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Abstract—One of the main problems when trying to detect
the position and other characteristics of a small inclusion into
lossy earth via external measurements is the inclusion’s poor
scattering response due to attenuation. Hence, increasing the
scattered power generated by the inclusion by using not an active
but a passive material is of great interest. To this direction, we
examine, in this work, a procedure of “unlocking” the ground by
depositing a thin passive layer of conventional material atop of
it. The first step is to significantly enhance the transmission into
a lossy half space, in the absence of the inclusion, by covering
it with a passive slab. The redistribution of the fields into the
slab and the infinite half space, due to the interplay of waves
between the interfaces, makes possible to determine the thickness
and permittivity of an optimal layer. The full boundary value
problem (including the inclusion and the deposited superstrate) is
solved semi-analytically via integral equations techniques. Then,
the scattered power of the buried inclusion is compared to the
corresponding quantity when no additional layer is present.
We report substantial improvement in the detectability of the
inclusion for several types of ground and burying depths by using
conventional realizable passive materials. Implementation aspects
in potential applications as well as possible future generalizations
are also discussed. The developed technique may constitute an
effective “configuration (structural) preprocessing” which may
be used as a first step in the analysis of related problems before
the application of an inverse scattering algorithm concerning the
efficient processing of the scattering data.

Index Terms—buried inclusion, inverse scattering, integral
equations, detectability, mixing formulas

I. INTRODUCTION

F INDING a buried object inside the earth is a very in-
teresting problem with long history. It is motivated by

important applications including detection of mines [1], [2],
mineral deposits [3], [4], and unexploded ordnances (UXOs)
[5], [6] as well as scattering by buried pipes [7], [8], model
trees [9] and surface and subsurface inhomogeneities (e.g.
rocks) [10].

Various methods have been established for the localization
and reconstruction of such objects. Characteristic represen-
tatives are methods employing primary fields generated by
ground-penetrating radars (GPRs) using waves from a moving
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radar, lying in close proximity to the ground, in order to scan
and image the subsurface by recording the strength of the
echo produced by the interaction between the impinging waves
and the buried objects received at the air-soil interface in a
(usually) multi-static configuration. GPRs allow non invasive
diagnostics of the probed domain in a fast and simple way
and are widely employed in civil engineering, shallow subsur-
face prospecting applications and archaeology. Representative
techniques as well as application domains are reviewed in
[11] and [12]. Important characteristics of GPR methods are
the number of utilized frequencies as well as the type of
the primary field (pulse or harmonic wave). More precisely,
harmonic primary fields are employed in combination with
single-frequency measurements in [13]-[17] and with multiple-
frequency ones in [12] and [18]-[20]. Moreover, GPR pulses
(obviously possessing continuous spectrum) are alternatively
considered as primary excitations in several studies imple-
menting GPR techniques (indicatively, we cite [21]-[24]). All
of the above investigations [13]-[24] utilize multiple near-field
receivers. Besides, we note that plane waves have been also
employed as primary fields for the detection and localization
of buried objects (see e.g. [10], [25], [26] and [27]).

Most of the above mentioned methods rely mainly on the
establishment of improved algorithms concerning the process-
ing of the scattering data in order to make the location of
the buried object more apparent. In this work, we establish
and implement a different approach which aims to increase
the detectability of a buried inclusion and, in this way,
prepare the ground for a more effective implementation of
such algorithms. In particular, we modify the structure of the
considered configuration by depositing on the lossy earth a
suitable thin reciprocal and passive superstrate layer which
assists both the primary (line-source) field’s penetration in
the lossy earth as well as the buried inclusion’s scattering
response in the air region. Our main objective is to determine
the proper permittivity and electric thickness of the superstrate
in order to increase (make more feasible) the detectability
of a cylindrical perfectly electric conducting (PEC) inclusion
located at a certain distance from the surface of the ground.

We solve semi analytically the scattering problem via
integral equation techniques. More precisely, the associated
boundary value problem is reformulated via a Fredholm inte-
gral equation for the current flowing on the surface of the PEC
inclusion (see also the discussions in [28]). This integral equa-
tion is subsequently solved by a semi-analytical methodology
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providing high numerical stability and controllable accuracy.
Then, we show that the choice of our optimal superstrate
layer is not significantly affected by the size and depth of
the inclusion and therefore it is actually the inclusion-free
configuration that primarily dictates our choice.

