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ABSTRACT. The Nonlinear Schrodinger-Airy equation is one of the general exam-
ples of dispersive nonlinear partial differential equations. It is commonly used to
characterize the nonlinear propagation of light pulses in optical fibers and is of
great importance in quantum mechanics. In this Capstone Project, we perform
the first steps to show that the solution satisfies a priori upper bound in terms
of the H*(Sobolev Space) size of the initial data for —3 < s < . The result is
weaker than the well-posedness. The Capstone Project provides a general scheme
of the ideas for the problem described above.
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1. INTRODUCTION

In this Capstone Project we will consider the initial value problem for the Non-
linear Schrodinger-Airy equation

O +1iad?u+bdBu+iclul®u+d|ul*Ou + eu?d,u =0, z,t€R,
(1.1) cu 00,
u(z,0) = up(x), r € R,

where u = u(z,t) is a complex valued function and a, b, ¢,d and e are real parame-
ters. This model was proposed by A. Hasegawa and Y. Kodama (|7, |14]) to describe
the nonlinear propagation of pulses in optical fibers. Usually it is referred to as a
higher-order nonlinear Schrodinger equation.

It can be noticed that the IVP (1.1)) requires so much differentiability, so it is
often convenient to work with the integral formulation of the equation which is a
Duhamel’s formula

(1.2) u(x,t) = e -t (1 f0)+

t
—i—/ ¢ (=9 ( (e, 5) [Pu(, s)+d [u(z, s)[*Opu(x, s)+eu(x, s)20,u(z, s))ds,

to

for every t € I. In that representation e~ (—0)(@d:+b3}) ig called a semigroup, which

is a solution to the linear PDE. (Lemma We assume that u is continuous, not
necessarily differentiable. One can refer to such solutions as distributional solutions
not pointwise.

Before, starting the analysis of our problem we discuss the previous proven results
for our equation. G. Staffilani (|16]) showed that the initial value problem is
locally well-possed in H*(R)(Sobolev space), for any s > 1/4. Note that the well-
posedness of the problem analyzes three main concepts which are the existence,
uniqueness and stability of the solution u. So, we say that the problem is well-posed
if all these properties hold. If some of these properties fail to exist, we say that
the problem is ill-posed. On the other hand, it was justified that the problem is
ill-posed, showing that the data solution map is not uniformly continuous in some
fixed ball H*® in [1].

We distinguish two types of well-posedness: local and global. It was mentioned
above that our initial problem is both locally and globally well-posed(s >
1/4,s > 1/4) for time 0 < t < T and arbitrarily large time interval. Later, X.
Carvajal (|2]) established the global well-posedness in H*(R), s > 1/4, provided
that ¢ = (d — e)a/(3b).

Prior to starting the discussion about Nonlinear Schrédinger-Airy equation ([1.1)),
we note that for certain choice of the parameters, we obtain very well-known equa-
tions.

First note that taking a = —1, c = F1 and b = d = e = 0, equation reduces
to the cubic nonlinear Schrédinger equation:

(1.3) i0yu + O £ |ul*u = 0.

The local and global well-posedness for the NLSE in H*(R), s > 0, was established
by Y. Tsutsumi ([20]). For all s < 0 it is ill-posed, in the sense that solutions fail
to depend uniformly continuously on initial data in the H*-norm (|4, [8]). However,
M. Christ, J. Colliander and T. Tao ([3]) showed an a priori upper bound for the
H*-norm of the solution, when s > —1/12, in terms of the H*-norm of the datum.
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Similar results were independently obtained by Koch and Tataru in ([10]); these
apply to the range s > —1/6. In (|11, [12]), these authors improve their previous
results for s > —1/4.

Similarly, by setting a = ¢ =¢e =0, b = 1 and d = 1 we obtain the complex
modified Korteweg-de Vries equation

(1.4) O + 02u =+ [ul*0pu = 0.

When u is real, (1.4)) is known as the mKdV equation. Its local well-posedness in
H®, s > 1/4, was shown by C. Kenig, G. Ponce and L. Vega ([|9]) and the global
well-posedness for s > 1/4 by J. Colliander, M. Keel, G. Staffilani, H. Takaoka and
T. Tao (|6]). Furthermore, the data-to-solution map fails to be uniformly continuous
on a fixed ball in H*(R) when s < 1/4 (|4, 8]). In spite of this, M. Christ, J. Holmer
and D. Tataru (|5]) established that for —1/8 < s < 1/4 the solution satisfies global
in time H*(R) bounds which depend only on the time and on the H®* norm of the
initial data.

Consequently, investigating particular papers about the nonlinear Schrodinger
equation(|11]) and modified Korteweg-de Vries equation([5]) motivated to analyze
the behavior of the solution in Sobolev space for s < 1/4. At this stage, it is difficult
to consider the question of uniqueness and stability of solution in the H® norm for
s < 1/4. Primarily, our main task will be to prove a priori estimate for the size of a
solution of . One can understand it as a bound on the solution, where its norm
is bounded by quantity consisting of some constant and initial data.

So, the goal of this note is to show the following similar result for the Schrodinger-
Airy equation, which is weaker than the global well-posedness.

Theorem 1.1. Fix R > 0 and T > 0, and let —1/8 < s < 1/4. There exists a
constant C' = C(R,T) > 0 such that for every initial data uy € S(R) satisfying

[wollms < R,

and every solution u € €S,([0,T] x R) to the IVP (1.1)),
lull 2o g 0,13y < Cllutol e

Note that we will show the result for H*, —1/8 < s < 0 only, since the proof for
0 < s < 1/4 can be done in a different approach.

In this way our main task was introduced. Next step is to prove this result and
show that the solution to Nonlinear Schrédinger-Airy equation satisfies a priori up-
per bound. So, in order to prove our main theorem we investigate and apply
three theorems: basic estimates, trilinear estimates and energy bound. We will es-
tablish and prove those theorems and justify them by stating preliminary lemmas
and propositions. Note that the main objective of my Capstone Project will be
to propose the structure and settle the first steps to achieve the goal. The project
with full details that involves all of the proofs and statements will be published later.

An outline of the Capstone Project is as follows.

In Section [2 we define all functions spaces employed in the analysis. The section
will include three subsections, namely Littlewood-Paley partition, atomic decompo-
sition of u and function spaced adapted to our PDE.

In Section [3] the basic estimate is proved. It will be about controling the linear
part of our equation (|1.1)).
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In Section [, we examine the fundamental estimates applied in the proofs of the
trilinear estimates and energy bound. These combine local smoothing, Stricharts
estimates and Bernstein inequality:.

Section [o| will discuss the trilinear estimates to control the nonlinear part of our
equation (|1.1)).

In Section [6] we similarly discuss all necessary preliminaries used in the proof
of energy bound. We use a varitaion of the I-method in [6, page 708] in order
to construct almost conserved energy functional. Then the behavior of the energy
functional will be computed.

Finally, in Section [, we combine all the components to prove Main Theorem
This is done by defining the result for the small data. Unlike two popular equations
and our equation does not have the property of scaling, so the main theorem
is proved in a different approach.
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2. FUNCTION SPACES

Since the theorems and statements involve different spaces and functions we shall
define them step by step. Before going into details, first define the Hilbert space.

