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Adding to our previous method for dealing with gravitational modifications at redshift z & 3
through a single parameter, we investigate treatment of lower redshift modifications to linear growth
observables. We establish subpercent accurate fits to the redshift space distortion observable fσ8(a)
using two parameters binned in redshift, testing the results for modifications with time dependence
that rises, falls, is nonmonotonic, is multipeaked, and corresponds to f(R) and braneworld grav-
ity. The residuals are then propagated to cosmological parameter biases for DESI observations,
and found to cause a shift in the dark energy joint confidence contour by less than the equiva-
lent of ∼ 0.1σ. The proposed 2–3 parameter modified gravity description also can reveal physical
characteristics of the underlying theory.

I. INTRODUCTION

Gravity has been stringently tested on terrestrial, solar
system, and astrophysical scales but cosmic scales repre-
sent a further 106 to 1014 extrapolation in length scale
(from galaxy scales or solar system scales respectively).
Given that cosmic expansion is, surprisingly, accelerat-
ing, opposite to the expectation from gravity acting on
matter, it is natural to desire tests of gravity on cosmic
scales.
The cosmic expansion by itself cannot distinguish be-

tween a change in the laws of gravity and in the material
contents, i.e. a dark energy component, but the combina-
tion with the cosmic growth of large scale structure can.
Therefore considerable effort has gone into understanding
the effect of modified gravity on cosmic structure growth;
for reviews, especially model independent work, see [1–4].
Numerous alternatives to general relativity exist, with

many of them falling within the Horndeski class of grav-
ity, or described by an effective field theory approach
(see [5] and references therein). These approaches in-
volve four or more free functions of time, in addition
to the expansion history, with no prescription for how
they should behave. Even next generation data will not
be able to constrain four functions, or more than a few
parameters. Simple functional forms tend to be highly
restrictive and possibly poor approximations [6, 7]. Thus
we must either work one at a time with one particular
model of gravity, one particular functional form within
that model, and one particular parameter set within that
functional form (e.g. f(R) gravity, of the Hu-Sawicki [8]
form, with n = 1), or seek a phenomenological low di-
mensional model independent approach.
If we follow the data, then in the subhorizon, qua-

sistatic limit (applicable to where precision data will lie)
the linear growth of structure is determined by a general-
ized Poisson equation, as clearly shown by [9]. Here the
gravitational strength determining matter density per-
turbation growth is Gmatter(k, a) rather than Newton’s
constant GN , where the scale factor a represents the time
dependence and the wavenumber k the scale dependence.

This is a robust treatment for modified gravity under
these circumstances [9]. Thus the issue, if one is con-
cerned with using cosmic growth data to test gravity, is
how to parametrize Gmatter.
One advance in this direction appears in [10] (here-

after Paper 1). The authors derived, and demon-
strated numerically, that modifications to the gravita-
tional strength at early times, a . 0.25 in the mat-
ter dominated era, could be modeled with high accu-
racy in their effects on the growth observables by a sin-
gle parameter, Ghi, related to the effective area under
the δGmatter(a) curve. This is accurate to 0.3% or bet-
ter. The treatment of later time modifications to gravity,
however, was left as an unresolved question. The aim
here is to address it.
In Sec. II we describe the variety of gravity models that

we seek to fit, and the model independent method used.
The specific approach and observational data used is de-
scribed in Sec. III, and the results for the accuracy of the
parametrization are presented in Sec. IV. We propagate
the fitting residuals to cosmological parameter bias in
Sec. V. Section VI discusses how to use the parametriza-
tion with data in a practical sense, and how to extract
key properties of the gravity theory from the results. We
conclude in Sec. VII.

II. GRAVITY MODELS AND FITS

In the quest for a low dimensional parametrization of
the effect of modified gravity on linear growth observ-
ables, we want not only an accurate parametrization but
a broadly model independent one. Functional forms such
as power laws tend to be limited, and often bias the re-
sults by weighting unfairly parts of the cosmic history,
as well as the results being sensitive to the power law, or
prior on the power law, assumed, while being unable to
constrain the power law well [11, 12]. Assuming a close
relation with the effective dark energy density also yields
misleading conclusions [6, 7], with the simplest counter-
argument being that f(R) gravity often shows a gravita-
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tional strength that only deviates from general relativity
at quite late times, e.g. reaching 1% only at z ≈ 1.5, when
the dark energy density fraction is already greater than
15%. Conversely, assuming that gravitational modifica-
tions only occur at late times can miss important aspects
of many theories such as the Horndeski class of gravity.
Therefore we turn toward bins in scale factor or red-

