(2 — 6,7 = 7))

(2.8)
+Akﬂwmm) e

0
E*Od/y - /0 k('Y)a—?E/(O, 7>§5(27 T — /Y)d’}/

In equation (2.8), y(z,7) is given by the sum of four integrals where each integral is

a potential called:

(i) volume potential
Per) = [ [ glesste - er =i 2.9)
(ii) single-layer potential with (z > 0,7 = 0)
Plar) = [ 1060 - e (2,10
(iii) single-layer potential with (7 > 0,z = 0)
P = [ koIm)6 e = .11

(iv) double layer potential with (7 > 0,z = 0)

Der) = [“he T g e
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2.2 Volume Potential

Volume potential P(z,7) (2.9) represented above is a partial solution of a boundary
value problem related to source function g(z, 7). There is a theorem related to volume

potential.

Theorem 2.2.1 Having k(1) € L1(0,T) and fit the condition (a),
1. forg € N,P(z,7) € N,
2. forz>0,7 >0, P(z,7) is a distributional solution of (2.1);

3. if we extend g € C* Vz,7 > 0 and the first and second derivatives in boundary
N, then P,.(z,T) is continuous in z > 0,7 >0, and P, exists for any z,T 1is
continuous in z, and its smoothness in T is determined by that of k(7) itself;

hence, if also k(1) € C(Ry), then P(z,T) satisfies (2.1) in the classical sense.

Proof 2.2.1 Now we express our volume potential P(z,7) in new form. To do so,

we need a new variable. Let x(aq(T —~) >0 for 7—~>0)

z—e=2x\/oy(T — ),

for z> 0,7 > 0 we write P(z,7) as

1 (7 PN T )
P(z, 1) = ﬁ/o dv/ < )g(z—Q:B ar (T —7);v)e " dx, (2.13)

and its time-derivative (1 > 0):

aP k(T) T 2 oqz(‘rf'y) / T 2
—:g(z,T)——/ dfy/ g (z = 2x\/ a1 (1T —7);y) ——=e " dx.
or VT Jo o Veoa(r —7)

(2.14)
By wusing equations (2.13) and (2.14), it is seen that P(z,7) € C*(z > 0,7 >
0)NCYz>0,7>0) for g and k fitting the third part part of Theorem 2.2.1. Con-

currently, volume potential P is a classical solution to LyP = g (Du Bois Reimond
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Theoerem,),

Next, as g € N and &, satisfies (2.5),

T +oo
P(z,7)] < ||g|1/ d’y/ ede < 7.
0 —00

As the consequences we can see that P € N and fits the initial condition of zero.
The remaining second part of the Theorem 2.2.1 can be derived like in Lemma 2.1.1,

because

G:(S*G:Lkga*G:Lk(fa*G):LkP[5]

2.3 Single-layer Potential
(A) Single-layer potential P!(z,7) as shown in equation (2.10) is a part of solution
respect to the condition y(z,0) = ((z) with z > 0.
Theorem 2.3.1 Suppose that (b) is satisfied. Then,
I. Forle N,PY(z,7) € N;
II. P! is a distributional solution of the equation Lypy = lon, and fits the initial
condition P'(z,7) — I(2) ast — 0% forz > 0;

III. If1 € C? and its first and second derivatives are in boundary N, then Pl (z,T) is

continuous in z > 0,7 > 0 and PT1 exrists is continuous in z, and its smoothness

in T is determined by that of k(7) itself;

IV. If, furthermore, k € C(R,), then P'(z,7) € C*(z > 0,7 > 0,)NC(z > 0,7 > 0)
and, it implies that P*(z,7) is a classical solution of the (2.1)-(2.2) where g = 0,

because the backing of distribution oy, is Ni.

Proof 2.3.1 It is same as in Theorem 2.2.1. There is a substitution of variable given

by
z—e=2v/(ki(7)),

18 needed.
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(B) Single-layer potential P?(z,7) as shown in (2.11) is a part of solution respect to
the boundary values v (0, 7).

