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Abstract. We present some variants of Burgers-type equations for incompressible and isothermal planar flow of 
viscous non-Newtonian fluids based on the Cross, the Carreau and the power-law rheology models, and on a 
symmetry assumption on the flow. We numerically solve the associated traveling wave equations by using industrial 
data and in order to validate the models we prove existence and uniqueness of solutions to the equations. We also 
provide numerical estimates of the shock thickness as well as the maximum stress associated with the traveling waves. 
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1. Introduction 

    A viscous Newtonian fluid has a constant viscosity and a linear relation between the shear stress and the shear strain rate. 
Conversely, the viscosity of a non-Newtonian fluid varies with shear strain rate and the relationship between shear stress and 
shear strain is nonlinear [1], [2]. Newtonian fluids are ideal cases that we can see in real life, such as water and air etc. Most 
fluids can be classified as non-Newtonian fluids. For example, polymers, melted metals, human blood, paints, industrial mud 
and clay and most colloids, just to name a few. Many non-Newtonian fluids can be modeled by three rheological models: the 
Cross, the Carreau, and the power-law models [2]. The Cross and Carreau models cover the entire shear rate range, and they can 
be used to model the flows of liquid food and beverages [1], [3] and blood [4], [5]. The power-law model is applicable to many 
polymers as well as some liquid foods [4], [3]. In fact, these three rheology models are standard models adopted in chemical 
engineering, food processing, and petro-chemical engineering communities, see [3], [6], [7], [8], [9], [10], [11], and [2] for 
derivations and applications. Under some simple assumptions, we demonstrate that a class of equations of Burgers-type can be 
derived for incompressible, isothermal and symmetric non-Newtonian fluid planar flows. Table 1 lists mechanical and geometric 
properties in mathematical modeling. 
It is well known that the Navier-Stokes equations for viscous planar flows are given by the following system [12], (Wei et al. 
2011), [14], [15]: 

൞

𝜌൫𝑢௧ + 𝑢𝑢௫ + 𝑣𝑢௬൯ = 𝜏ଵଵ,௫ + 𝜏ଵଶ,௬ − 𝑝௫ + 𝑓ଵ,

𝜌൫𝑣௧ + 𝑢𝑣௫ + 𝑣𝑣௬൯ = 𝜏ଶଵ,௫ + 𝜏ଶଶ,௬ − 𝑝௬ + 𝑓ଶ,

𝑢௫ + 𝑣௬ = 0.

 (1) 

Here, we use 𝑣⃗ = (𝑢, 𝑣)  to denote the fluid velocity,  the density, 𝜎෤ = ቀ
𝜏ଵଵ 𝜏ଵଶ

𝜏ଶଵ 𝜏ଶଶ
ቁ  the stress tensor, ∇𝑝 = ൫𝑝௫, 𝑝௬൯  the 

pressure gradient, and 𝑓 = (𝑓ଵ, 𝑓ଶ) the external force. 
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Table 1. Nomenclature 

Symbol Definition Symbol Definition 

    𝑓 External force 𝛾̇ Shear rate 
    𝑝 Pressure gradient 𝜂 Apparent viscosity 
    𝑝௫ Horizontal component of pressure gradient 𝜂଴ Asymptotic value of 𝜂 for zero shear rate 𝜂଴ 
    𝑝௬ Vertical component of pressure gradient 𝜂ஶ Asymptotic value of 𝜂 for infinite shear rate 
    𝑢 Horizontal component of fluid velocity 𝜅 Time constant from reference resource 
    𝑣 Vertical component of fluid velocity 𝜅̅ Time constant 
    𝑣⃗ Fluid velocity 𝜌 Fluid density 
    𝑥 Position in the horizontal direction 𝜏௜,௝  Element in the stress tensor where 𝑖, 𝑗 =  1,2 
    𝑦 Position in the vertical direction 𝜀௜,௝ Element in the strain tensor where 𝑖, 𝑗 =  1,2 
    𝛼 Parameter in the Carreau-Yasuda model   

The strain tensor is denoted by 𝜀̃ = ቀ
𝜀ଵଵ 𝜀ଵଶ

𝜀ଶଵ 𝜀ଶଶ
ቁ , where 𝜀ଵଵ = 𝑢௫, 𝜀ଵଶ =

ଵ

ଶ
൫𝑢௬ + 𝑣௫൯ = 𝜀ଶଵ, and 𝜀ଶଶ = 𝑣௬. The subscripts 𝑡 , 𝑥, 

and 𝑦  are used to denote the corresponding partial derivatives, e.g., 𝑣௫ =
డ௩

డ௫
, and the subscripts 1  and 2  are for vector 

components in the 𝑥 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 of the 𝑦 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 on the plane. The symmetry assumption we make is that 𝑢(𝑥, 𝑦, 𝑡) =
𝑢(𝑥, 𝑡). Under this assumption and the incompressibility condition, we have 𝑢௬ = 0, 𝑢௫ + 𝑣௬ = 0, 𝑣 = −𝑦𝑢௫ + 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, 

𝜀ଶଵ = 𝜀ଵଶ =
ଵ

ଶ
൫𝑢௬ + 𝑣௫൯ =

ଵ

ଶ
𝑣௫ = −

ଵ

ଶ
𝑦𝑢௫௫, and 𝜀ଶଶ =  𝑣௬  =  −𝑢௫. In general, the constitutive rheology equation for viscous 

fluids is given in the following form: 