Let H be a function space with inner product (f,g) for f,g € H. We call it
Hilbert space if it is a complete metric space with norm defined by

Iflle = v A{f5 f)-

Next we define the norm of the function space L?*(R), which is one of the Hilbert
spaces as

Il = ([ o))"

where f € L*(R) and z € R. Conjugate symmetry property of inner product is

(f,9) =9, f)
for all f,g € L*(R). The inner product of f € L?(R) with itself is stated as

() = [ F@T@e = [ 17@)Pde = 1
Now we are going to state lemma about Holder inequality which will be one of

the useful tools in proving theorems.

Lemma 2.1. Let p,q € [1,00) with 1/p+1/q=1. Then

2 [ 1swstar < ([ 1rwpa) ([ i)

The proceeding definition will define Fourier Transform of a function f. Let f be
a function from R — C. Then its Fourier Transform is denoted by f is defined as

~

fl)= [ e, foreer
R
The Inverse Fourier Transform is defined to be
fle)= / T f(e)de,  for x €R.
R

The Fourier Transform of the Complex Conjugate of function f is expressed as

70 = F(—¢)

Now we state the following result that is called Plancherel’s equality.

Lemma 2.2. (Plancherel’s theorem). Let f and g be square integrable functions on
R. Then

(2.2) (f. ) = / f(2)g(x) dz = / Fe5@ de = (F.9).

Next we define Schwartz space.
The Schwartz space or space of rapidly decreasing functions on the set of real
numbers is the function space defined by:

SR)={feFR):||fllag <oc for all a,p € N}.
Where ¢>°(R) is the set of all smooth functions from R to C, and
1 fllas = sup [2207 f ().
zeR
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Next, we define Sobolev space. Particularly, we need Sobolev spaces with non-
integer order:

1 R) = { () € L*R) : FH[(1+ D)3 f(9)] € L2®) }.
Norm H? is defined by N
ol = &1 + 136z

Similarly, we can define the norm Hj,

11z, = I1(1E* + M)Z ]| 2.
From the definition of Sobolev spaces, we can deduce the following properties:

(1) If s < &', then H*(R) C H*(R).

(2) For any s € R, the Schwartz space S(R) is dense in H*(R).
Other properties can be found in (page 46, [15]).

Finally, for a smooth positive even symbol a satisfying |ay(§)] < a(€) the following
space H® is defined as

9]l e = (&, a(D)).

2.1. Littlewood-Paley partition of the unity. We begin this section by defining
Littlewood-Paley partition which will be used to define other function spaces. We
now state our first definition in this subsection that was stated in [1§].

Definition 2.3. Let ¢ € €°(R) be equal 1 on [—1,1] and have its support in [—2,2].
Let (&) be the function

D(€) = 6(6) — 6(26).
Uy = 95) — 903),

where N is a dyadic number such that N = 2F. This 1 is a bump function that is
supported in the annulus 1/2 < |£| < 2. And we have the following Littlewood-Paley
partition of unity of &-space that was defined in (17, Equation 24, page 242]

Then we can define Yy

(2.3) P(€) + Zw(%) =1 forall ¢€R.
k=1

@/J(%) is supported in the annulus || ~ N. Moreover, 1y is supported inside the

{¢ e R": & <|¢| < 2N}. It implies that for every & there are at most three nonzero
terms in the sum

We now define Littlewood-Paley projection operators.

Definition 2.4. Pyf and P<yf Fourier multiplier associated to the function 1,
then we have

o) = w(5)aen,  Paate.t) = 7 [ )6 n] (@)
Poulet) = o( LD, Pevule.t) = 7' [o(£)ite.n] @)

where N is a dyadic number of the form N =2, k € Z.
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Generally, Py is a frequency projection in the annulus {|¢| ~ N}, while P<y is a
frequency projection to the ball {|¢] < N}.

The Littlewood-Paley projections Py f commute with derivatives. Now we express
it more precisely by the following statement from [18].

Lemma 2.5. Let N be a dyadic number and let f(x,t) be a function with support
in the annulus {£ € R: N/2 < || < 2N}. Then we have

10 f (2, )|z ~ N f ()| 2
for all 1 < p < oo. Particularly, we have |0, Py f(x,t)||p2 ~ N|| Py f(x,t)|».

2.2. Atomic decomposition of u.

We first state the space-time function spaces U?(I; H) (atomic-space) and V2(I; H)
(space of functions of bounded p-variation) in [10]. Particularly, spaces U? and V2
allow us to define Bourgain’s function spaces adapted to the dispersive equations.
They are defined on a time interval I = [a,b), where —0o < a < b < 400 and take
values in Hilbert space H € {L? H*® H®}. In addition, this section will define and
mention some of their basic properties. Now, we state the definition from the [13].

Definition 2.6. Given a partition a =ty < t; < ... <t = b of I and a sequence
K

{de )iy C H such that Y. ||¢x_1]|% = 1, the function
k=1

a’(t) = Z ¢k—1(x>X[tk—17tk) (t)

is called a U*(I; H) atom.
Let a; be a sequence of atoms and let \; be a summable sequence, then

(2.4) u(t) = Z)\l a;, where a; are UP(I) atoms.
1=0

is a U? function. U*(I; H) is defined as the collection of functions u(t) on I that
has the following norm

00
t ) = inf E Al
||U< >HU2(LH) represen}‘/:cttltions 24 o | l|

Atoms are right-continuous. Next, we define the space V?(I) as the space of all
functions v : I — H. It is considered as the dual space of a space U?. Then the
following norm will be finite:

K-1

1/2
lollvaqim = sup (D o) = o(te-1) %)
k=1

ti

Here, the supremum is taken over partitions a =ty < ... < tx = b. For I = [a,b),
—00 < a < b < oo, we have

ullo2er;my) = X1l 02((=00,100))-

Also,
(2.5) [vllvagray < Ixrvllveecesey < 2lvllveam, v e VEI)
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VEZ(I) is the subspace of functions v in V?(I; H) such that v(a) = 0.

Here,
(z) = 1, zel
X =N0, z¢1

is called characteristic function defined on a set I.

Next, we state the following lemma about embeddings. Please, refer to [13| for
the proof in L? space. Now we conjecture that this lemma should also hold for any
Hilbert space H.

Lemma 2.7. (U-V embeddings). Let I be fized interval such that I = |a,b).

1. If1 < p < q<oo, then UP C UNI; H), VP(I; H) C V? and |ullye;my <
[ulloemy, Nullveam < lullveasm-

2. If 1< p < o0 then UP(I; H) C VP(I; H) ||u||vp([;H) 5 ||u||Up(1;H).
3. If1 <p<q<oo,ula) =0, and u € VP(I; H) is right-continuous, then
[ullva@my S llullvem-
4. Suppose that 1 < p < q < oo, and T is a linear operator with the boundedness
properties:
[Tullx < Collullvaray, — [Tullx < Collullormy, — with 0 <G, < Gy,
for some Banach space X. Then

1 Tullx S mgblullvem,
p

with tmplicit constant depending only on the proximity of q and p.

Next lemma is about duality relation between two function spaces.
Lemma 2.8. (DU-V duality). We have (DU?(I; H))* = VZ(I; H) with respect to a
duality relation which for f € H becomes the usual pairing (f,v) = f;(f(t), v(t)).dt =
[P [ fodzdt.