Theorem 2.3.2 Similarly, let us assume that condition (a) is satisfied. Then:
I. Form € N,P?*(z,7) € N;

II. P?(z,7) is a distributional solution of the equation Lyy = mkdyn,, Z > 0,7 > 0;

satisfies the zero initial condition as T — 07;

II1. If, moreover, k € C(R,) and m’ € N, then P?(z,7) € C* in z and C* in T for

z>0,7 >0 and is a classical solution of (2.1) with g =m = 0;

IV. P?(z,7) is continuous at x = 0 for any T > 0.

Proof 2.3.2 Let’s insert a new variable into equation (2.11):

1

STt (2.15)

X

Our new variable brings an implicit function

1
4061(7') ’

v =(1,x) with <z <400 and y=0 for x=

4oy (1)

because x’, > 0 (is zero only at isolated points). Therefore, (2.11) can be edited as

below, because ki(T) = ay(7):

1 [~ 2
P(z,7) = —/ m(y(r,x))z e " “da. (2.16)
4m 0.25k1 (1)

(1) can be shown easily from equation (2.16), because

|P*(2,7)] < %HmH(k‘l(T))”Q; (F1(0) = 0).

(11) can be shown as in Theorem 2.2.1.

(P22, 7)), = 1720 2m(0)(kn (7)) 2h(r)e™i® + PRz, miml).  (217)
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Here P?(z,7;m.) is the potential given by (2.16) with density [m(y(r,z))]..
(III) can be derived from (2.16)-(2.17). P%*(z,T) satisfies the equation L;,P* =0 for
any z > 0, because the support of mkdy, s Na.

(IV) can be reached by comparison of the convergent integral

1 (e e]
P2(0,7) = — a2d
07 =g | o

with P*(z,7) for all z close to 0.

As a result, we obtain this estimate:
1 *
[P*(z,7) = P20, 7)] < Sllmll[2](1 — (| [/2(ka(7))?),

where 0 < z* < x and VU is the probability integral [5].

2.4 Double-layer Potential

Double layer potential D(z,7) as shown in equation (2.12) is a part of a solution

respect to the boundary condition
y(0,7) =n(r), 7>0.

There is a theorem related to double-layer potential:

Theorem 2.4.1 Suppose that (a) is satisfied. Then,
I Forne N, D(z,7) € N;

II. D(z,7) is a distributional solution of the equation Ly = —(kndy, )., and satisfies

zero nitial condition as T — 0T

IIl. For z> 0,7 >0 if k,n€ C(R)y and ¥ € N, then D(z,7) € C* in z, and
C in 7, and it is a classical solution of (2.1)-(2.2) with g = ¢ = 0;

16



IV. Given that n(t) € CY(Ry), D(z,7) satisfies the following “jump formulae”:

z—=+0

lim D(z,7) = i%n(T). (2.18)

Proof 2.4.1 (I)-(1II) can be proved as in Theorem 2.2.1. To do so, we need to create
a new variable. Let it be (2.15). Then, D(z,T) can be reformed as:

z o 2
D(z, 7= / n(y)zY2e 2 dx, 2.19
( 27 )1 sk () ) (2.19)
and the deriwative of this equation 1is:
oD < ~3/2 2 /
= —=n(0)(kx(7)) " k(7)exp(=2"/4(k1(7)) + D(z, 751(7))), (2.20)

aor 7
where D(z,7;n.) is potential (2.19) with density [n(y(T,x))].. Hence, (II) can be
easily shown as in Theorem 2.5.1. Similarly, (I) and (III) can be derived from (2.19)-
(2.20) as shown in Theorem 2.3.2.
Part (1V) needs more efforts to put in. We start with equating n(t) = n(vy) for any

v satisfying 0 < v < 71, and the corresponding double-layer potential is denoted by
Dqy.Then (2.19) and (2.13) implies that in case z # 0:

z

T h 2 P ndy = M — _c
S )/1/4]“(7) dr =+ (1 @(2\/%)) (2.21)

here the sign of z is placed instead of +, also,

Dy =

1
lim Dq(z,7) = :I:in(r),

z—0+

because of ¥(0) = 0. After that we deal with Dy — D for z > 0, by applying integration
with moves, namely over (0,7 — A) and (1 — A, 7). We consider the cases where T