𝜎෤ = 2𝜂(𝛾̇)𝜀̃,  (2) 

where 𝛾̇ is the shear rate and the function  𝜂(𝛾̇)is the apparent viscosity. For planar flows, the relationship between stress and 
strain tensors is given by: 

𝜎෤ = ቀ
𝜏ଵଵ 𝜏ଵଶ

𝜏ଶଵ 𝜏ଶଶ
ቁ = 2𝜂(𝛾̇) ቀ

𝜀ଵଵ 𝜀ଵଶ

𝜀ଶଵ 𝜀ଶଶ
ቁ.  (3) 

The shear rate for planar flow is given by 𝛾̇ = ቂ2𝑢௫
ଶ + 2𝑣௬

ଶ +
ଵ

ଶ
൫𝑢௬ + 𝑣௫൯

ଶ
ቃ

భ

మ . For viscous Newtonian fluids, 2𝜂 =  µ =

 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, Equation (1) then reduces to: 

൞
𝜌(𝑢௧ + 𝑢𝑢௫) =

𝜇

2
𝑢௫௫ − 𝑝௫ + 𝑓ଵ,

𝜌൫𝑣௧ + 𝑢𝑣௫ + 𝑣𝑣௬൯ = −
𝜇

2
𝑦𝑢௫௫ − 𝑝௬ + 𝑓ଶ,

 (4) 

under the symmetry and incompressibility assumptions. Suppose that the term −𝑝௫ + 𝑓ଵ is very small and negligible and let 𝜈 =
ఓ

ఘ
, then the first expression in Equation (4) is reduced to: 

𝑢௧ + 𝑢𝑢௫ = 𝜈𝑢௫௫ ,  (5) 

 
which is the well-known Burgers’equation for viscous Newtonian fluids [14], [16]. The inviscid counterpart of Equation (5) is: 

𝑢௧ + 𝑢𝑢௫ = 0,  (6) 

For non-Newtonian fluid flows 𝜂 is not a constant, then we have: 

𝜌(𝑢௧ + 𝑢𝑢௫) = 2[𝜂(𝛾̇)𝑢௫]௫ − 𝜂(𝛾̇)𝑢௫௫ − 𝑝௫ + 𝑓ଵ. (7) 

Note that |𝛾̇| = 2𝑢௫ at 𝑦 =  0, therefore for the power-law fluids, 𝜂(𝛾̇)  =  µ|𝛾̇|௡ିଵ, we have: 

𝜌(𝑢௧ + 𝑢𝑢௫) = 𝜇̂(|𝑢௫|௡ିଵ𝑢௫)௫ − 𝑝௫ + 𝑓ଵ,  (8) 

where 𝑢 = 𝑢(𝑥, 𝑡), 𝜇̂ = 𝜇2(௡ିଵ) ቀ
ଶ௡ିଵ

௡
ቁ, 𝑝௫ = 𝑝௫(𝑥, 0, 𝑡), and 𝑓ଵ = 𝑓ଵ(𝑥, 0, 𝑡) . Pressure-control flows are very important in 

studying microfluidic devices where the pressure can be controlled by inlet flow rate [17]. Based on this, we make the second 
assumption that the term 𝑝௫  +  𝑓ଵ can be considered to be very small and negligible. Therefore, we obtain the following Burgers-
type equation 

𝜌(𝑢௧ + 𝑢𝑢௫) = 𝜇̂(|𝑢௫|௡ିଵ𝑢௫)௫ . (9) 

Some nonlinear equations, like Equation (9), have been studied extensively as mathematical models in [18], [19], [20], [16] and 

[21]. In particular, 𝜈 ቀ
௨ೣ

ଵା௨ೣ
మቁ

௫
 was studied instead of 𝜇̂(|𝑢௫|௡ିଵ𝑢௫)௫ in [20], [22], and [19] in some Burgers-type equations. The 

analytic and numerical traveling wave solutions of equations like Equation (9) are given in [13], [14]. In the following, we denote 
𝜏ଵଵ(𝑥, 0, 𝑡) by 𝜎 and 𝜀ଵଵ(𝑥, 0, 𝑡) = 𝑢௫(𝑥, 0, 𝑡) by 𝑢௫. The assumption 𝑢(𝑥, 𝑦, 𝑡)  =  𝑢(𝑥, 𝑡) allows us to first solve for the flow 
velocity distribution on the 𝑥 − 𝑎𝑥𝑖𝑠 by solving the Burgers-type equation in 𝑢(𝑥, 𝑡) and then use 𝑣(𝑥, 𝑦, 𝑡)  =  −𝑦𝑢௫(𝑥, 𝑡) for 
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the full velocity calculation. In Section 2, we derive a Burgers-type equation in 𝑢(𝑥, 𝑡) for the three non-Newtonian fluid models. 
Understanding the solutions of these equations can provide insight into the more complicated flow patterns for these important 
non-Newtonian fluids. The resulting ordinary differential equations (ODE) in 𝑢(𝜉), 𝜉 =  𝑥 − 𝑐𝑡, from these partial differential 
equations (PDE) for traveling waves are all first-order implicit equations, and therefore the MATLAB built-in function ode15i() 
is used for computations of the numerical solutions. The use of the ode15i() function requires the values of 𝑢క(0) which are 
solved numerically by MATLAB’s built-in function fzero before the numerical traveling wave solutions are calculated. In 
Section 3, Section 4, and Section 5, we solve the traveling wave equation to the Burgers-type equation, by using ode15i() for 
each of the three models respectively. The corresponding fluid velocity plots are also provided in the figures of these sections. 
Our numerical solutions and analysis indicate that the traveling wave solutions 𝑢(𝜉) for these nonlinear Burgers-type equations 
are all kink waves and the corresponding strains 𝑢′(𝜉) are solitons with various thickness of the transition layers. For illustration 
and comparison purposes, we have chosen experimental data from science and engineering literature as input parameters of the 
models for numerical computations. In Section 6, we use the Peano theorem with uniqueness in the implicit case to prove the 
existence and uniqueness of solutions to the nonlinear implicit first-order ODE and validate that the mathematical models are 
well-defined. In Section 7, we present numerical approximations of the thickness of transition layers and the corresponding 
maximum stress 𝜀ଵଵ to compare the different behavior of the fluid flows predicted by the models. 