This lemma has an application in the proof of theorems about Trilinear Estimates
in Section [Bl

2.3. Function spaces adapted to our PDE.

In order to introduce spaces that are adapted to our PDE (1.1)) we consider the
following linear Schrédinger-Airy IVP

{@u—i—ia@%u%—b@ﬁu:O, r,t€R, b#0,

(2:6) ul, 0) = uo(z), z €R.

Next lemma introduces the semi-group for our PDE.

Lemma 2.9. The solution to the linear Schrodinger-Airy IVP (2.6]) is formally
given by
u(z, 1) = e~ o ()

which has to be interpreted as

@(5, t) déf 647r2it(a§2+27rb§3)a0(§)'
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Proof. We start by taking the spatial Fourier transform of (2.6, obtaining that
{ (€, t) — An%iau(€, ) — 8m3ibe3u (€, t) = 0,
(€, 0) = un(§)-
This is an ODE in ¢, and its general solution w is given by
a(&t) _ €4ﬂ2it(a£2+2ﬂb§3)a0(f).
OJ
Hence, our Schrédinger-Airy semi-group is given by e~ #@02+092) and pullback by

the semi-group is ef(10z+b02),
Now we will define the space DU?(I; H)

DU?(I; H) = {Oulu € U*(I; H)}.
Hence, if f € DU*(I; H) and u € U*(I; H) then d,u = f. The subspace UZ of U? of
functions with limit 0 at b, can be identified with the following norms:
I fllpvesmy = Nulx, Ollee @y [ = 0w, ue U

Finally, we are now ready to define the spaces U2Z,, VZ,, and DUZ,, where SA
stands for Schrodinger-Airy semigroup. So, pulling back by the Schréodinger—Airy
semigroup e~ t(9%+092) gives the spaces

def || t(iad2+bd2) def H t(iad2+b02)

lullvz,, r.m) "ullvzms ullve, g Jullvaqmy,
d f 2 3
||U||DUSA(IH) - ||€t(w8 %) U||DU2 (I;H)-
Next, we define the norm: || - [l;2pse s, (jo.7)xR)

1/2
def
HUHZQL""HRM([QT]XR) = (HP<MUHL°°H]SWI([OT]><R + Z HPNuHL“‘H [0T]><]R)>
N>M

= <sup /(|§!2+M)S|¢(§)|2|@(£7t)!2d£

te[o,7] JR

1/2
£ aw f <|5|2+M>S|wN<f>|2|a<5,t>|2d§> .

N tEOT]JR
Since

HUHLOOH]SM L(0,T]xR) < ||U||12L°°H]$W L(0,T]xR)

this norm is stronger than L3, ([0, T] x R), where L H3, ([0, T] x R) is defined
by

(@, )| s mrs, , (o,r1xm) = sup [lu(,t)|[n

([0, TIxR)-
0<t<T i,

In order to attain the region below s = i, we introduce the slightly smaller spaces
via the following norms.

It was shown by D.Tataru [13] that we can adapt Bourgain’s function spaces to
the dispersive equations through the UP spaces.
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To measure the solutions to the Nonlinear Schrédinger-Airy equation we define
the spaces X3, with the norm

1/2
2 2
||“||Xif([0,T}XR):< sup ||P§MU||U§A(I;H + > sw ||PNU||U§A(I;HJSM)>

‘I|:M4371 ?\/I) N>M|I|:N4571

where the supremum is taken over all half-open subintervals I = [a,b] C [0, 7] of
length N45—1,

In order to measure the nonlinearity in Schrodinger-Airy equation we define the
spaces Y,; with the norm

/]

1/2
— 2 2
Yy ([0,T]xR) = <|I|—SJ\121351 HPSMfHDU%A(I;HM + N>ZM |]‘:S]1\1[£3571 ”PNf“DUgA(I;H]SW)) .
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3. BASIC ESTIMATE

In this section we will prove an estimate for the linear part of the equation (1.1).
In the frist place, we will state our first proposition.

Proposition 3.1. Fiz T > 0, and suppose that v € € S,([0,T] x R) and F €
€°S.([0,T] x R) solve the equation

(3.1) O + iadiu + bdu = F

Then, for every s € R, and every dyadic integer M > 1,

(3.2) lullxs, orxry S lulliersers, (orxr) + 1F ]Iy qoxw)-

M,z
Proof. Fix a dyadic frequency N > M, and apply Py to the equation (3.1)) to obtain
that

(3.3) dwuy + iad’uy + bdPuy = Fy,

with uy = Pyu, and Fiy = PyF. The same equation is satisfied by u<y = P<pu
and FSM = PSMF
Suppose that we were able to prove that for every time interval I = [to,¢,) C [0, T,

(3.4) lunllvz, @ms,) < llun (500 ag, + 1Fnllbuz, @ms,)

and the analogous relation for u<); and F< M (see |19, Proposition 2.12 |). Then,
the desired result would follow. Indeed, by (3.4) and the triangular inequality, we
have that

9\ 1/2
| xs, (o, xm) = sup |U<M|| + Z sup ||lun|loz (rms
’ ’ 51 ([0,T]xR) |I|=M4s— 1| AHS, 25 =Nds-1 ‘ ’USA(I,HM)
2
= )|l F s
< (1;13%—1 lu<ar (-, 1) ms, + m:SAL;ES_I [ <M||DU§A([7HM)>
9\ 1/2
+ Z sup ||lun(-,t1)||as, + sup || Ewllpuz, (rm:
P <|IN451 ” ( ’ )| M = Nis-1 || ||DUSA(I7HM)
1/2
< sup  Ju<a(-, t1)|H.s + Z sup HUN<.7t1)|%{}SVI
[I|=M4s—1 DSNwM |I|=N4s—1
1/2
F 2 s Z F 2 .
+ (Il:S]\L}Ii_I H SMHDU?;A(I;HM) + @9N>M‘I|:Sklz£)s—1 H NHDU%A(I?HM)

1/2
< | Musar e ny + sl e
= <MIlLgeH3,  ([0,T]xR) NllLge 3, ([0,T]xR)
PS5N>M

+ [ Fllvg, (0.11xR)

1/2
< |22 ”UNHLOOHS (0.T)x®) T HUNHLOOHS ([0,T]xR)
]M;v M,z

P5N<M P3N>M

+ [ Fllvg, (o,11xR)
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Y&([O,T]x]l%)) .

To prove (3.4]), note that in virtue of Duhamel’s formula (|1.2)),

<2 (Jlullesgeg, o + 171
un (-, ty) = e (AD0a0+b0,, (. ) +/ e~ (=) (b0 (. s)ds,
t

for every t € I.
In particular,

t1
. 2 3 . 2 3 . 2 3
et(m8z+b81)uN(_’ t) B 6t1(za81+baz)uN(_’ t1> _ _/ es(zaaz-i—baz)FN(.’ S)dS,
t

and applying Leibniz’s rule,

at(et(mangbag)uN(_’ t) N et1(ia8§+b8§)uN(_> tl)) _ et(ia6§+b8§)FN(_, t).