shift as a model independent approach. These have been
successfully used in projecting future constraints on mod-
ified gravity, e.g. [12, 13]. We will lay out a methodology
for deciding on the number of bins, and interpreting the
meaning of the results in the remainder of the article.
We emphasize that our goal is to fit to the observables,
specifically the redshift space distortion (RSD) function
fσ8(a), not the theory function Gmatter(a).
To test the efficacy of binned parameters, we have to

compare them to some underlying “true” theory. To ro-
bustly explore the comparison of the results of the binned
model with the exact theory, we need to “stress test” the
binned approximation by comparing it to a wide variety
of theoretical behavior. Since our focus is on growth ob-
servables and looking for signatures of modified gravity,
we use identical expansion histories for the model and
the theory case it is attempting to fit.
The theory behaviors should be fairly realistic, with

enough complexity and features to provide an adequate
test of the binned parametrization. We adopt six differ-
ent forms of scale factor dependence to test:

1. a nonmonotonic function, taken to be a Gaussian
of variable width and location, as in Paper 1, but
at late times;

2. a rising function;

3. a falling function (it is obvious that the constant
function considered in Paper 1 can be fit by a
binned parametrization);

4. a multipeaked function such as seen in some
Galileon gravity cases (e.g. see Fig. 3 of [7]), taken
to be a sum of Gaussians;

5. braneworld theory given by DGP gravity [14, 15];

6. f(R) gravity.

The Gaussian deviation, normalizing Gmatter by New-
ton’s constant so that general relativity has Gmatter = 1,
is

δGmatter = δG e−(lna−ln at)
2/(2σ2) , (1)

where we will study the results for various central values
at and widths σ.
The rising parametrization is

δGmatter = δGas for a > a⋆ , (2)

and otherwise zero, where a⋆ is a cutoff scale factor. We
might choose a⋆ = 0.25 (z = 3) since from Paper 1 we

know how to treat the deviations for z > 3. The falling
parametrization is

δGmatter = δGa−s for a > a⋆ , (3)

and otherwise zero.
The sum of two Gaussians gives either a multipeaked

function or a broader deviation, depending on the separa-
tion of the Gaussians and their width. We take at = 0.3
and at = 0.7, with either σ = 0.25 (giving multiple peaks)
or σ = 0.5 (giving a broad deviation).
For DGP gravity, the expansion history is given by the

modified Friedmann equation

H(a)

H0
=

1− Ωm

2
+

√

(1− Ωm)2

4
+ Ωm a−3 , (4)

and the modified gravity strength is

δGmatter = −
1

3

1− Ω2
m(a)

1 + Ω2
m(a)

. (5)

where Ωm(a) = Ωm a−3/[H(a)/H0]
2. At early times,

Ωm(a) → 1 and the strength restores to the Newto-
nian value, i.e. δGmatter = 0. In the asymptotic fu-
ture, the Hubble parameter freezes to a de Sitter state,
H/H0 → 1−Ωm and gravity freezes to δGmatter = −1/3,
i.e. Gmatter = 2/3, weaker than Newtonian due to the
extra dimensional leakage.
For the f(R) scalar-tensor gravity case, we adopt ex-

ponential gravity. See [16] for the relevant equations;
the basic features are that the expansion history is close
to ΛCDM but with the dark energy equation of state
varying slowly around w = −1, on both the phantom
and normal sides. The gravitational strength is greater
than Newtonian, rising from the general relativity value
at high redshift (and indeed for z & 1.5) to 4/3 times the
value; i.e. δGmatter goes from 0 to 1/3.
These are all compared to the results from the binned

parametrization. This is simply Gmatter piecewise con-
stant in two bins of a. These span a = [0.25, 0.5] and
a = [0.5, 1], since these are the main observational win-
dows. As discussed in the next section, if the data show
the need then we include an early time parameter corre-
sponding to the area parameter of Paper 1, implemented
as a constant value in a window a = [0.1, 0.25]. We
smooth the bin edges with a tanh function; results are
insensitive to a smoothing width below ∆ ln a = 0.01.