1s "reqular” and "irreqular” individually. To begin with, suppose that

D(z,7) — Do(z.7) = J1 + Jo,

17



where

2z k 22

B A B im 2
L—4¢%A (n(7) nﬁﬁﬁﬂh_v)p( %Mf—w)d%

_ ’ T)— %eaf _2—2
Jz—4ﬁ T_A(n() 77(7))04:{’/2(7—7) p( 4a1(7_7))d%

and, similarly in (21), each T without looking at its regularity,

v (2\/k(7) —k(T—A)) -V (2 k(T))] -0

where z — 0 and A > 0 is arbitrary and fixed too. Is needs to be treated separated for

EARSIUH

different values of 7. When 7 is reqular meaning k(1) > 0, we can choose sufficiently
small A. Hence, it makes k(y) > 0 over interval [T — A, 7], Therefore, substitution

of variables x = (1 —v)~' and ay (1 — ) = a(y)(t — ) in interval [T — A, 7] help us

to get:
KN (7 sy 2
|| < ———7 23 exp | — dx
T aymk? Jya 4k((r) = k(T = 4))
(&[] A ( 22 )
= ——7—VAexp | — .
Ve 1) = k(7 = A))
In the line above, 0 < ka = min |k(v")| — k() with A — 0. This implies that

YE[T—A,T]
Iy — 0 with either z or A — 0. When 7 is not regular, in other words, k(T)=0, it

needs another approach. Equation (2.15) allows us to show that

1 z
s max In(m) =n(v)] (1 -V (2\/145(7) k(- A)))

max [n(7) —n(y)] <e,

where € s arbitrary small number. These steps imply that Dy — D — 0 with z — 0,

thus the equation (2.18) [5].

18



Chapter 3

Elements of potential theory for
multi-dimensional degenerate

parabolic equations

Now, we move on to construct the potential theory for the multi-dimensional version
of the degenerate parabolic equation (2.1). The next step will be an analysis on
the consequences. As considered in Chapter 2, we find the fundamental solution by
applying Fourier transform in z. It helps us to develop degenerate potential theory.
This chapter covers the degenerate versions of volume potential, single-layer potentials
(Poisson integral), double layer potential with their properties and applications. To be
precise, we first discuss Cauchy problems for multi-dimensional degenerate parabolic
equation with its fundamental solution. Secondly, we study the layer potentials. Note

that discussion of this session is based on the work [4].

3.1 Fundamental Solution and Cauchy problems

We write our equation (2.1) in new form for multi-dimensional case:

y(z,T)

5 — kKM)Ay(z7) = g(z,7), (3.1)

Ory(z, 1) =

19



Here (z,7) € Q x (0,T), where T is finite and €2 is bounded in R"™ with n > 1 and
Lyapunov boundary 9Q € C'*°, 0 < o < 1, ¢ is a some function of z and 7. The
conditions (a)-(b) on k(1) are same as in Chapter 2. To ease our calculation, we will

use the function 3(r, ) which is given by the formula

B(r,7) = / " k()dv = by (1) — k1 (1), B(r,0) = ku(7).

It is worth to mention that satisfying (a) means [3(7,) is greater than zero for any

~ satisfying 7 > v > 0.

Lemma 3.1.1 Under condition (b), the fundamental solution of equation (3.1) is

given as

P 2
H(r)exp <4,Ll|(7)

(47ky (7)) ) , (2,7) € R" xR, (3.2)

Sn,ﬁ(za’r) = 571(27 kl(T)) =

where &, is a standard fundamental solution of the diffusion operator, H is a Heaviside

function and |z| is the Fuclidean norm.