Hence,
_ || t(iad2+b53
"FN“DUgA(I;HgA) = ‘ e 'Fy
DU2(I;H3,)
_ ‘ 6t(ma§+ba§)uN(,’t) B etl(iac')%—&-bag')uN("tl) :
U2(I;HS,)
SO
_ || (1202 +b52)
sz, s = e unl
U2(I;H3,)
< ‘ 6t(ia8§+b8§)uN(_7t) o €t1(z‘a8£+b6§)uN(_7t1))
a U2(L;H3,)
+ eh(z‘a@%-l—b&g)u]v(' tl)‘
)
U2(L;H3,)

< [[Fnllpvz, @;ms,) + llun (- )]
To obtain the last inequality, observe that

1/2
= ([ 0r 1Py faxte )P ac)
R

— (for+iery

t1(ia02+b03
el un ()|,

AE un (-, 1)

6—4W2it1(052+2”b§3)aN (& t)

9 1/2
d§>

s
M

S0
Cl(-,t) def A—letl(iaag-i-b(’?g)uN(.’tl)XI(t)
is a U%(I; H;;) atom, and

1 (8)e %ty (1) = Na(-, t).

Hence,
etl(ia6§+b83)uN(_,t1) ‘ <\
U2(I;HS,)
The case when A = 0 is trivial because uy(+,¢;) = 0 and there is nothing to do.
The same argument works for the functions u<y, and Fc .

O
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4. USEFUL ESTIMATES

This section of my capstone will be dedicated to preliminary lemmas that will be
useful in subsequent sections.
First lemma is about Bernstein inequality that was defined in |19, Equation A.6].

Lemma 4.1. (Bernstein inequality). For 1 <p < q < o,
(4.1) PN flle < CNa72 | fl| e

Next definition introduces the region of admissibility that was also stated in |19,
Theorem 2.3|.
Definition 4.2. A pair (p,q) of Hélder exponents will be called admissible if
2 1

1
(4.2) —4+-==,2<p< o0, 4<g< 0.
p q 2

In particular, it can be seen that the following pairs (p,q) of indices are admissible:
(00,2), (6,6), (4,00).

Next two fundamental lemmas will be necessary to prove other theorems and
lemmas in this section. Please note that these were defined for modified Korteweg-
de Vries equation in [5|. The similar estimates could be implemented to our PDE.
The general formula can be found in the paper by Kenig, Pouce, Vega |9]

Lemma 4.3. (Strichartz estimates). Let (p,q) satisfy the admissibility condition
(4.2). Then

(4.3) | DY/Pe= %t bl g < | -

Lemma 4.4. (Local smoothing/maximal function estimates). If (p,q) satisfies the
admissibility conditon (4.2)), then

1-5 —t(iad? 3
(4.4) |Dx 7 e 000 0 < ||| 2

The next two corollaries are consequences of Strichartz and Local smoothing es-
timates. They connect Strichartz norms to our Schrodinger-Airy norms of the form
|- [lvz, and || - lpyz,- The main application of these corollaries are in theorems
about Trilinear estimates in Section [5| to obtain a projection bound.

Corollary 4.5. If I=[a,b) is any interval, and u = u(x,t) any function, then for
(p,q) satisfying the admissibility condition (4.2)), we have, for N > 1,

_1
(4.5) ||PNU||L1;L3 SNr ||Xlu||U§AL27
and we have the dual relation for p >2

_1
(4.6) ||PNUHDU§A(1;L2) SNv HUHLZ;’Lg”
where (p',q') denotes the Hélder dual pair.

The proof of (4.5) is straightforward, because it will suffice to consider Ug,
from Section [2{ and apply Strichartz estimate (4.3)).To prove (4.6) we apply duality

(Lemma [2.8)), (4.5) and (3) from Lemma 2.7
Corollary 4.6. If (p,q) is admissible according to (4.2)) and p,q > r, then

(4.7) [ Prullpre S Ni_lHXIuHUgAL%
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for any interval I = [a,b). We also have the dual relation for q > 2,

5_
(4.8) HPNUHDUgA(I;L?) SNe 1Hu||L£'L‘}'7

where (p',q') is the Héolder dual pair.

The proof of (4.7)) follows from atom for u, local smoothing estimate (4.4) and
triangle inequality. For the proof of (4.8) we use duality (Lemma [2.8)), (4.7)
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5. TRILINEAR ESTIMATES

5.1. Preliminaries.

The following lemma is about the controlling the L? norms of the product of pro-
jections. It was stated by using the similar idea as in paper by Christ, Holmer and
Tataru [5].

Lemma 5.1. For Ny << Ny (Ny > CNy, C > 2 a large number) and u(z,t),v(z,t)
are any functions, we have

(5.1) (P, u) (Pry) 2222 S Ny lIxr P ulloz,, o) IxrPaavlloz , 2.

and
N 2
52) PPl £ 85 (toe ) Pl on Pl oo

5.2. Main Results. In this section we are going to consider the nonlinear part f
our equation ((1.1)). Let the nonlinear part be f = ic|ul?u + d |u|?0,u + e u?0,u.
Proposition 5.2. For all —1/8 < s < 1/4 and M > 1 we have

(5.3) |9 (urugus)|

Y3 ([0,T]xR) ~> S ||U1||X ([0,T]xR) ||U2||XM 0T]xR)||U3||X ([0,T)xR)-

Since proof of Proposition is technical, the proof will be divided into several
steps so that reader will be able to follow it easily.
Before starting the proof of the proposition, we first reduce matters to proving, for
an interval |J| = N*~! with N > 1, a bound of the type
(5.4)
3

||PN8$(U’N1UN2HN3)||DU§A(J;H5) < OZ(N, Nla N27 N3) H Slllz ) ||XIjuNj ||U§AH5'
j=1 |Ij|:Nj87
It can be shown by the definition of Y}; norm and Hoélder’s inequality for all possible
cases of permutation of Ny, Ny, N3 from Step 1. Step 2 will show that the bound

above can be reduced to the following bound. So, we can write
(5.5)

N;N3Nj 1

HPNam(UNluNzﬂNs)HDUgA(J;L?) < a(N, Ny, Na, N3) Ns

sup HXI]’UN]'|’U§AL2'
j=1 Iil=Nt

Here o has certain summability properties. As a general rule, we should have at
least | a(N, Ny, No, N3)| < 1, and in some cases, need a slight power decay in N
and N; to insure the summation with respect to all indices. Step & will discuss the

proof of (5.3)).

The first step of our proof will examine the derivation of all possible cases of
permutation of Ny,Ny,N3.

Step 1. The cases. We have four real numbers N, Ny, Ny, N3 > 1. In our argument,
the sub-indices of Ny, Ny, N3 can be permuted, so we can assume that N; < Ny < Nj.
Now, we have four ways of ordering such four numbers:

(i) Nt <Ny < N3 <N.

(ii) Ny < Ny < N < Ns.
(iii) Ny < N < Ny < Nj.
(1V> N S N1 S N2 S N3.
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We will see that cases (i) and (ii) reduce to Case 1, case (iii) reduces to Case 2, and
case (iv) reduces to Case 3 approximately.