III. METHOD AND DATA

For the theory and the binned model we solve the
growth evolution equation using a fourth order Runge-
Kutta method. The background expansion is taken to
be a flat, ΛCDM cosmology with Ωm = 0.3, except for
the DGP and f(R) gravity cases where we simultaneously
solve the background evolution equations. We then com-
pare the observable RSD quantity fσ8(a) between the
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input theory and the binned parametrization results and
determine the maximum and rms deviation.
The bin values are optimized by minimizing one of

these quantities. We find that substantially similar values
result from either optimization. For values used below,
we nominally minimize the maximum deviation over the
range z = 0.15–1.9, corresponding to the data used, as
discussed below.
Note that a point deviation value, or rms, is not really

the key quantity. Neither will pick up particular trends,
such as the RSD observable being high for several red-
shift bins, then low for several, as opposed to random
scatter. One possibility is to use some statistic such as
the crossing statistic [17, 18] that does identify such pat-
terns. However, what we are really interested in is the
propagation of the residual between the theory predic-
tion and the binning approximation to the cosmological
parameters. For example, even a moderately large ampli-
tude high frequency oscillation will not affect the cosmo-
logical determination since it does not look like a shift in
cosmology. Therefore we use the maximum deviation in
Sec. IV to determine the bin values, but then propagate
the residuals to cosmology in Sec. V with the Fisher bias
formalism.
As our mock data we take RSD measurements as pro-

jected for the Dark Energy Spectroscopic Instrument
(DESI [19]), with the uncertainties on fσ8(a) given in
Tables 2.3 and 2.5 of [20], for kmax = 0.1 h/Mpc.

IV. RESULTS

For theory Case 1, with nonmonotonic time depen-
dence, we adopt Gaussian modifications δGmatter with
amplitude 0.05 and width σ = 0.25. Figure 1 shows the
deviations in fσ8(a) for the theory models with at = 0.3,
0.5, 0.7 vs the binned approximations.
We see that two bin parameters achieve subpercent

level residuals relative to the exact results over the full
redshift range. For the at = 0.3 case, the modification ex-
tends earlier than the bin start at a = 0.25. If we wanted
to add the early time modification area parameter, or
equivalently a third bin at a = [0.1, 0.25], we reduce the
maximum deviation from 0.9% to 0.6% (though nearly 0
for a > 0.5). There is no particular need for a third pa-
rameter even in this case, and this conclusion is verified
by the cosmology bias analysis in Sec. V.
Note that for modifications close to the present, e.g.

the at = 0.7 case, even just one parameter, from the bin
a = [0.5, 1] gives excellent results. Even if we double
the amplitude, to δG = 0.1, the maximum deviation in
fσ8 stays under 0.5% as seen in Fig. 2. This also illus-
trates the possibility of trading off a residual curve that
stays closer to 0 for much of its run, but has an overall
larger max–min range, with one that is further from 0 but
rather flat. We might expect that the latter, though with
greater rms deviation, has less cosmological consequence,
and indeed this holds true. One could further improve on

FIG. 1. The accuracy of fitting the observational RSD factor
fσ8 with two late time bins for modified gravity δG(a) is
compared to that for the exact theory case. The theory model
has a Gaussian δG(a) with parameters δG = 0.05, σ = 0.25,
and at = 0.3 (dotted red), 0.5 (solid black), 0.7 (dashed blue).
The dot dashed green curve shows the at = 0.3 case fit when
allowing for a third, early bin due to the early modification.

the fit by allowing the second bin to enter, and then the
high amplitude case has only 0.2% maximum deviation.

Turning to theory Case 2 and 3, we consider power law
rising and falling time dependences, with δG ∝ a3 and
a−3. (Note that the parametrizations used by [21, 22]
are basically within the rising class.) The normaliza-
tion we use gives a maximum δG = 0.21, a considerable
amplitude, with the rising case reaching this at a = 1
and the falling case at its starting point a = 0.25. As
seen in Fig. 3, the rising case can be easily fit with two
bin parameters, and the maximum deviation is less than
0.5% for a < 0.85. This is more than satisfactory as the
DESI data projects an uncertainty of greater than 12%
for a > 0.85 due to the small cosmic volume available.
(Better measurements may be possible by using pecu-
liar velocities [23].) In any case, one could achieve 0.9%
accuracy over all a using δG3 = 0.075 instead of 0.06.)

The falling case achieves 1.4% accuracy with two bins,
due to its large amplitude and rapid variation in the bin
a = [0.25, 0.5]. This deviation pattern would be notice-
able in the data fits, and would spur an analysis where
this bin would be split in two, e.g. a = [0.25, 0.4] and
a = [0.4, 0.5]. With this three parameter fit, the residu-
als obtain subpercent accuracy. Either way, this sort of
oscillation in residuals does not tend to give a cosmol-
ogy bias, and thus is mostly harmless. Finally, note that
in any case such a falling model is not generally seen in
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FIG. 2. The Gaussian modification case with larger ampli-
tude δG = 0.1, at = 0.7, σ = 0.25 can still be accurately fit
with two bins. Three different possibilities are shown, with
different rms residuals, but all give high accuracy fits.

gravity theories commonly investigated.