2. A Variant of Burgers-type Equation for Some Non-Newtonian Fluids 

    For the incompressible, isothermal, viscous and symmetric planar fluid flows, the shear rate in Equation (2) is simplified into: 

𝛾̇ = ඨ2 ൤𝑢௫
ଶ + (−𝑢௫

ଶ) +
1

2
(−𝑦𝑢௫௫)ଶ൨ = ඨ4𝑢௫

ଶ +
1

2
𝑦ଶ𝑢௫

ଶ.  (10) 

Substituting Equation (10) into the first expression of Equation (1) and using 𝑢௬ = 0, we have: 

𝜌(𝑢௧  + 𝑢𝑢௫) =  [2𝜂(𝛾̇)𝑢௫]௫  − [𝜂(𝛾̇)𝑦𝑢௫௫]௬ − 𝑝௫ + 𝑓ଵ. (11) 

The right-hand side of Equation (11) can be rewritten as: 

2𝜂(𝛾̇)௫𝑢௫  + 2𝜂(𝛾̇)𝑢௫௫  − 𝜂(𝛾̇)௬𝑦𝑢௫௫  −  𝑝௫  +  𝑓ଵ. (12) 

Since 

⎩
⎪
⎨

⎪
⎧𝜂(𝛾̇)௫ =

𝜂′(𝛾̇)

2𝛾̇
(8𝑢௫𝑢௫௫ + 𝑦ଶ𝑢௫௫𝑢௫௫௫),

𝜂(𝛾̇)௬ =
𝜂′(𝛾̇)

2𝛾̇
𝑦𝑢௫௫ ,

 (13) 

Equation (11) becomes 

𝜌(𝑢௧ + 𝑢𝑢௫) =
𝜂′(𝛾̇)

𝛾̇
(8𝑢௫𝑢௫௫ + 𝑦ଶ𝑢௫௫𝑢௫௫௫)𝑢௫ + 𝜂(𝛾̇)𝑢௫௫ −

𝜂ᇱ(𝛾̇)

𝛾̇
𝑦ଶ𝑢௫௫

ଷ − 𝑝௫ + 𝑓ଵ. (14) 

Substituting 𝑦 =  0 into Equation (14) and assuming that 𝑝௫(𝑥, 0, 𝑡) + 𝑓ଵ(𝑥, 0, 𝑡) is very small and negligible, we have: 

𝜌(𝑢௧ + 𝑢𝑢௫) = 2𝜂(𝛾̇)௫𝑢௫  + 2𝜂(𝛾̇)𝑢௫௫  . (15) 

Since 𝛾̇  =  2|𝑢௫|, Equation (15) becomes 

𝜌(𝑢௧ + 𝑢𝑢௫) = [4𝜂ᇱ(2|𝑢௫|)|𝑢௫| + 𝜂(2|𝑢௫|)]𝑢௫௫ (16) 

where 𝜂ᇱ(𝛾̇) =
ௗఎ(ఊ̇)

ௗఊ̇
. Equation (15) can be used to determine the flow velocity 𝑢 on the 𝑥 − 𝑎𝑥𝑖𝑠 and allows the other velocity 

component to be computed by using 𝑣(𝑥, 𝑦, 𝑡)  =  −𝑦𝑢(𝑥, 𝑡) . For the power-law rheology model 𝜂(𝛾̇)  =  𝜅̅|𝛾̇|௡ିଵ , then 
Equation (16) gives the power-law Burgers’ equation (9), which reduces to the classical Burgers’ equation (5) when 𝑛 =  1, 
𝜅̅ =  2𝜅, and 𝜅 =  µ. For this reason, Equation (15) is called a variant of the generalized Burgers’ equation for non-Newtonian 
fluids, by setting 𝑝௫(𝑥, 0, 𝑡) +  𝑓ଵ(𝑥, 0, 𝑡)  =  0. The rheology equations considered in this work are: the Cross model, 𝜂(𝛾̇) =

𝜂ஶ +
ఎబିఎಮ

ଵା఑ഥ|ఊ̇|೙, the Carreau model, 𝜂(𝛾̇) = 𝜂ஶ + (𝜂଴ − 𝜂ஶ)(1 + 𝜅̅|𝛾̇|ଶ)
೙

మ   and the power-law model, 𝜂(𝛾̇)  =  𝜅̅|𝛾̇|௡ିଵ, where 𝜂଴, 

𝜂ஶ, 𝜅̅, and 𝑛 are material constants depending on the type of fluid, see, e.g. [3]. The resulting equations of these models from 
Equation (15) are called variants of the generalized Burgers’ equations. We will show existence and uniqueness of the solution 
to the corresponding traveling wave equations and solve for these solutions numerically in the individual sections below. 