It is known that for a function f, if ]? = 0, then f = 0. So, we are going to
investigate conditions on N, Ni, No, N3 in such a way that for f = Py(un, un,un;)
we have f = 0. Next we consider

~

f(g) = wk(gxaNl * aNz * ﬂNS)(é)’
with N

S < supp ¢ € {5 < [¢] < 2NV},
and for i = 1,2,3, suppuy, C {% < €| < 2N;} o S;.
So now we define

Ni ef
5 < |¢| < 2N;} = S123,

3
supp(Un, * Un, * Un,) C Z{
=1

as the Minkowski sum of the three sets. Then we have that supp f C 5N S1,2,3-
Note that since we work on R, S; = [—2N;, —&1]U[ZE, 2V;], and using the property

(AUB)4+ (CUD)C(A+CYU(A+D)U(B+C)U(B+ D), A, B,C,D sets,
we get that

Nt N, Ny, Ny N, N
S12,3 € [—2(N1 + Ny +N3),—71 - 72 - 73] U [71 + 72 + 73,2(]\71 + Na + N3]
N Ny N N, N; N
U[=E — 2Ny — 2N3,2N; — =2 — 2 U[—2N; + =2 + =2 2L L 9N, + 2N
2 2 2 2 27 2
N. N Ny, N N, N.
U[—2N; + =2 — 2N3, —— + 2Ny — 2] U [=2 — 2N, + =2, 2N, — =2 + 2Nj]
2 2 2 2 2 2
Nl N2 N3 N3 Nl N2
Sl 2 9N 2N, 4 2Ny — 2 U[-2N, — 2N, 4 — 2L 22 49N
U[2+2 3 1+ 2 Q]U[ 1 2+ 27 9 2+ 3}
def def def

= L1ULyUL3ULy = L C[—=2(Ny+ Ny+ N3),2(Ny + Ny + N3)| = T.

Now we will analyze each of the cases.
Under the assumptions of case (i) we have that SNT = ) if and only if

N
2(N1 + NQ + Ng) < 5

This implies that ]/”\: 0. Hence, we can assume that
N
2(Ny + Ny + N3) > 5

and, in particular, Ny < Ny < N3 < N < 12N3. Hence N; < Ny < N3 =~ N which
can be reduced to Case 1 in Step 4.

In a similar fashion under the assumptions of case (ii): to get SN L = ), we need
AN+4N;4+4Ny < Nj, and then, f: 0. Hence, we can assume that 4N+4N;+4N, >
N3 and, in particular, Ny < No < N < N3 < 12N, so N; < Ny < N3 = N and this
case also reduces to Case 1 in Step 4.

Similarly, under the assumptions of case (iii), in order to get SN L = (), we need
4N +4N;+4Ny < N3, and then, J?: 0.Hence, we can assume that 4N +4N;+4N, >
N3 and, in particular, Ny < N < Ny < N3 < 12N,, so N; < N < Ny = N3. This
case reduces to Case 2 in Step 4.
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Lastly, under the assumptions of case (iv), in order to get SN L = (), we need

~

AN+4N;+4Ny < N3, and then, f = 0. Hence, we can assume that 4N +4N;+4Ny >
N3 and, in particular, N < N; < Ny < N3 < 12N,, s0 N < N; < Ny = Nj. ]

In the third step of our Proof, we perform second reduction from Hj, to L.
Step 2. Second reduction. Fix N > M > 1. We have that
1Pxulleg, = (- 2+ M) Pyull 2 = [[(| - 2+ M)* 4] 2,

with supp ¢y, € {§ < [¢] < 2N} &' 3. Now, it is true that

N?2 < N?4+ M < N?*4+ N <2N?,
and for £ € S. Moreover
N2 1, N? 2 2 2 2
TS (VM) < -+ M SJEP + M AN+ M < AN? 4 M) <8N,
so that we get the following inequality
872N [ yil| 2 < || Pl
Hence it can be seen that
| Pyulles, =s N¥||[YillL2 = N*||Pyul| 2.

So, in order to perform the second reduction we will show that

m3, < 8PN ||yt 2.

I1Pnullpuz , (s, =s NI Pyvullpuz, ;22)-

Particularly, we will prove both directions:

(5.6) NSHPNUHUgA(I;LQ) Ss ”PNuHUgA(I;HfW)a
and
(5.7) HPNu”DUgA(I;HfVI) Ss NSHPNUHDUgA(I;m)-

For the first inequality (5.6, we assume that the right-hand side is finite, and
write

(5.8) Pyuxr = Z/\eaé,

with atom

—t(iad? 3
Clg(x, t) = Z X[tj—htj)(t)e i az+baz)¢j*1(x)7
j=1

and 7 [|¢j-1] %,JSW < 1 (see |13, Page 46]). Since Pyu is supported on S, we
can assume that each ¢;_; has Fourier transform supported on S. Hence, by the
previous computations, we obtain

8 VEN®|1¢; 1|12 < |1

ws, < 8PN 6 ]I,

and
Pyux; = Z 8|s|/2N_S)\gag,

>0
with

~ —t(7a 2 3 —|s S
G, 1) = 3 Xjtyyap) (£)e OGN G (),
j=1
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and Z;’:l H8_‘S|/2]\7$¢j,1HQL2 < 1. In conclusion, for every representation (/5.8]), we
have that

HPNUHUgA(I;m) < gelPNT Z | Al.
>0

By taking the infimum over all such representations (5.8)), we have

(5.9) I1Pvullvz, (.p2) < 8|8‘/2N75HPNUHU@AI;H&)-

For the second inequality (5.7)), we have to show that
1Pyvullpuz , (r:ms,) Ss NI Pvullpuz, (r22)-

Without loss of generality, we can assume that the right-hand side is finite, meaning
that there exists a unique function f € UZ([0,T]; L?) such that

8tf _ et(ia@%-&-bag)PNU(', t)
Then by definition it can be seen that
1Pxullpuz, 1,22y = €' %) Pyu(- 8| puerizzy = [ lv2izz) < oo

Note that suppf\g { % < €] < 2N}, so from the previous result ((5.9)

1 lo2ms,) < 82N flluzee)-
Since || f[lv2(r,m5,) < 00, we get

| Pnullpuz a3,y = | fllozcrms,)-
Therefore, we get the desired result

I Pyvull puz, r:m3,) = I fllozmg,)
< 8PVEN?|| flloaiezy = | Pvullpuz, i)

The same argument works for P<y;. O

Next we are going to introduce the following estimate, which is a consequence of
Lemma [2.5] This has an application in last step of the proof of 5.3

(5-10) Haa:PNUHUgA(I;m) 5 NHPNUHUgA(I;L?)-
Proof. We can assume that the right-hand side is finite so that we write
(5.11) Pyuyy = Z Meay  (L? — summable),
>0
with

(1) = X, 10 (e g, (2)
j=1
and 37, [[¢j-1l7. < 1, and supp (}Ej,l C {&¥ <|¢] < 2N} Moreover, we have

—t(iad? 3
ae(z, )2 < E Xty ty) ()| €7 0O%T0%) .y ()] 12
=1

" 1/2
=t (Z ||¢j_1<:c>||12> <l <1,
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and

1Pvuxillze < 1) Aeaellzz <D elllaclle <Y Al < e

>0 >0 >0
Note that ||0,a¢||2 < (kN)? and

0. (Zw) - / €2

>0
Then by differentiating ([5.11]), we get that
X10:Pyu =Y KNy,

>0

1/2

2
dg

/Z Meag(w, t)e " dx

>0

with .
—t(iad? 3 -
Co(2,8) =3 Xity1p) (e ) (cN) 10,6, (x).
j=1

In virtue of |18, Lemma 1.1,
D NEN) T 0dialfe < Y 0yl < 1.
=1 j=1

In conclusion, for every representation ({5.11f), we have that
HaIPNuHUgA(I;LQ) < HNZ ’)‘5‘7
>0
and taking the infimum over all such representations (5.11)),
||8wPNUHU§A(1;L2) < ’fNHPNUHUgA(I;m),

as desired.