FIG. 3. Modifications that rise or fall monotonically over
the range a = [0.25, 1] can also be fit well with just two pa-
rameters, though the less realistic falling case benefits from
splitting the a = [0.25, 0.5] bin.

For the multipeak case, reminiscent of modifications

seen in theories with many terms such as Horndeski
gravity, we model this by the sum of two Gaussians, at
at = 0.3 and 0.7. We adopt σ = 0.25 to obtain a multi-
peak δG(a), and also investigate σ = 0.5 to give a broad,
non-Gaussian δG(a). Figure 4 shows the accuracy of the
binned approximation.

FIG. 4. The multipeak (two Gaussians) model can have
subpercent residuals when using two bin parameters. When
the early Gaussian has substantial support at a < 0.25 (the
σ = 0.5 case) then adding a third, early bin substantially
improves the accuracy.

For broad early modification, one needs an early bin
for subpercent accuracy, i.e. the area parameter of Paper
1. As discussed in Sec. VI, the need for an early bin
makes itself known from the trend of data points with
redshift. However, if the precision data extends only to
z ≈ 1.9 (a ≈ 0.34) then two bins gives 0.8% precision.
Finally, we consider actual gravity theories.

Braneworld gravity, specifically DGP gravity, ex-
hibits a significant change in the strength of gravity,
with δG ≈ −1/3. Since its deviation from general
relativity starts relatively early, i.e. once Ωm(a) starts
to deviate from 1, we expect to need to include the
third, area parameter or early bin. The results appear
in Fig. 5.
Fitting to binned δG gives an oscillating residual, re-

flecting that δGDGP is quite smooth and monotonic so
each bin fits the average value within its redshift range,
under- and overestimating the function in the different
halves of the bin. The amplitude of the residuals is 0.6%
except at very early or late times. (Again, the DESI
measurement precision at a < 0.2 or a > 0.9 is such that
even a 1% residual there needs no improvement.) Since
this oscillatory pattern does not look like cosmological
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FIG. 5. DGP gravity is well fit by two bin parameters plus
the early time modification, or area, parameter.

parameter variation, we expect little bias in the three
bin case.
Finally, consider f(R) theory. We adopt the expo-

nential gravity form, with c = 3, which is consistent
with observations [16]. Recall that f(R) gravity also ex-
hibits a significant change in the strength of gravity, with
δG ≈ 1/3. It generally has a steep time dependence, with
δG(a) = 0 until quite recent times and then rapidly ris-
ing. For example, it reaches 1% deviation from general
relativity at z ≈ 1.5 and has 33% deviation at z = 0. In
addition, the gravitational strength, and hence growth,
is scale dependent. Figure 6 shows the binned gravity
values for growth at three separate wavenumbers k.

If we knew the true theory was f(R) gravity then
we could scale the bin values according to the pre-
dicted scale dependence of Gmatter in f(R) theory, i.e.
[3 + 4k2/(aM)2]/[3 + 3k2/(aM)2] where M(a) is the
scalaron mass [9, 24, 25]. However, we do not know this
a priori. (See [26] for a more model independent ap-
proach.) Indeed, we discover the scale dependence em-
pirically, when we compare the data to the result from the
binned gravity fit and the residuals indicate a discrepancy
that can be removed by introducing different binned val-
ues for different wavenumbers. Note, however, that the
binned values are fairly similar for k & 0.1 h/Mpc.
The steepness of the evolution of the gravitational

strength shows up not only in the two-bin values, but
in the strong improvement made when splitting the a =
[0.25, 0.5] bin into two parts, a = [0.25, 0.4] and [0.4, 0.5].
As mentioned above, there is almost no deviation from
general relativity for a < 0.4, and the finer early bin
value is consistent with zero, while the larger, later split

FIG. 6. Exponential f(R) gravity is fit by 2-3 bin values,
with different gravitational strengths at different wavenum-
bers k (i.e. scale dependent). Due to the steepness of the
time evolution of the modification, the fit is greatly improved
when using a third bin made by splitting the a = [0.25, 0.5]
bin (long dashed green and dot dashed orange curves, relative
to dashed blue and dotted red curves).

bin value greatly reduces the residuals.
As discussed in Sec. VI, the steepness of the increase in

the bin values for any k, the late time value near 1/3, and
the scale dependence would together allow us to deduce
– from a model independent analysis method! – that the
true gravity theory is likely of the f(R) class.