3. Traveling Wave Solutions of the Cross Model 

    By using Equation (15) and the rheological equation for the Cross model, we have 
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ቐ
𝜌(𝑢௧  + 𝑢𝑢௫) =  [2𝜂(𝛾̇)𝑢௫]௫  ,

𝜂(𝑢௫) = 𝜂ஶ +
𝜂଴ − 𝜂ஶ

1 + 𝜅̅|𝑢௫|௡
, 𝜅̅ = (2𝜅)௡ .

  (17) 

For traveling waves, we assume that 𝜉 =  𝑥 − 𝑐𝑡 and 𝑢(𝑥, 𝑡)  =  𝑢(𝑥 − 𝑐𝑡)  =  𝑢(𝜉). Then 𝑢଴(𝜉)  =  
ௗ௨

ௗక
 yields 𝑢௫  =  𝑢′(𝜉) and 

𝑢௧  =  −𝑐𝑢′(𝜉). Thus Equation (17) in the traveling wave coordinate 𝜉 yields: 

−𝜌𝑐𝑢ᇱ + 𝜌𝑢𝑢ᇱ = [2𝜂̅(𝑢ᇱ)𝑢ᇱ]ᇱ − ቂ∫ 𝜂̅(𝑠)𝑑𝑠
௨ᇲ

଴
ቃ

ᇱ

                                                                 (18) 

We will use the following standard boundary conditions for the traveling waves: 

൜
𝑢(−∞) = 𝑢௟ , 𝑢ᇱ(−∞) = 0,

𝑢(∞) = 𝑢௥ , 𝑢ᇱ(∞) = 0,
 (19) 

where 𝑢௥ and 𝑢௟ are positive constants satisfying 𝑢௟ > 𝑢௥, see, e.g. [23]. Integrating Equation (18) gives: 

2𝜂̅(𝑢ᇱ)𝑢ᇱ − න 𝜂̅(𝑠)𝑑𝑠
௨ᇲ

଴

= 𝜌 ቆ
𝑢ଶ

2
− 𝑐𝑢ቇ + 𝑐ଵ. (20) 

Applying boundary conditions in Equation (19) to Equation (20) yields: 

൞
𝑐ଵ = 𝜌

𝑢௟𝑢௥

2
,

𝑐ଵ =
𝑢௟ + 𝑢௥

2
,
 (21) 

Substituting Equation (21) into Equation (20) yields: 

2𝜂̅(𝑢ᇱ)𝑢ᇱ − න 𝜂̅(𝑠)𝑑𝑠
௨ᇲ

଴

=
𝜌

2
(𝑢 − 𝑢௟)(𝑢 − 𝑢௥).  (22) 

Equation (22) is a first-order implicit ODE in the form 𝐹(𝑢′(𝜉), 𝑢(𝜉))  =  0. For simplicity, we use boundary conditions 𝑢௟  =

 1  and 𝑢௥  =  0 , and assume that 𝑢(0) =
௨೗ା௨ೝ

ଶ
=

ଵ

ଶ
. We will apply the MATLAB built-in function ode15i() to solve it 

numerically. This implicit ODE solver requires not only the initial value 𝑢(0), but also the initial first-order derivative 𝑢′(0) as 
input data. A set of rheological data for the Cross model  𝜌 =  26, 𝜂଴  =  7.03, 𝜂ஶ  =  8.46 × 10ିଷ, 𝑛 =  0.969, and 𝜅 =
 0.195, found in Table 1 from [4], is used to provide our first numerical example. The corresponding fluid is called Fluid A. 
With the data, Equation (22) becomes: 

𝑢ଶ

2
−

1

2
𝑢 = ൬0.000325 +

0.540

1 + 0.402|𝑢ᇱ|଴.ଽ଺ଽ
൰ 𝑢ᇱ + න ൬

−0.270

1 + 0.402|𝑢ᇱ|଴.ଽ଺ଽ
൰ 𝑑𝑠

௨ᇲ

଴

.  (23) 

Substituting equation 𝜉 = 0 and 𝑢(0) =
ଵ

ଶ
  into Equation (23) leads to: 

−
ଵ

଼
= ቀ0.000325 +

଴.ହସ଴

ଵା଴.ସ଴ଶ|௨ᇲ|బ.వలవቁ 𝑢ᇱ + ∫ ቀ
ି଴.ଶ଻଴

ଵା଴.ସ଴ଶ|௨ᇲ|బ.వలవቁ 𝑑𝑠
௨ᇲ(଴)

଴
.                                          (24)  

We need to solve Equation (24) for 𝑢′(0) to use ode15(). Since 𝑢′(0)  <  0, |𝑢′(0)|  =  −𝑢′(0), then Equation (24) becomes: 

൜0.000325 +
0.540

1 + 0.402[−𝑢′(0)]଴.ଽ଺ଽ
ൠ 𝑢ᇱ(0) + න ൜

−0.270

1 + 0.402[−𝑠]଴.ଽ଺ଽ
ൠ 𝑑𝑠 +

1

8
= 0.