Proof 3.1.1
08(z,7)

or

— k(T)AL(2,7) = §(2)d(T). (3.3)

By 6 we represent the Dirac distribution. After applying the Fourier transform in z,

the achieved equation 1s:

% + k() |e|*ALE (e, 7) = 1(€)6(T), (¢,7) € R" X R, (3.4)
where
E(E’ 7_) = Gz[f](E, 7_) = g(za T)€i<672>d'zv (ZQ = _1)7

Rn
1(€) is the identity function in R" and the dot product in R" is represented as (-,-).
Hence, solution of the last equation (3.4) is

Ele,7) = H(T)exp(—|e|*k1 (7)), (¢,7) € R" x R.
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The application of inverse Fourier transform with its properties completes the proof.

Now we want to check whether

Enk(z =67 —7) =&z — € B(7,7))

satisfies the equation

agn,k(z — 6T — 7)
or

— k(1) Awk(z — 6,7 —7) =0(2 — €)d(T — 7)

under condition (a) for all values of 7,7 € R and z,e € R™.

Now, we make substitution of the variable ¢, = —F— for i = 1,2, ...n. We will obtain
2+/k1(7)

. Enp(z,T)dz = W /Rn exp ( (s > f[l /_Oo exp(—€e)de; =1, 7> 0.
(3.5)

In addition, &, s(z, 7) has a property such as
Enp(z,7) — 0(2) T — 0, Vze€ R™ (3.6)

This property can be shown. Let us take a function p which is differentiable many

times in R"™ with compact support. By application of polarization formula, we obtain

/ (1) = | st an

27r”/

where ¢ is some integrable function in R", w, = L

Then by applying MVT, we
get

[ eustenute) = ponts| < ot [ ey (_Mljl(i)) o

Aw,, °° 2 n 2Awn\/ k1 "
= W/ exp <— 1 ) n'tdn = emp vy dy
0 0

(4mk(7))" Ak (T) o2
= 214\/ k’l (7’),
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Here A is some positive constant. Because of the k;(7) is continuous and not negative

in interval [0, T, by using (3.5), we can derive (3.6) as below

(fnﬂ’ :u(z)) = 5”75(27 T)“(Z)dz = ;L(O) fn,ﬂ(za T)dZ
R™ R™

4 [ Guale )l - 0)dz — (02, (2) = p(0). as 7 — 0"

As we have B(1,v) > 0 for all v such that 7 > v > 0 under condition (a), we can
check that

bnk(z—€e,T—7)de=1, 7>~v>0, z€ R" [4]. (3.7)
Rn

3.2 Types of potentials

3.2.1 Poisson potential

The Poisson potential is given by equation below.
(Pl)(z,7) = / Enplz—e,m)l(e)de, 2€Q, 0<7<T, (3.8)
Q

Here [ is a bounded function in range R™ with suppl C Q and &(n,[)(z —€,7) =

&n(z — €,k1(7)). There is a theorem related to Poisson potential.

Theorem 3.2.1 Assume that coefficient k(1) fits the condition (b). Function [ is
bounded as written in sentence above. Then, Poisson potential (3.8) accepts the esti-

mation

|(PL)(z,7)] <sup|l(e)], z€Q, 0<T<T, (3.9)

e

and is a solution of the equation
Oy =0, in Qx (0,7). (3.10)

Furthermore, the Poisson potential Pl will be the element of C'™° class and satisfies
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the initial condition

y(-,0) =1, in Q, (3.11)
if the function [ is continuous and bounded in R™ with suppl C 2. Also, it provides

its continuity in Q x [0,T].

Proof 3.2.1 [t is evident that
(Pl)(z,7) = / Enp(z —€,7)l(e)de
Q

(Pl)(z,7) = . Enplz—e,T)l(e)de (z,7) € Qx(0,T).

Moreover, we own the estimate

|(Pl)(z,7)| < sup |l(e)| . énp(z —€,17)de = sup |l(e)].

ecR" e€Omega

We must check that Pl satisfies the equation (3.10), because for all values of z and T
in their domain, integration and differentiation can be interchanged in equation (3.8).
Let function | be bounded as before. It is clear that, by using (3.6), it can be observed
that Pl satisfies (3.11). Now, it is turn to make substitution. Let € = z 4 2:/k1(T)v.
Then, we get

Pl(z,7) = # /R (2 + 23/Fr(D)0)emp(— o) do.