O

Finally, by obtaining all the necessary steps, we can now begin the proof by

considering cases that were mentioned in Step 1.

Step 3. Proof of Theorem[5.4 In order to prove the bound (5.5) we will consider

the following cases from Step 1:

Case 1. Ni, Ny, N3 < N. We can assume that Ny < Ny < N3 ~ N. In this
case, all I; have length > |J| and can be neglected. We will then distribute the
derivative, which in the worst case applies to uy,. By (4.6) and Holder inequality

in time variable (2.1)), we have,
[ Pn (v un, i) | puz , (7522) S Iy ung Outing || 11 12
S 1 z2 22 1w, wn, Oting || 1 12

< 112 sy u, O, | 12 2.

Further, again by computations and by Holder inequality (2.1) we get

1

1 1 2

Il ligas S 11 ( [ [ ook, (0o, e dr)
JJX

< N% 2 [Sljp </ ujl\,ldx) ' sgp (/ ujlvzd:z;> ' sup (/(8xﬂN3)2dt>é}
b b z J
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_1 _
S N2 72 Juw, || azse luns [l 2 2o 1007 | o 2 -
Lastly, we apply (4.7) and (5.10)) to the last term, to obtain the following result
1 _
N2 |lun, || 2z 1w, || a o 105N, || oo 12
_1 2 1 _

S NZTENF Ixgun, oz, 00 Na X lluns lluz, s N Nallxsun, lug, 22

Finally, by Lemma ({2.7) (1) we obtain that

N?~ 2N4||XJUN1”U2 L4N2 Xallun, vz, 0o N3 Nl xsungllog 2 S

S N2877N4N24 H Ixun; oz, -
j=1

-
Thus we have (5.4) with « = N 2S"N 1 N24 , which suffices for all s.

Case 2. Ny S N <« Ny ~ N3. We divide J into |J|/|I| = (N3/N)™ > 1
intervals of size |I| = N3*~'. For u € VZ,(J; L?) we estimate by duality (Lemma

23)

|1 Pn (uny un T ) || poz,, (7:22) _‘//uNluNzuNg,uNdxdt‘

Na\ 1-4s
_< 3) sup ’//uNluNQUNduNdxdt
N IcJ

4s5—1
|I|:N3s

Then by Hélder inequality (2.1)) we have

N3 1—4s
(—) sup ‘//uNluNQHNSENd:vdt‘ <
N IcJ IJzx

TN
N3 S
(%) o Juwu s v gz

[=Nge!

Next, using (.1)), (5.2) we bound the above by
NS 1—4 _ B N3
(F) NN s (g el log oo s o s v oo
|I‘:N4S_1

Finally, we apply (2.5) ([[xsPvullvz, < 2[[Pyvullvz,n)

Na\14s 11y 2 Vs
(F) NNy sl g el log oo s o e v oo
[11=Ng""!
and add a factor of NV to account for the derivative in (5.4) to get the coefficient
Nany 2
— N—l—?sNSS <1 _3>
o 3 n—;

so this case is handled if s > —1

N

Case 3. N < N1 < Ny = Nj.
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We again argue by duality as in Case 2 (Lemma and divide into subintervals
of size |I| = N3*'. By v € V2,(J; L?) and by Holder inequality (2.1)) we have

HPN(UNluNﬂNs)HDUgA(J;m) :‘/ /UNUNzﬂNﬂNsdx dt’
teJ Jx

Na\ 1-4s

< (—3> sup / /uNuN2ﬂNlﬂN3 dx dt
N tel Jx
N3

ICJ|I|=Ny="1
1—4s
<(F%) s e gl s g
j1|=Npt
We then use the estimates (5.1)),(5.2) to bound the above by

(¥
N

1—4s N3 _
) 3 21n2ﬁ ?uI; HXIUNl”UgAL?HXIUNz”UgAL2HXIUNs”UgAB||XIUNHV§AL2-
c
[T]=Ngs~1
2
Finally, we apply (2.5). Thus we have a = N; '~ N°* (ln%) which is satisfied if
we have s > —%. U

Proposition 5.3. For all —1/8 < s < 1/4 and M > 1 we have

||U1U2ﬂ3| Y ([0,T]xR) 5 ||U1| X;M([O,T]xR)||U2| X]SM([O,T]XR)HUB| X$5,([0,T]xR)-

Proof. The proof will be very similar to the proof of Proposition [5.2 We will again
state similar bounds, but without derivatives. Therefore all steps can be considered
as a consequences of the previous estimate [5.2] 0
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6. ENERGY BOUND

The following section of capstone project will analyze the almost conserved energy
by using the adapted I-method of Colliander-Keel-Staffilani-Takaoka-Tao |6]. The
main theorem of the section is

Proposition 6.1. Let —1/8 < s <0, M > 1 and u a solution of (L.1)). Then,

(6.1)
lulleere s, omxr) S llul-,0)]

Hj, (0, T]xR) T HUH%?L?HS (0.T)x®) t [ ul g(ij([D,T]XR)'

M,z

6.1. Preliminaries. Before proving the energy bound we first study the weighted
energy conservation for solutions u to .

Due to the ¢? dyadic summation on the left we cannot simply obtain a uniform
in time bound for the H* norm of u. Hence, we introduce a class Sy, of real smooth
positive symbols A(§) for e > 0:

Definition 6.2. Let M > 1. Then Sy s the class of real smooth positive symbols
with the following properties:
(i) A(E) is constant for |£] < 1.
(1i) Regularity:
(6.2) 0§ A(E)] < caA(E)(E) "
(111) Decay properties
dlog A(E) _
dlog(1+&2) —
The latter property implies that A(&) is nonincreasing but decays no faster than
€|72. For A € Sy we will prove the uniform bound
(6.4)
Hu”%foHa([O,T}xR) < [Ju(, O)H%JG([O,T}XIR) + C(H“H%f"H;Lx([O,T]XR)HUH2Lt°°Ha([O,T]><R)+

+ ul

(6.3) -5 <

1
2

%(;J([O,T] xR) ||u||§(g4([0,T}><R))

which implies the desired bound (6.1). In order to undertand and prove it, we
consider a symbol ay € Sy, for each dyadic number N > 1 such that

a (f)déf N2 if | <N
! NI g > 2N

6.2. Main Results. We inspired by the [-method to construct energy functional
and investigate its behavior along the flow. So we now define the energy functional
as

def
(6.5) Eo(u) = (A(D)u,u) = ||u”%la([0,T]><R)7

where A(D)u = F1(A(€)a(€))(x). We then compute its derivative along the flow.
Note that A(D) is self-adjoint because A(€) is real. Hence, by taking the derivative
with respect to time, we get that

d d
an(u) = <EA(D)U, u) + (A(D)u, Owu) = (A(D)0Oyu, u) + (A(D)u, Oyu)

= (Oyu, A(D)u) + (A(D)u, 0yu) = (A(D)u, dyu) + (A(D)u, Opu)
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= 2R(A(D)u, dyu) < Ry(u),

where we have used the conjugate symmetry of the inner product.
Thus, using equation (1.1) to compute 0,u, we obtain that

Ry(u) = 2R(A(D)u, —iad*u — bd2u — iclul*u — d|u*0,u — eu?d,u)
= 2aR(iA(D)u, 0?u) — 2bR(A(D)u, O>u)
+ 2cR (i A(D)u, |u*u) — 2dR{A(D)u, |u|*0,u) — 2eR(A(D)u, u*0,1).
In virtue of Plancherel’s theorem and the polarization identity, we have that
RGA(D)u, 02u) = §R(ZA( )u, 82 ) = —47r2§R/iA(§)§2]ﬂ(£)|2d§:O.
Similarly, we also have that
R(A(D)u, Pu) — R(A(D)u, Dou) — 875 / (©)E () 2de = 0.
As a consequence, we deduce that
Ry(u) = 2cR(GA(D)u, |ul*u) — 2dR{A(D)u, |u|*0,u) — 2eR(A(D)u, u*0,7u)
© RI(u) — dRY (u) — eRY (w).