௨ᇲ(଴)

଴

 (25) 

Then, we set 𝑥 =  −𝑢′(0) and use the following definition for 𝑓(𝑥): 

𝑓(𝑥) = −0.000325𝑥 −
0.540𝑥

1 + 0.402𝑥଴.ଽ଺ଽ
+ න ൜

−0.270

1 + 0.402[−𝑠]଴.ଽ଺ଽ
ൠ 𝑑𝑠 +

1

8
= 0,

ି௫

଴

 (26) 

and finally substitute 𝑦 =  −𝑠 and 𝑑𝑠 =  −𝑑𝑦. When 𝑠 =  0, 𝑦 =  0; and when 𝑠 =  −𝑥, 𝑦 =  𝑥. The integral term becomes 

∫ ቀ
଴.ଶ଻଴

ଵା଴.ସ଴ଶ௬బ.వలవቁ 𝑑𝑦
௫

଴
. Applying Taylor series expansion to the definite integral at 𝑦 =  1, we have: 

න ൬
0.270

1 + 0.402𝑦଴.ଽ଺ଽ
൰ 𝑑𝑦

௫

଴

= 0.193(𝑥 − 1) − 0.0267(𝑥 − 1)ଶ + 0.00523(𝑥 − 1)ଷ − 0.00122(𝑥 − 1)ସ

+ 0.00329(𝑥 − 1)ହ + 0.226. 

(27) 

Therefore, Equation (26) becomes: 
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𝑓(𝑥) = −0.000325𝑥 −
0.540𝑥

1 + 0.402𝑥଴.ଽ଺ଽ
0.193(𝑥 − 1) − 0.0267(𝑥 − 1)ଶ + 0.00523(𝑥 − 1)ଷ

− 0.00122(𝑥 − 1)ସ + 0.00329(𝑥 − 1)ହ + 0.351. 
(28) 

Next, we apply the fzero function in MATLAB, see e.g. [5] to solve 𝑓(𝑥)  =  0 in order to obtain 𝑥 =  0.671 which gives 
𝑢′(0)  =  −0.671. This now allows us to solve for 𝑢(𝜉) numerically from the implicit ODE in Equation (23). By using the 
numerical solutions, we plot the velocity component 𝑢, its derivative 𝑢′ and the corresponding velocity vector field 〈𝑢, 𝑣〉 and 
present the results in Fig. 1 (a), (b), and (c) respectively. Notice that the numerical solution of the axial velocity 𝑢 is a kink wave 
while the corresponding axial strain 𝑢’ is a soliton. 

  
(a) (b) 

 
(c) 

Fig. 1. (a) The velocity component 𝑢  (b) its derivative 𝑢′ (c) the corresponding velocity vector field 

4. Traveling Wave Solutions of the Carreau Model 

    Similarly, for the Carreau model we have: 

ቊ
𝜌(𝑢௧  + 𝑢𝑢௫) =  [2𝜂(𝛾̇)𝑢௫]௫ 

𝜂(𝑢௫) = 𝜂ஶ + (𝜂଴ − 𝜂ஶ)(1 + 𝜅̅|𝑢௫|ଶ)
௡ିଵ

ଶ , 𝜅̅ = 4𝜅ଶ ,
  (29) 

with the boundary conditions: 

൜
𝑢(−∞) = 1, 𝑢ᇱ(−∞) = 0,

𝑢(∞) = 0, 𝑢ᇱ(∞) = 0,
 (30) 

where 𝑢௥ and 𝑢௟ are positive constants. A set of data for fluid LLCF of the Carreau model is found in Table 2 from [24]: 𝜂଴  =
 0.454, 𝜂ஶ  =  0.00689, 𝑛 =  1.35, 𝜅 =  0.000554, and 𝜌 ≈  1000. The corresponding fluid is called Fluid B. Applying the 
procedure followed in Section 3 to the Carreau model, we have: 
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𝑢ଶ

2
−

1

2
𝑢 = [0.000454 + 0.00089422(1 + 0.000001227664|𝑢ᇱ|ଶ)଴.ଵ଻ହ]𝑢ᇱ

+ න [−0.00044711(1 + 0.000001227664|𝑠|ଶ)଴.ଵ଻ହ]
௨ᇲ

଴

𝑑𝑠, 
(31) 

with 𝑢(0) =
ଵ

ଶ
, 𝑢ᇱ(0) = −138.0863. The power series expansion of the integral term in Equation (31) is also used for its 

evaluation. The corresponding numerical results are presented in Fig. 2 (a), (b), and (c) respectively. 