The supposition for function | grants the continuity and boundedness. Allow N; be
the upper bound for l. Because of the fact that | is uniformly continuous, for every
€ > 0, there exist 6 > 0 such that |l(z) — l(€)| < &/2 for all values of z and € € R™

with |z — €| < 6. Hence, for arbitrary & > 0, we can select n > 0 such that

For arbitrary r > 0, there exists §, > 0 such that |ki(7)| < r for all values T € [0, T]

with T < 9., because ki(T) is continuous in [0,T]. Putting r = % and applying the
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information [v| < n and T < 0., we obtain 2/ki(T)v < 24/rn = 0. We reduce these
facts to

’m /n “rp (_ ‘Z];(i';) l(€)de — 1(2)

1
—/ (I(z + 23/k1(T)v) — 1(2))exp(—|v|*dv)

n/2

¢ 2NO/ :
— exp(—|v|*)dv + exp(—|v|*)dv < &,
e (o) 5 [ con(—lef)

[v|<n
for every z € R™ and T < ,. It involves the Pl's continuity at 7 =0 and PI(-,0) =1
in Q0 [4].

3.2.2 Volume Potential
The volume potential is written by equation:
(Pg)(z,7) / /ink —e,7—7)g(e,y)dedy, z€Q, 0 <71 <T. (3.12)

Here the function ¢ is bounded in © x [0, 7] with suppg(-,7) C Q, V7 € [0,T].

Theorem 3.2.2 Let k(1) hold the condition (a) and the function g be bounded in
Q x [0,T] with supp g(-,7) C Q V7 € [0,T]. Then the potential Pg with density g

accepts the estimation

|(Pg)(z,7)| < T sup lg(e,v)], 2€Q, 0<7<T, (3.13)
(e,7)€Q2%[0,7]

and solves (3.1) with zero initial condition
y(,7) — 0 as 7 —> 0+, in Q. (3.14)
Proof 3.2.2 We know that it is evident

(Pg)(z,7) = /k/@k 67— )gle, 7)dedy
2

4



=/‘ Eunlz — e — Y)gle,7)dedy, =€ Q, 7€ (0,T),
0 R7l

because supp g(-,7) C Q, V71 such that 0 < 7 < T. Therefore, by using equation (5.7),
we get equation (3.13)

|(Pg)(z, 7)< sup  |g(e, 7)|/ Eni(z — €, 7 —7)g(€,v)dedy
(e,y)ER™ X [0,7] 0 R

—t swp Jg(e), (27) € Qx (0,T).

(€,7)€02x[0,7]

By calculating directly, it can be seen that Pg satisfies our initial equation (3.1) [4].
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Chapter 4

Focus of the thesis

The main focus of this thesis is to demonstrate the multi-dimensional analysis from
Chapter 3 to one-dimensional case. Note that calculation in one-dimensional case
is different than those in the multi-dimensional case which can be found in [4]. We
consider a potential and a differential equation, and that potential must be a solution
to the given equation. But, we want to make it unique solution of the problem. To

do so, we try to find the lateral boundary conditions. Consider
1
y(z,7) = / Es(z — €, T)l(€)de, (4.1)
0

y(z,0) =1(2), (4.2)
where £3(z, 7) is the fundamental solution of the Cauchy problem of the equation

%
or

k(r)% ~0. (4.3)

Conditions on k(1)

Conditions on k(1) are as follows:
(a) k(7) > 0 so, the coefficient can accept zero value.

(b) ki(1) = [, k(s)ds and it is greater than zero when 7 > 0. So, k1(0) = 0 and

k1(t) can accept negative values.
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It can be noticed that (a) is the special case of (b). So, satisfying first condition
automatically means that it satisfies the second one too. When the coefficient k(7) is
positive, it is easy to solve the given equation. However, when the coefficient is nega-
tive and we know that it can accept negative values, the obstacle called degeneracy is
observed. Therefore, it needs more effort to handle this problem. By applying Fourier
transform in z and the second condition, the fundamental solution of the problem can

be obtained by substituting &s(z, 7).