V. IMPACT ON COSMOLOGY

We established in the previous section that the resid-
uals from fitting the RSD observable fσ8(a) with the
two or three gravity parameters are at subpercent accu-
racy. Since next generation, DESI precision for fσ8(a)
will be at the & 2% (& 1% if we used data out to
kmax = 0.2 h/Mpc), this seems sufficient. However, if
the residuals coherently combine in their effect, due to a
time dependence mimicking a shift in a cosmological pa-
rameter, they have the potential to bias the cosmological
conclusions.
Therefore we now propagate the residuals in fσ8(a) to

the cosmological model parameters. We use the Fisher
bias formalism to carry this out [27]. The set of cosmolog-
ical parameters considered is the present matter density
in units of the critical density, Ωm, the dark energy equa-
tion of state parameter today w0, and a measure of its
time variation wa, where w(a) = w0 + wa(1 − a). We
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use the DESI fσ8(a) data as described in Sec. III and to
break background degeneracies we apply a simple Gaus-
sian prior on the matter density σ(Ωm) = 0.01. Our
fiducial model is flat ΛCDM with Ωm = 0.3.
The bias on a parameter pi due to a misestimation of

the observable ∆O(a) is (see, e.g., [28], including for the
case where the error matrix is not diagonal)

δpi =
(

F−1
)

ij

∑

k

∂Ok

∂pj

1

σ2
k

∆Ok , (6)

where Ok is the kth observable (i.e. fσ8(zk)) and F is
the Fisher matrix.
Once we have the set of {δpi} we can quantify the

bias statistically. One way is of course simply looking at
δpi/σ(pi), the bias relative to the statistical uncertainty.
A common statistical quantity that employs this is the
risk, which take the square root of the quadrature sum
of the bias and dispersion. We can take the ratio of the
risk to the statistical uncertainty to find the bloat, or
effective increase in the uncertainty on a parameter:

Bi =

√

δp2i + σ2(pi)

σ(pi)
=

√

1 + [δpi/σ(pi)]2 (7)

This quantity appears for example in the Rao-Cramér-
Frechet bound [29].
Finally, perhaps most useful is the shift induced in the

joint parameter fitting, e.g. in the offset of the derived
values from the true best fit in the dark energy equation
of state plane w0–wa. The shift relative to the likelihood
contours at some confidence level presents an informa-
tive, quantitative assessment of the bias that takes into
account parameter degeneracies. This is given by [30, 31]

∆χ2 =
∑

ij

δpi F
(red)
ij δpj , (8)

where the reduced Fisher matrix F (red) runs over only
those parameters pi, pj whose bias we are interested in,
e.g. w0 and wa for the 2D joint likelihood contour plot
in the w0–wa plane, and is marginalized over all others.
This quantity automatically takes into account the di-

rection of the shift, i.e. that a bias perpendicular to the
degeneracy direction is more damaging than one along
the degeneracy direction.
Table I presents the values of ∆χ2 for the joint w0–wa

likelihood, the maximum δp/σ(p) for any of the cosmo-
logical parameters, and the maximum bloat in any of the
cosmological parameters. Note that a shift of ∆χ2 = 2.3
moves the true values out to the 68% confidence contour,
i.e. a joint 1σ bias. A shift smaller than this lies within
the contour.
We see that in the results for the whole range of gravity

models, using two parameters to represent the bin values,
or in rare cases three parameters, keeps ∆χ2 < 0.18, i.e.
less than a tenth of the distance to the 1σ joint likeli-
hood contour. Alternately, the risk bloat factor is less
than 1.08, i.e. the binned approximation only blows up

Model ∆χ2 [δp/σ(p)]max Riskmax

Gaussian (at = 0.7) 0.02 0.02 1.00
Gaussian (at = 0.5) 0.13 0.33 1.05
Gaussian (at = 0.3) 0.16 0.22 1.02
Gaussian (at = 0.7; δG = 0.1) 0.09 0.04 1.00
Gaussian3 (at = 0.3) 0.09 0.22 1.02
Gaussian2 (σ = 0.25) 0.03 0.09 1.00
Gaussian2 (σ = 0.5) 0.04 0.04 1.00
Gaussian2

3 (σ = 0.5) 0.03 0.07 1.00
Rising a3 0.01 0.09 1.00
Falling a−3 0.36 0.25 1.03
Falling3s a−3 0.10 0.23 1.03
DGP 2.28 0.45 1.10
DGP3 0.00 0.02 1.00
f(R) (k0 = 0.02) 0.07 0.06 1.00
f(R) (k0 = 0.10) 1.81 1.34 1.67
f(R)3s (k0 = 0.10) 0.18 0.40 1.08
f(R) (k0 = 0.14) 2.57 1.52 1.82
f(R)3s (k0 = 0.14) 0.12 0.31 1.05