  

(a) (b) 

 

(c) 

Fig. 2. (a) The velocity component 𝑢  (b) its derivative 𝑢′ (c) the corresponding velocity vector field 

5. Traveling Wave Solutions of the Power-law Model 

    Finally, for the power-law model, we use: 

൜
𝜌(𝑢௧  + 𝑢𝑢௫) =  [2𝜂(𝛾̇)𝑢௫]௫  

𝜂(𝑢௫) = 𝜅̅|𝑢௫|௡ିଵ, 𝜅̅ = 𝜅 ∙ 2௡ିଵ ,
 (32) 

with the boundary conditions: 

൜
𝑢(−∞) = 1, 𝑢ᇱ(−∞) = 0,

𝑢(∞) = 0, 𝑢ᇱ(∞) = 0,
 (33) 

Selecting mayonnaise of the power-law rheology model in Table 10.4 from [25], we have 25℃, 𝜅 =  6.4, and 𝑛 =  0.55. The 
density of mayonnaise of the power-law model can be calculated as the average of densities of the light and traditional 
mayonnaise as in [26], i.e., 𝜌 =  955. The corresponding fluid is called Fluid C. We have: 
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𝑢ଶ

2
−

𝑢

2
= 0.00981|𝑢ᇱ|ି଴.ସହ𝑢ᇱ − 0.00491 න |𝑠|ି଴.ସହ𝑑𝑠 

௨ᇲ

଴

 (34) 

with 𝑢(0) =
ଵ

ଶ
, 𝑢ᇱ(0) = −7995.485. Note: there is no need to apply the power series expansion to the integral term of the power-

law model because we can do the integration directly. The numerical results are provided in Fig. 3 (a), (b), and (c) respectively. 

  
(a) (b) 

 
(c) 

Fig. 3. (a) The velocity component 𝑢  (b) its derivative 𝑢′ (c) the corresponding velocity vector field 

6. Existence and Uniqueness of Solutions to the Traveling Wave Equations 

    The Equations (17), (29), and (32) with the boundary conditions can be written in the following form: 

න 𝜂(𝑠)𝑑𝑠 − 2𝜂൫𝑢ᇱ(𝜉)൯𝑢ᇱ
௨ᇱ(క)

଴

+ 𝑎𝑢ଶ(𝜉) + 𝑏𝑢(𝜉) + 𝑐 = 0, (35) 

where 𝜂(𝑢′(𝜉)) is the apparent viscosity of the fluids and 𝑎 =
ఘ

ଶ
 ,  𝑏 = −𝜌

௨೗ା௨ೝ

ଶ
, and 𝑐 =  

௨೗௨ೝ

ଶ
 are the constants. This is a 

nonlinear implicit first-order integral-differential equation. To justify the validity of the mathematical models used for the 
numerical simulations in the previous sections, we shall apply the Peano theorem with uniqueness in the implicit case to the 
initial value problem: 

න 𝜂(𝑠)𝑑𝑠 − 2𝜂൫𝑢ᇱ(𝜉)൯𝑢ᇱ
௨ᇱ(క)

଴

+ 𝑎𝑢ଶ(𝜉) + 𝑏𝑢(𝜉) + 𝑐 = 0, 𝑢(0) = 𝑢଴ (36) 

for three fluid models with the data used in the last three sections. We shall apply Theorem 1 and Theorem 3 of Chapter 2 from 
[27] to show that for each of the three models, with the given boundary conditions and the coefficients, the problem (35) is well-
defined. We shall also apply Theorem 3 of Chapter 3 from [27]; it follows that the uniqueness of solution can be obtained by 
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assuming the existence and continuity of 
డி

డ௨ᇱ
 and 

డி

డ௨
. To apply the Peano theorem and Theorem 3 of Chapter 3 from [27], let 

𝐹(𝑢′(𝜉), 𝑢(𝜉), 𝜉) denote the left-hand side of the equation in (36). The theorem states that if the following conditions are satisfied, 
then the initial value problem (36) has a unique solution: 
(1)𝐹(𝑢′(𝜉), 𝑢(𝜉), 𝜉) of the three real variables 𝑢′(𝜉), 𝑢(𝜉), and 𝜉 is defined and continuous on an open region 𝑈 Of ℝଷ. 
(2) all partial derivatives of 𝐹 exist and are continuous on 𝑈. 
(3) the initial value (𝑢′(0), 𝑢(0),0) is in 𝑈 and it satisfies. 

𝐹(𝑢′(0), 𝑢(0),0) = 0 (37) 

 
and 

డி

డ௨ᇱ
(𝑢′(0), 𝑢(0),0) ≠ 0.                                                                                              (38) 

We validate these conditions for the models below. For the Cross model, the existence and uniqueness of solutions are proved 
as follows. Substituting second expression of Equation (17) into Equation (35) produces: 

𝐹 = න ൬𝜂ஶ +
𝜂଴ − 𝜂ஶ

1 + 𝜅̅|𝑠|௡
൰ 𝑑𝑠 − 2 ൬𝜂ஶ +

𝜂଴ − 𝜂ஶ

1 + 𝜅̅|𝑢ᇱ|௡
൰ +

𝜌

2
𝑢ଶ −

𝜌(𝑢௟ + 𝑢௥)

2
𝑢 +

𝑢௟𝑢௥

2
.

௨ᇱ

଴

 (39) 

Rearranging terms in Equation (39) gives: 

𝐹 = න ൬
𝜂଴ − 𝜂ஶ

1 + 𝜅̅|𝑠|௡
൰ 𝑑𝑠 − ቈ𝜂ஶ +

2(𝜂଴ − 𝜂ஶ)

1 + 𝜅̅|𝑢ᇱ|௡
቉ +

𝜌

2
𝑢ଶ −

𝜌(𝑢௟ + 𝑢௥)

2
𝑢 +

𝑢௟𝑢௥

2
.