Now, we focus on the term RI(u). Let us write it as a multi-linear operator in the
Fourier space,

Ri(u) = 2RGAD)u ) = 2 [ iA(€)a(€) @7+ D)€ e
= 2R /// PA(E)A(E)TU(E)U(E)U(E — & — &)dErdésdey
= 2R /// PAE)T(EN)U(—E1 + & + £0)T(E)u (&) dérdEzde,

g / / / /{ oy OO UCITETE erdeatse
=2R [ A(&)u(&)u(&)a(E)u(ls)de,

Py

where

Pr={¢=(6,6,6.4) eR G+ & — &G — & =0}
Note that if in this last expression for Ri(u) we apply the change of variables given
by & <+ &3 and & <+ &4, we realize that

Ri(“) = 2% iA(&3)u(&s)u(éa)u (51) (€2)d€

Py

= 2R [ iA(&)u(&)ult)u(é)a(l)dé

Py

= 2R [ iA(&)u(&)u(&)u(Es)ully)de.

Py

In a similar fashion,

Ri(u) = 2% iA(&)u(&r)u(ée)u (53) (€4)dE

Py
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= 2R [ iA(&)U(E)u(&)u(E)ulE)de,

Py

and hence, Ri(u) can be symmetrized as

Ritn) = 3% [ A€t de
with

ANE) = A&) + A(&) — Al&) — A

Next, we focus on the term R} (u). We can write

—_—

R (u) = 2R(A(D)u, wadyu) = 2R / A(E)(E) (@ * D ) (€1)déy

R / / / €A (E)T(E)UENT(Er — & — Ea)dErdesdes
= —dnR | & AG)U&)a(E)u(Es)alEy)dE.

Py
If in this last expression we perform all the 8 possible permutations of variables that
leave P, invariant, we get that

R () = xR | 644G (6 TETAE g
=t [ iGA(E)(E)E)TEITE e
= —1mR [ A6 TG i
= o | A ()6 G TG ) de

= 4R | i&A(&)U(&G)U(E)(Es)u(E)dE

Py

= 47R ; i&1A(&)u(&)u(ée)u (53) (€4)d€

= 4R - & AG)u(&)u(é)u (53) (§a)dE,
and hence, R (u) can be symmetrized as
Rilw) = g% | AT (€)a(6)A(E)TEE)dE,
with
AM(E) (61 + &) (AG) + AE0) — (6 + &) (AE) + A&)).
Finally, for the term R!/7(u) we have that

—_—

RU (1) = 2R(A(D)u, wud,u) = 2R / A(E)A(E) @ * T * 9,u)(£)dé,

— _irR / / / (6 — & — £ A(E)(E)U(E)UE)T(Er — & — &) dEsde,
=47 R : i€ A(6) (&) U(E)T(E) T (&) dE.
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Once again, if in this last expression we perform all the possible permutations of
variables that leave P, invariant, we obtain that

RiM(u) = 47R [ & A(&)u(&)u(&)u(Es)u(Es)dé

Py

= 4R [ & A(E)U(E)T(E)U(Es)u(Ey)dE

= —47R i i€ A(Ea)U(61)U(E)T(Es)u(Ey) dE,

and hence, R (u) can be symmetrized as

Ri”(u) =i iAHI(&W(fl)ﬁ(fz) (&3)u(&4)dE,

Py
with
AT(E) € g A(&) + & A(E) — EA(E) — EA().

In conclusion, Ry4(u) can be symmetrized as

Rau) = 5% [ i (cA’(§) = draT!(€) = 2em ! (€)) A& (e TEAEAN .

Note that for d = e = 0 and ¢ = 1, then we recover NLSE, while for ¢ = 0 and
d=2eande= j:2— and A is even and u is real, then we recover R-mKdV.

Inspired by the I-method of Tao et al., to estimate R4(u), we will introduce an
extra term E;(u) of the form

By(u) = / B(&)a(6)) (&) alE) a6 de.

being B a nice real function that we will choose later, so that Ep(u) = Ei(u) +
(Eo(u) — Ei(u)), and LBy (u) = Ry(u) + L(E1(u) — Eo(u)). du = dyu.
To determine the appropriate choice for B, we compute iEl(u) as follows:

d N .
4 Byw) = /P B() (0() &) alE)uE) de

+ | B&)u(&) (&) u(&)u(a)de

S

4

+
S—

B(&)a()i(&) (0a(E) ) @l de

4

+
S~

B(&)a(&)i(&)i(&) (2 ) dé

4

B(&) (9rul&1)) u(&2)ul(€s)u(Ss)d€

I
S—

4

_|_
[\
I

B(&)a(&)a(&) (0(E) ) alEr)de

B(&) (u(&1)) u(€2)u(€s)u(€a)dg

I
S—

4

B(&)u(&1)ul&) (9ru(&s))u(éa)dé

_I_
[\
I
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= 4R | B(&) (9u(ér)) u(é)u(és)u(éa)dg,

Py

assuming that

(66> B(fla 527 537 54) = 8(527 517 537 54) = B(£17 527 647 §3) = B(é?n §47 517 52)
Taking the Fourier transform of equation , we deduce that

Da(€) = —iad2u(€) — bDBu(E) — icful?u(€) + djulPdyu(€) — eu?d,u(E)
= 4n%ia€%0(€) + SroibE*A(E) — icful?u(€) + dluPO,u(€) — ew?d,u(¢)
© 4n%i(a€® + 2mbE)A(E) + Su(€),

and hence,

d

—Ei(u) = 167°R ; iB(€)(af + 2mbey)u(€1)u(Ee)u(Es)ul€a)dé

HAR | BE)Su(€)T(E)TETTEE =T+ R(u).

So, we get the following expression for Rg

(6.7) Re(u) & 4R | BOS(&)i&)E (& )ulq)de.
Using , we have that

J =16m"R [ iB(§)(a&; + 2mb&3)u(& )u(&)u(Es)u (&) dé

Py

= —16m°R [ iB(€)(a&l + 2mbe3)u (&) (&) (S )u(Ey)dé

Py

= —16m°R | iB(€)(a&] + 2mbEd)u(&)u(Ee)u(Es)u(Ea)de,

Py
and J can be symmetrized as
J = 4r°R - iB(&)Q(&)u(&)u(é)u (53) (€4)dE,
with
Q&)=L & +6 -8 - &) +2mb(& + & - & - ).
Now, we choose B in such a way that J = R4(u). That is,

472 B(€)Q(&) = % (cA'(&) — dn AT (&) — 2em AT (€)), &€ P

If (a,b) # (0,0), then we can take
déf 1 CAI<€) — dT['AH(ﬁ) — 2671'14][[(6)

(68) BO = crierg-g-orm@ g -ag-a)
which satisfies .