TABLE I. Parameter bias levels corresponding to the binned
approximation of δG(a). ∆χ2 is the shift in the dark energy
equation of state parameter w0-wa plane due to the bias; re-
call that ∆χ2 = 2.3 corresponds to a 1σ shift in the joint
parameter fit. The maximum bias of a parameter relative
to its statistical uncertainty is shown in the δp/σ(p) column.
The Risk column shows the maximum “bloat” of the Risk, i.e.
the increase in the uncertainty due to the bias. The subscript
3 denotes the three bin fit with an early bin, and 3s denotes a
three bin fit splitting the mid z bin. The superscript 2 denotes
a convolution of two Gaussians, with at = 0.3 and at = 0.7.
Note the approximate form can be good to ∆χ2 < 0.18 for all
models.

the error bars, taking into account the systematic offset,
by at most 8%. Thus the two, or if needed three, param-
eter description of gravitational strength modification is
statistically extremely robust.

VI. OBSERVATIONAL SIGNATURES

For any parametrization it is important that it be clear
how it can be used to understand the data. That is,
it should be of practical use to the observers and data
analysts, as well as offering guidance to theorists.
The binned parametrization is simple to apply, readily

able to calculate fσ8(a) or other growth quantities with
excellent accuracy. The steps in using it are straightfor-
ward:

1. Fit the predictions from two bins in a = [0.25, 0.5]
and a = [0.5, 1] to the data. If all values are con-
sistent with zero then general relativity is a viable
gravity theory. If some values differ from zero with
statistical significance, this is an alert that a poten-
tial signature of modified gravity has been found.

2. If there are any residuals that show a pattern of ex-
ceeding the data error bars in some redshift range,
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then

(a) Add the area parameter or equivalently a third
bin at a = [0.1, 0.25] if the deviation shows up
from early times (note the kink deviation and
then slope in the residuals shown in the figures
for the early Gaussian and DGP figures), or

(b) Split the a = [0.25, 0.5] bin into two bins over
a = [0.25, 0.4] and a = [0.4, 0.5] if the devia-
tion peaks in that range (see the falling and
f(R) figures).

3. If the residuals indicate an overall poor fit, and
in particular if the time evolution also looks steep
(as in the f(R) case), try separating the data into
low and high wavenumbers to look for scale depen-
dence.

One could carry the bin refinement to a further level but
none of the varied models we have considered require
more than three bins, with two bins always sufficient here
if data were at the 2% precision level.
The next question is how to interpret the results in

terms of gravity theory. Note that the bin values are
not a map of δGmatter(a) per se; they are a combination
of the gravitation strength, the redshift weighting of the
data and its precision, and a delay due to the convolution
windowing of δGmatter(a) in the integral for fσ8(a). That
said, they do provide a coarse guide to δGmatter.
A late bin value near 1/3 inspires closer examination

in terms of scalar-tensor gravity, while −1/3 would recall
DGP gravity. The need for an early bin might lead to
theories with early modifications such as the many mem-
bers of the Horndeski class. Steepness of evolution in the
binned value, reflecting steep time evolution of Gmatter,
could point to f(R) gravity, especially if splitting the
a = [0.25, 0.5] bin led to a significant improvement in
the residuals. And of course scale dependence gives the-
oretically important information. Thus, even though the
analysis method is model independent, not assuming any
functional form or even that gravitational modification is
only a late time phenomenon, we can obtain substantial
information about the theory characteristics from the sig-
natures in cosmic growth data.

VII. CONCLUSIONS

Comparing cosmic growth vs cosmic expansion is one
of the premier methods for probing the nature of dark
energy. Moreover, the details of cosmic growth can test
the laws of gravity in the universe, on scales much greater
than solar system or astrophysical tests. Given a well
defined theory, such tests are straightforward. However,

without a compelling theory – not just a class but with
a particular functional form and hyperparameters – the
comparison with data is more difficult, or at best model
dependent.
Allowing the data to play a central role, we demon-

strate a model independent approach. We find that only
two (or in specific physical cases three) parameters in the
form of binned values of Gmatter(a) deliver subpercent
accuracy in fitting the predominant redshift space dis-
tortion observable fσ8(a). This extends to all redshifts
the previous high redshift parameter method of Paper 1.
We stress tested the approach against a set of six,

diverse modified gravity classes with a variety of time
dependences, including DGP gravity and f(R) gravity.
Residuals against exact behaviors of the observable suc-
cessfully achieved subpercent accuracy. Minimizing the
residual determines the bin values, while any remaining
pattern offers concrete guidance to the need for a third
bin or not.
We propagated the residuals from the parametrization