H(r)

2y/mky (1)

The fundamental solution contains H(7) function which is called the Heaviside func-

§p(2,7) = &(2 k(7)) = exp(—2"/4ki (7). (4.4)

tion. It is usually defined as an integral of the Dirac delta function. Now, the

remaining task is to give lateral boundary conditions of the problem.

4.1 Simple example

Here we discuss the main result from [7].

As written above, potentials are the elements of potential theory and they are the
solutions for differential equations. For instance, let us look at following potential in
one dimension, where 2 = (0,1). By ¢t we denote the time in our equation and it

satisfies t € ().

W):/O 5 Lt | fr)r (4.5)

Here f can be integrated in the interval (0,1). The fundamental solution of the

equation below (4.6) is the kernel of the potential (4.5)
—0}{t—71)=0(t — 1), (4.6)

where



and ¢ is the Dirac distribution. Therefore, the potential (4.5) fits the equation
_Py(t) = f(1), teQ. (4.7)

The next task is to find the lateral boundary conditions of the above equation. By

using integration by parts from Calculus, we obtain

1 1
W)= [ g lt=rl@ar = [ S1e=r |ty

:/o %(t—T)@Ey(T)dT—F/O %(T—t)agy(T)dT

U U URE U R

after canceling y(t) from both sides, we are left with,
t(y'(0) + /(1) + (=¢'(1) + y(0) + y(1)) = 0, V¢ € (0,1).

Then, boundary conditions for the potential (4.5) are found after canceling t.

y'(0)+4/(1) =0 and —y'(1) +y(0) +y(1) = 0. (4.8)
Now, it is time to construct our boundary value problem with obtained results.

—0py(t) = f(t), teQ,
y'(0)+y'(1) =0and —y'(1) +y(0) +y(1) =0,
Tl
vty = [ =3 1t=7 | s (1
0

Now, our problem has become a BVP with a unique solution. Above strategy works

best with ODE, but it is tiresome for partial differential equations. This type of

problems first appeared in Kac’s works, who was a Polish-American mathematician.
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He developed these BVPs with further applications [1]. (see also [6])

4.2 Main result

Here we use some techniques from [2] and [3].
We have equations (4.1)-(4.3) with 0 < x < 1. And we know that solution of our

equation is of the form after substituting £5(z, 7) with domain D =0< 2 < 1,7 >0

v = \/W / exp( 4;_ ;)Z)Z(e)de. (4.9)

Theorem 4.2.1 For any k(1) € C3(0,T) and g(z,7) € C’Z’T%(Q) the generalised heat
o Lta
potential is a unique solution of the equation (4.1)-(4.3) in CZJ; "2 with boundary

conditions
I(z,7)],=1 =0, I,(2,7)|,=0 = 0. (4.10)
where
(o) e TR
2
T[065(2 — €, 7 — oy (e, =t
+/ { il 5 7)k‘(T)y(e,v) —es(z — 6,7 = 7)k(v) yg 7)} dry.
0 € € I
Proof 4.2.1 We know that
y(zv T) = (lsl_r%y(S(zaT)a
and
T—0 1
Ys(2,7) :/ dv/ Eu(z — 6,7 —7)g(e, v)de
0 0
In addition, it clear that
dy(z,7) _ 0y(57) 02 | Oy(7)0r _ dy(z)
dr 0z Ot or or  or (4.11)
dy(z7) _ Oy(z.m) 0= Oy(em) 7 _ Oyz) |
dz 0z 0z or 0z 0z
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After applying the properties of fundamental solution (4.4), we have:

T—9 1 T—y 1
0= lim/ dv/ Oy(e,v)de = lim/ dfy/ 5z —e,7—v)y(e,v)de
50 J, 0 =0 Jo 0

6—0

—ty [ [ (FEE T i P e

also

hm/ E3(z —€,0)y(e, 7 — d)de
(4.12)

= lim (5(2’ —e))yle, 7 —d)de = y(z,7), z€(0,1).