௨ᇱ

଴

 (40) 

Taking partial derivative of Equation (40) with respect to 𝑢′ gives: 

𝜕𝐹

𝜕𝑢′
=

𝜂଴ − 𝜂ஶ

1 + 𝜅̅|𝑠|௡
− 𝜂ஶ − 2(𝜂଴ − 𝜂ஶ) ቈ

(1 + 𝜅̅|𝑢ᇱ|௡) − 𝑢ᇱ ∙ 𝑛 ∙ 𝜅̅|𝑢ᇱ|௡ିଵ(−1)

(1 + 𝜅̅|𝑢ᇱ|௡)ଶ
቉.  (41) 

Taking partial derivative of Equation (40) with respect to 𝑢 gives: 

𝜕𝐹

𝜕𝑢
= 𝜌𝑢 −

𝜌(𝑢௟ + 𝑢௥)

2
.  (42) 

Since 𝐹 is independent from 𝜉, then  
డி

డక
= 0. As can be observed, all the first-order partial derivatives of 𝐹 are continuously 

defined in the entire ℝଷ. It remains to check if 
డி

డ௨ᇱ
≠ 0 at the data point for the numerical example in Section 3. For Fluid A, 

Equation (41) becomes: 

𝜕𝐹

𝜕𝑢′
= −

0.00136|𝑢ᇱ|ଵ.ଽଷ଼

(1 + 0.402|𝑢ᇱ|଴.ଽ଺ଽ)ଶ
+

2.638|𝑢ᇱ|଴.ଽ଺ଽ

(+0.402|𝑢ᇱ|଴.ଽ଺ଽ)ଶ
−

7.03

(1 + 0.402|𝑢ᇱ|଴.ଽ଺ଽ)ଶ
.  (43) 

At the data point (𝑢′(0), 𝑢(0),0) = ቀ−0.671,
ଵ

ଶ
, 0ቁ, Equation (43) becomes: 

𝜕𝐹

𝜕𝑢′
൬−0.671,

1

2
, 0൰ = −3.713 ≠ 0. (44) 

So, this condition is also satisfied and therefore from the Peano theorem with uniqueness in the implicit case, it follows that our 
model example is well-defined. For the Carreau model, the conditions are checked as follows. Substituting the second expression 
from Equation (29) into Equation (35) yields: 

𝐹(𝑢ᇱ, 𝑢) = න ൤𝜂ஶ + (𝜂଴ − 𝜂ஶ)(1 + 𝜅̅|𝑠|ଶ)
௡ିଵ

ଶ ൨ 𝑑𝑠 − 2 ൤𝜂ஶ + 2(𝜂଴ − 𝜂ஶ)(1 + 𝜅̅|𝑢′|ଶ)
௡ିଵ

ଶ ൨ 𝑢ᇱ +
𝜌

2
𝑢ଶ

௨ᇱ

଴

−
𝜌(𝑢௟ + 𝑢௥)

2
𝑢 +

𝑢௟𝑢௥

2
. 

(45) 

Rearranging terms in Equation (45) gives: 

𝐹(𝑢ᇱ, 𝑢) = න ൤(𝜂଴ − 𝜂ஶ)(1 + 𝜅̅|𝑠|ଶ)
௡ିଵ

ଶ ൨ 𝑑𝑠 − ൤𝜂ஶ + 2(𝜂଴ − 𝜂ஶ)(1 + 𝜅̅|𝑢′|ଶ)
௡ିଵ

ଶ ൨ 𝑢ᇱ +
𝜌

2
𝑢ଶ −

𝜌(𝑢௟ + 𝑢௥)

2
𝑢

௨ᇱ

଴

+
𝑢௟𝑢௥

2
. 

(46) 

Taking partial derivative of Equation (46) with respect to 𝑢′ gives: 

𝜕𝐹

𝜕𝑢′
= −𝜂ஶ − (𝜂଴ − 𝜂ஶ)(1 + 𝜅̅|𝑢ᇱ|ଶ)

௡ିଵ
ଶ − (𝑛 − 1)𝜅̅|𝑢ᇱ|ଶ(1 + 𝜅̅|𝑢ᇱ|ଶ)

௡ିଷ
ଶ .  (47) 
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Taking partial derivative of Equation (46) with respect to 𝑢 gives: 

𝜕𝐹

𝜕𝑢
= 𝜌𝑢 −

𝜌(𝑢௟ + 𝑢௥)

2
. (48) 

Substituting the data of Fluid B from Section 4 into Equation (47), we get: 

𝜕𝐹

𝜕𝑢′
= −0.00689 − 0.44711(1 + 0.000001227664|𝑢ᇱ|ଶ)଴.ଵ଻ହ −

0.0000004296824|𝑢ᇱ|ଶ

(1 + 0.000001227664|𝑢ᇱ|ଶ)଴.଼ଶହ
.  (49) 

At the point (𝑢′(0), 𝑢(0),0) = ቀ−138.0863,
ଵ

ଶ
, 0ቁ, Equation (49) becomes: 

𝜕𝐹

𝜕𝑢ᇱ
൬−138.0863,

1

2
, 0൰ ≈ −0.464 ≠ 0.  (50) 

For the power-law model, substituting the second expression from Equation (32) into Equation (35) gives: 

𝐹(𝑢ᇱ, 𝑢) = න 𝜅̅|𝑠|௡ିଵ𝑑𝑠 − 2[𝜅̅|𝑢ᇱ|௡ିଵ]𝑢ᇱ +
𝜌

2
𝑢ଶ −

𝜌(𝑢௟ + 𝑢௥)

2
𝑢 +

𝑢௟𝑢௥

2
.