to cosmological parameter bias and showed they are neg-
ligible, at below the effective 0.1σ level in joint confidence
contours, for next generation data of the characteristics
of the DESI galaxy redshift survey.
As importantly, the method lays out a clear path for

interpreting the bin parametrization results in terms of
the physical signature of the cosmological gravity theory.
Based on the trend of values, their steepness, magnitude,
and any need for an early bin or scale dependence, this
approach can guide the search for the laws of cosmic grav-
ity in the appropriate direction.
Future work includes whether such a method can be

fruitful for weak gravitational lensing: like cosmic growth
it relies on a modified Poisson equation, with Glight(a) in-
stead of Gmatter(a), but with a different kernel. If it too
can be parametrized for the observables in a low dimen-
sional manner, then next generation surveys will – even
in a model independent manner – have excellent capabil-
ities to explore cosmic gravity.

ACKNOWLEDGMENTS

This work benefitted from discussions during the Ener-
getic Cosmos Laboratory conference “Exploring the En-
ergetic Universe 2017” at Nazarbayev University. EL
is also grateful to the Yukawa Institute for Theoretical
Physics at Kyoto University for hospitality during YITP
workshop YITP-T-17-03, and useful discussions, espe-
cially with Kazuya Koyama. This work is supported in
part by the Energetic Cosmos Laboratory and by the
U.S. Department of Energy, Office of Science, Office of
High Energy Physics, under Award DE-SC-0007867 and
contract no. DE-AC02-05CH11231.

[1] A. Joyce, L. Lombriser, F. Schmidt, Dark Energy vs.
Modified Gravity, Annu. Rev. Nucl. Part. Sci. 66, 95

(2016) [arXiv:1601.06133]

http://arxiv.org/abs/1601.06133


8

[2] D. Huterer et al., Growth of Cosmic Structure: Probing
Dark Energy Beyond Expansion, Astropart. Phys. 63, 23
(2015) [arXiv:1309.5385]

[3] L. Taddi, M. Martinelli, L. Amendola, Model-
independent constraints on modified gravity from current
data and from the Euclid and SKA future surveys, JCAP
12, 032 (2016) [arXiv:1604.01059]

[4] S. Casas, M. Kunz, M. Martinelli, V. Pettorino, Linear
and non-linear Modified Gravity forecasts with future
surveys, arXiv:1703.01271

[5] A. Joyce, B. Jain, J. Khoury, M. Trodden, Beyond the
Cosmological Standard Model, Phys. Rept. 568, 1 (2015)
[arXiv:1407.0059]

[6] E.V. Linder, G. Sengör, S. Watson, Is the Effective
Field Theory of Dark Energy Effective?, JCAP 1605, 053
(2016) [arXiv:1512.06180]

[7] E.V. Linder, Challenges in Connecting Modified Grav-
ity Theory and Observations, Phys. Rev. D 95, 023518
(2017) [arXiv:1607.03113]

[8] W. Hu and I. Sawicki, Models of f(R) Cosmic Acceler-
ation that Evade Solar-System Tests, Phys. Rev. D 76,
064004 (2007) [arXiv:0705.1158]

[9] E. Bertschinger and P. Zukin, Distinguishing Modified
Gravity from Dark Energy, Phys. Rev. D 78, 024015
(2008) [arXiv:0801.2431]

[10] M. Denissenya and E.V. Linder, Cosmic Growth Signa-
tures of Modified Gravitational Strength, JCAP 06, 030
(2017) [arXiv:1703.00917]

[11] G-B. Zhao, H. Li, E.V. Linder, K. Koyama, D.J. Ba-
con, X. Zhang, Testing Einstein Gravity with Cosmic
Growth and Expansion, Phys. Rev. D 85, 123546 (2012)
[arXiv:1109.1846]

[12] E-M. Mueller, W. Percival, E. Linder, S. Alam, G-
B. Zhao, A.G. Sánchez, F. Beutler, The clustering of
galaxies in the completed SDSS-III Baryon Oscillation
Spectroscopic Survey: constraining modified gravity,
arXiv:1612.00812

[13] S.F. Daniel, E.V. Linder, Constraining Cosmic Expan-
sion and Gravity with Galaxy Redshift Surveys, J. Cos.
Astropart. Phys. 1302, 007 (2013) [arXiv:1212.0009]

[14] G. Dvali, G. Gabadadze, M. Porrati, 4D Gravity on a
Brane in 5D Minkowski Space, Phys. Lett. B 485, 208
(2000) [arXiv:hep-th/0005016]