6—0 0

Taking into account that y(z,7) € C’zia’H%(Q) and by considering equations (4.9),
(4.8), (4.3) and (4.2) for¥(z,7) € (0,1) x (0,T) a straight computation gives:

0 :/0 dv/o §s(z — 6,7 —7)gle,v)de

- / dy / E5(z — €7 — ) o5 (2, 7)de
0 0

1 T—8
:llm/ de/ 55(2_6,7_’7)6y(6’7)d’7
0 0 87

—0
T—9 1 2
: 0%*y(€,7)
—lim i dv/O §p(z — 6,7 — v)k(’y)—a€2 de

1 T—0
= lim dE/ 55(2 — 6T — ’}/)dy(E, 7)

60—0 0 0
T—0 1
— (1$1H1/ dv/ §s(z — 6,7 — 7)k(y)dye(€,7)
—0 0 0
1

L B _ y=17—0
=lim | [Gs(z —e7 Myle M1 de

0
T—0 1 . .
—lim/ dv/ Xplz— &7 7>y(e,7)de
0 0 o

6—0
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T Iy(e,y) 0z —e,7—7)

) e=1
—lim [ k)G — 6T =) T - = (el S

T—0 92 _ _
lim [855(2 €T —1)

k(7)y(e, v)]de

=0 Jq Oe?
s 8552'—6 T—7) 0%5(z — 6,7 — )
= gré dv / ( —k(7) 52 y(e,v)de
+ hm/ Es(2 yle,7—0) —&p(z — €, 7)y(e, 0)de
_ dyle,v) 0z — 6,7 —7) e=1
—}slg(l) i ( Ea(z =67 = 7)== o y(e, | _ydy
—O+11m/ Es(2 yle, 7 — 0)de
_(151—r>%/0 E3(2 —€,T)y(€,0)d
T ay(67 7) agﬁ(z — 6T — 7) e=1
—hm [ kO)IG(z — e =)= - e y(& M| oDy
. T 8y<67 7) agﬁ(z — 6T — 7) e=1
- y(Z,T)—y(Z,T)—(lsli% 0 k(f}/) [55(2_677—_/7) e - e y(677>] e=0
[T Oy(e,7)  0&(z — €7 —1)
=l | kOlE(e — 6T — )= - o y(e, ]|y
It yields
T 0y (e, 0&s(z — €, 7 — =
| #leat — e -2 - BAEZET D iy <0, (o) e
0 € €
(4.13)
In case if z — 1 — 0 and z — 0+ 0, the two integrals below brings the jump
relations.
T1O&(z —e,m—
/ { Sl 5 7)k'(’y)y(e,v)} d,
0 € e=1
T1O0&(z —e,7 —
/ { il 5 7)kr(v)y(e,v)} d.
0 € e=0

As a result, when z — 1 — 0 and z — 0+ 0, we achieve the lateral boundary
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conditions

I(z,7)],_, =0, and I,(z,7)|,_, =0,
where
I(z,7) = _y(Z,;)k(T)
T a — €, — a : B
+/0' |: fﬂ(z a66’7' ’Y)k'(T)y(E’fY)_€5<Z_€’T_7)k<7)%:| Ezod’}/.

It completes the proof.
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Chapter 5

Conclusion

To conclude with, this thesis paper studied the elements of potential theory and their
applications in one-dimensional and multi-dimensional degenerate parabolic equa-
tions. Researchers have been studying potential theory and have applied it to solve
initial-boundary value problems. Elements of potential theory such as volume po-
tentials, Poisson integrals, single and double layer potentials can be solutions for
different problems differing in source function and initial conditions. To do so, one
finds first fundamental solution by applying transform operations. In this thesis, we
considered the potential which is a solution for degenerate type parabolic equation
in one dimension with zero source function. Here the word degenerate refers to the
conductivity coefficient given with two conditions. The aim of the thesis was to find
boundary conditions that make given potential a unique solution for given equation.
Before finding them, we gave a simple example which can easily explain the task. As
a result, we found desired boundary conditions by using properties of fundamental
solution, potential theory and simple integration techniques. The multi-dimensional

analogue of this result can be found in [4].
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