௨ᇱ

଴

 (51) 

Since (𝑢′)௡ is undefined when 𝑢′ <  0, taking partial derivative of Equation (51) with respect to 𝑢′ gives: 

𝜕𝐹(𝑢ᇱ, 𝑢)

𝜕𝑢′
=

𝜅̅

𝑛
(−𝑛|𝑢′|௡ିଵ) − 2𝜅̅[−(𝑛 − 1)|𝑢ᇱ|௡ିଶ𝑢ᇱ + |𝑢ᇱ|௡ିଵ].  (52) 

Since −𝑢′ =  |𝑢′|, 

𝜕𝐹(𝑢ᇱ, 𝑢)

𝜕𝑢′
= 𝜅̅|𝑢′|௡ିଵ(−1 + 2𝑛). (53) 

For Fluid C from Section 5, 𝜅̅ = 0.00491, 𝑛 =  0.55, then Equation (53) becomes: 

𝜕𝐹(𝑢ᇱ, 𝑢)

𝜕𝑢′
= 0.000491|𝑢′|ି଴.ସହ ≠ 0.  (54) 

At the point (𝑢′(0), 𝑢(0),0) = ቀ−7995.485,
ଵ

ଶ
, 0ቁ, Equation (54) becomes: 

𝜕𝐹

𝜕𝑢′
൬−7995.485,

1

2
, 0൰ = 0.00000860 ≠ 0.  (55) 

Taking partial derivative of Equation (51) with respect to 𝑢 gives: 

𝜕𝐹

𝜕𝑢
= 𝜌𝑢 −

𝜌(𝑢௟ + 𝑢௥)

2
.  (56) 

For Fluid C from Section 5, 𝜌 =  955, 𝑢௟  =  1, and 𝑢௥  =  0, Equation (56) becomes: 

𝜕𝐹

𝜕𝑢
= 955𝑢 − 477.5. (57) 

At the point (𝑢′(0), 𝑢(0),0) = ቀ−7995.485,
ଵ

ଶ
, 0ቁ, Equation (57) becomes: 

𝜕𝐹

𝜕𝑢
൬−7995.485,

1

2
, 0൰ = 0. (58) 

We have validated that all the conditions for the Peano theorem with uniqueness in the implicit case are satisfied for the three 
fluid models with the data used in the numerical examples above, and thus obtained the following: 
Proposition 1. There exists a unique solution to the initial value problem (36) for each of the three fluid models with the data 
sets used in the three numerical examples. 

7. The Thickness of the Transition Layers 

    The transition layer thickness or the shock thickness of the kink waves and the associated solitons can be computed by using 

the first order derivative 
ௗ௨

ௗక
|కୀ଴ = 0 for the fluids. We use 𝛿 to denote the thickness of the transition layer and use the Taylor 

series expansion to yield: 

𝑢௟ − 𝑢௥ ≈ 𝑢 ൬−
𝛿

2
൰ − 𝑢 ൬

𝛿

2
൰ = −𝛿

𝑑𝑢

𝑑𝜉
(0) + 0(𝛿ଶ). (59) 
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Therefore, we have 𝛿 = − ቂ
௨೗ି௨ೝ

௨ᇱ(଴)
ቃ = −

ଵ

௨ᇱ(଴)
. For each of the three fluids, the maximum strain 𝜏ଵଵ is calculated. This maximum 

strain 𝜏ଵଵ = 2𝜂൫𝑢′(0)൯𝑢′(0) occurs at the center of the kink wave which is also the center of the soliton. For each type of the 
fluids considered, we again use the same three industrial fluids Fluid A, Fluid B, and Fluid C as examples. The numerical results 
are listed in Table 2 for comparison. 

Table 2. Thickness 𝛿 and Maximum Stress 𝜏ଵଵ 

Item 𝑢′(0) 𝛿 𝜏ଵଵ 
Fluid A -0.671 1.489 -7.415 
Fluid B -138.0863 0.00724 -125.883 
Fluid C -7995.485 0.000125 -1313.139 

It can be observed that even though traveling waves look similar in appearance for all the three fluid model examples, their 
transition layer thicknesses differ drastically and therefore the fluids behave quite differently. 

8. Conclusion 

    In this paper, a Burgers-type equation for some common non-Newtonian fluid flows is derived from the planar Navier-Stokes 
equations under symmetry, isothermal and incompressibility conditions. By using this general equation and the Rheological 
equations of three basic models, three specific variants of Burgers-type equations and the associated traveling wave equations 
are derived. These traveling wave equations are first-order implicit integral-differential equations and they are numerically 
solved by using the MATLAB ode15i solver. Numerical examples are provided for three commonly encountered fluids with 
industrial rheological data. It is graphically demonstrated that the axial velocity profile for each fluid model is a kink wave while 
the corresponding strain wave is a soliton. The corresponding planar velocity profiles are also obtained. First-order 
approximations of the thickness of the transition layer, or thickness of the shocks, are also numerically computed. To provide a 
validation of the mathematical model, existence and uniqueness of the solutions to each of the three traveling wave equations 
with initial conditions are proved by using the Peano theorem with uniqueness in the implicit case. 
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