Remark 6.3. To avoid dividing by zero in the previous definition of B, note that

0< / dg < / dxdydz = 0,
Pin{Q(&)=0} {(z,y,2)€R3:=2(a+3bm (z+y)) (z—2) (y—2)=0}
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since the region of integration in the second integral is a union of three planes in R3.

Hence, we can define B(E) as before for € € Py \ {Q(&) = 0}, and take B(§) =0
for & € PLn{Q(&) = 0}.

In conclusion, we have

d

In the remaining part of this section we are going to state the useful lemmas and
connect them in order to show our main inequality (6.1]).

Lemma 6.4. Leta € S and B as in . Then we have
(6.9) Ey(u(x,t) < Jull?

Hs

31l [O,T]XR)HUH%{CL([O,T]XR)

Since ||u|lg-1/2 S ||lul|ms |15, Proposition 3.1] the following corollary will imply
©-9:
Corollary 6.5. Let a € S and B as in . Then
(6.10) |Bx (@, D) S lullzre oz 1l

Mzc

Given the expression of B, it can be proved by using the notations uy = Pyu
for N > 1 and v = P<yu from Littlewood-Paley projections and Bernstein’s in-

equality (4.1]). Particularly, it will come from the behavior of derivatives and Holder
inequality ([2.1]).
Lemma 6.6. Let a € S and Rg be given as in (6.7)). Then

t
(6.11) || Ralwte)it] S i oy e oy
The proof will come from the behavior of derivatives of Rg.

Hence Lemma and Lemma will give us (6.4)).

Proof of[6.1] Tt can be shown that by Fundamental Theorem of Calculus that we
have

‘/ Rg(u(x, s ds‘<‘/ (Eo + E1)(u(x, s))d ‘
< [(Bo + Ey)(u(z, )] + [(Eo + E1)(u(z,0))]

< Eo(u(z,0)) + Ey(u(z, 1))
B (u

since we choose Ey(u) = Ey(u) + (EO( ) — ) = (Eo(u) + E1(u)) — Ey(u).
By (6.5) and the bound in Lemma [6.4] we get

[Eo(u)|l = [lu(, Ofl e < sup [Ju(, 0]lze = [Jullfo go
0<t<1
S Nw(O) 7o + Nl grg, N1l oo e + 1l lullxe.
0
Finally, we apply ax to (6.4])
[l Zoorrg < Nu(O)Frg, + Nl oo prg, 1l Zoo g + Nulls, llullis »

and by the following relations

lulliz ooy, = D ullzoe g,
M N

N>1
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luliys, = D lulliy

N>1

we get, (6.1)).

27
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7. PROOF OF THEOREM [L.1]

Before starting the proof of the Main Theorem we shall introduce proposition that
states the problem for small data result:

Proposition 7.1. Fiz T > 0, and M € &, and let —1/8 < s < 0. There exists
0 < &g < 1 such that for every initial data ug € S(R) satisfying

[[uo]

and every solution u € €°S,([0,T] x R) to the IVP (1.1]),

o, < €o,

[ull Lo s, 0,113y S Hlwoll g,

Proof. To prove this result, we follow the continuity argument presented in |10, Page
5].

Let up € S(R), and let u € €°S,([0,T] x R) be a solution to (1.1)) up to time 7.
Also assume that the quantities in Proposition (Basic Estimates) are finite. In
particular, we have u € (*?L*H}; ([0, T] x R) and u € X3,([0,T] x R).

We consider a small value 0 < § < 1, and denote by Ay the set

def
A§ = {t - [O,T] . ||u||€2L?oHi/1,m([07t]XR) S 2(5, HU|

X3, ([0,t]xR) < 2(5}

Here some claims with no proof:

(1) 0 € As, for 0 < 9.
(2) The norms defining As increase with ¢.
(3) Therefore, As is an interval, possibly for 0 < § arbitrary.
(4) The norms defining As are continuous with respect to ¢, so As is closed.
We see that there exists 0 < g9 < 1 such that if ||ug||gs = € < &9, then there
exists 0 < 6 < 1 such that A5 = [0, 7.
Let t € As. Suppose that our energy estimates ensure that if [|ul]¢ Hy, L (04xR) <
20, then

Hy, T Hu‘ﬁ?Lf"Hi/I@([O,T]XR) + [|ul ?))(ISM([O,t]X]R))a
with C'5 > 1 independent of ¢, ¢, and ug. Then,

lulleeree g, ,(0.xr) < 8C3(e + 5+ 6°).

HUHﬁLgOH;M([O,t]xR) < Cs({|uo]

By basic estimates,

lullx, qoaxmy < Crlllullerns,  qoaxm + [1fllvg (oaxm),

with C; > 1 depending only on M. Also, our trilinear estimates give us
| f] %(JSV[([O,t]x]R)a
with (5 > 1 independent of t. With these ingredients,
X3, ([0,¢]xR) < Cl (803(8 + 52 + 53) + 80253) < 1601(02 + 03)(6 + 52 + (53>

v (0,xRr) < Callul

[[ul
Hence, for C' % 16C1(Cy + C5) > 1, we have that
maX{HUHNLgOH;M([o,t]xR), Jullxs, (o.gxr) } < Cle + 62 +6°).

By setting § = Ke, with K > 0, the condition C'(e + 6% + §%) < § is equivalent to
K32+ K% +1— % < 0. And we choose K > C such that the maximum value for

. . . 2. JOAT3CE — K244/ Ki-aK3(1-%0)
€ is obtained; that is, K, = &= 04:030 +6C Now we set g9 = — -
0
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Hence, by the continuity of the norms with respect to t, it follows that a neighbor-
hood of ¢ is in As. In conclusion, As is an interval that is both open and closed in
[0, 77, so it must be [0, 7.
To finish this argument, since T' € As, we have that
C?+/CT+3C3 + 60
4+C
and the desired result follows. O

Proof of Theorem[I.1]. Let —1/8 < s < 0. Let ug € S(R), and let u € €°S,.([0,T] x
R) be a solution to (L.1)) up to time 7', and suppose that ||ug||gs < R. For every
dyadic integer M > 1, we have that

ol yas = NI(| - 2+ M) 735 ()| 2 < M35 Z (| - [P+ 1)30() | 2 < M7 2R,

lullLgom3, L 0,m)xr) < ullerzems, (omxr) < 20 =2 |2o]| £

_1l_s
Now, let M, be the smallest dyadic integer such that M, ' *R < g(, and apply
Proposition [7.1] to obtain that for every dyadic integer M > M,

HuHLtOOHA}%S([O,T]XR) 5 HUOHH;/[l/s.

Now, we take a weighted square sum with respect to dyadic integers M > M,,

1
%I]S\/jo ~ Z M8+3Hu0||§{;{1/8,
M> My

[|uo

and we get the desired result,

Mg |ul| oo s o<y < l|ullzeoms, (qorxr) S lluol Hyy, < Juo|

5.
Mg,z H
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