[15] C. Deffayet, G. Dvali, G. Gabadadze, Accelerated Uni-
verse from Gravity Leaking to Extra Dimensions, Phys.
Rev. D 65, 044023 (2002) [arXiv:astro-ph/0105068]

[16] E.V. Linder, Exponential Gravity, Phys. Rev. D 80,
123528 [arXiv:0905.2962]

[17] A. Shafieloo, T. Clifton, P.G. Ferreira, The Crossing
Statistic: Dealing with Unknown Errors in the Dis-
persion of Type Ia Supernovae, JCAP 08, 017 (2011)
[arXiv:1006.2141]

[18] A. Shafieloo, Crossing Statistic: Bayesian interpretation,
model selection and resolving dark energy parametriza-
tion problem, JCAP 05, 024 (2012) [arXiv:1202.4808]

[19] DESI Collaboration, The DESI Experiment
Part II: Instrument Design, arXiv:1611.00037 ;
http://desi.lbl.gov

[20] DESI Collaboration, The DESI Experiment Part I: Sci-
ence, Targeting, and Survey Design, arXiv:1611.00036

[21] S. Nesseris, G. Pantazis, L. Perivolaropoulos, Tension
and constraints on modified gravity parametrizations of
Geff (z) from growth rate and Planck data, Phys. Rev. D
96, 023542 [arXiv:1703.10538]

[22] J. Gleyzes, Parametrizing modified gravity for cosmolog-
ical surveys, arXiv:1705.04714

[23] C. Howlett, A.S.G. Robotham, C.D.P. Lagos, A.G. Kim,
Measuring the growth rate of structure with Type IA
Supernovae from LSST, arXiv:1708.08236

[24] P. Zhang, Testing Gravity Against Early Time Integrated
Sachs-Wolfe Effect, Phys. Rev. D 73, 123504 (2006)
[arXiv:astro-ph/0511218]

[25] L. Pogosian and A. Silvestri, The pattern of growth in
viable f(R) cosmologies, Phys. Rev. D 77, 023503 (2008)
[arXiv:0709.0296]

[26] M.A. Resco and A.L. Maroto, Parametrizing
growth in dark energy and modified gravity mod-
els, arXiv:1707.08964

[27] L. Knox, R. Scoccimarro, S. Dodelson, The Impact of In-
homogeneous Reionization on Cosmic Microwave Back-
ground Anisotropy, Phys. Rev. Lett. 81, 2004 (1998)
[arXiv:astro-ph/9805012]

[28] E.V. Linder, Biased Cosmology: Pivots, Parameters,
and Figures of Merit, Astropart. Phys. 26, 102 (2006)
[arXiv:astro-ph/0604280]

[29] H. Cramér, Mathematical methods of statistic, §32.3
(Princeton U. Press: 1946); M. Kendall and A. Stuart,
Advanced Theory of Statistics, 4th ed., §17 (Oxford U.
Press: 1979)

[30] S. Dodelson, C. Shapiro, M. White, Reduced Shear
Power Spectrum, Phys. Rev. D 73, 023009 (2006)
[arXiv:astro-ph/0508296]

[31] C. Shapiro, Biased Dark Energy Constraints from Ne-
glecting Reduced Shear in Weak Lensing Surveys, Ap. J.
696, 775 (2009) [arXiv:0812.0769]

http://arxiv.org/abs/1309.5385
http://arxiv.org/abs/1604.01059
http://arxiv.org/abs/1703.01271
http://arxiv.org/abs/1407.0059
http://arxiv.org/abs/1512.06180
http://arxiv.org/abs/1607.03113
http://arxiv.org/abs/0705.1158
http://arxiv.org/abs/0801.2431
http://arxiv.org/abs/1703.00917
http://arxiv.org/abs/1109.1846
http://arxiv.org/abs/1612.00812
http://arxiv.org/abs/1212.0009
http://arxiv.org/abs/hep-th/0005016
http://arxiv.org/abs/astro-ph/0105068
http://arxiv.org/abs/0905.2962
http://arxiv.org/abs/1006.2141
http://arxiv.org/abs/1202.4808
http://arxiv.org/abs/1611.00037
http://desi.lbl.gov
http://arxiv.org/abs/1611.00036
http://arxiv.org/abs/1703.10538
http://arxiv.org/abs/1705.04714
http://arxiv.org/abs/1708.08236
http://arxiv.org/abs/astro-ph/0511218
http://arxiv.org/abs/0709.0296
http://arxiv.org/abs/1707.08964
http://arxiv.org/abs/astro-ph/9805012
http://arxiv.org/abs/astro-ph/0604280
http://arxiv.org/abs/astro-ph/0508296
http://arxiv.org/abs/0812.0769