Wet, medium dry as well as very dry types of ground
are considered and for each of these types specific realizable
mixtures of ordinary/natural materials are reported, which
accomplish the specific objectives of making the presence
of the inclusion more visible, by maximizing the magnitude
of transmitted wave into the lossy ground. It is worth to
emphasize that we consider a passive superstrate layer in order
to amplify the scattering response of the buried inclusion. We
use a harmonic GPR primary field and utilize single-frequency
far-field measurements. We present several numerical results
demonstrating that it is indeed possible to amplify significantly
the scattering response of the inclusion by covering the ground
with a suitable superstrate layer.

We note that the idea of modifying the effective properties
of the ground in order to reduce background medium loss
and provide improved detection of a buried target has been
investigated to some extent in [29]-[31]. More precisely, in
[29] a simple physical optics model was utilized for the
analysis while modifications of the ground by adding a large
quantity of water along with an amount of liquid nitrogen were
proposed. In [30] it was shown experimentally that an artificial
dielectric, composed of an array of small insulated metal-
coated plastic spheres and lossless uniform plastic spheres,
can be placed over a chosen area and mitigate clutter effects
due to ground surface roughness. The improved detection of
a mine after covering a rough surface with a smoothed layer
of appropriate sand was experimentally demonstrated in [31].

The developed technique in the present work actually con-
stitutes an effective “configuration (structural) preprocessing”
which may be used as a first step in the analysis of related
problems. Practical limitations like the presence of noise and
clutter as well as measurement sensitivity aspects are expected
to be treated/remedied by algorithmic procedures which will
follow as next steps based on already existing processing
methods (like e.g. the ones of [13]-[24]). The next step towards
the practical implementation of the presented approach is to
test how the existing algorithms cooperate with our method
and evaluate possible weaknesses originating from the change
of the configuration by adding the superstrate on the ground.

An exp(+j2πft) time dependence is assumed and sup-
pressed throughout the analysis, where f is the operational
frequency of the single-frequency radar.

II. BOUNDARY VALUE PROBLEM

The two dimensional (2-D) geometrical configuration of the
boundary value problem under consideration is depicted in
Fig. 1(a). The utilized Cartesian coordinate system (x, y, z) is
also shown; the corresponding cylindrical coordinate system
(ρ, φ, z) can be used interchangeably. A cylindrical inclusion
of circular shape (with radius a) and perfectly electric conduct-
ing (PEC) boundary is located at distance d into a half space
filled with a medium of relative complex permittivity εr1. This

half space is assumed to model the earth while the buried PEC
cylinder is considered electrically small, i.e. k0a � 1, where
k0 = 2πf

c is the free-space wavenumber with c = 1√
ε0µ0

the
speed of light (in vacuum with permittivity ε0 and permeability
µ0). The objective of this study is to select the thickness

h
(εr2ε0, μ0)

(εr1ε0, μ0)

x

y

(ε0, μ0)

χ

d

2a<<λ0
O

earth

deposited layer 

PEC 

inclusion

primary 

GPR  sourceair 

I

(a)

0 5 10 15 20 25 30
−4

−3

−2

−1

0

Re(ε
r1

)

Im
(ε

r1
)

 

 

very dry ground
medium dry ground
wet ground

(b)

Fig. 1. (a) Geometrical configuration of the structure under investigation:
we deposit a dielectric layer of suitable characteristics (height h, permittivity
εr2) on the host half space (permittivity εr1) to increase the detectability
of a buried inclusion at depth d. The inclusion is considered as perfectly
electrically conducting (PEC), has electrically small size 2a ans is excited
by an electric line source of current I positioned on the vacuum-superstrate
surface at horizontal distance χ from the inclusion. (b) The dielectric constant
εr1 represented on its own complex plane when the host medium is the earth
for three different types of ground at UHF frequency range.

h and the (possibly complex) relative permittivity εr2 of an
electrically thin layer (k0h < 1), deposited atop the earth, in
order for the detection of the inclusion’s location to become
more feasible. The primary field is due to a moving line source
carrying electric current I and located at (x, y) = (χ, d+ h);
its vertical position is fixed at y = d+ h while its horizontal
position x = χ may vary. Such a primary excitation is
expected to model practical implementations related to GPRs.
The entire space has constant permeability µ0.

The configuration is illuminated by a z-polarized primary
electric field due to a line source in free space (region #0).
The field’s z-component is given by the Fourier integral [26]

E0,inc(x, y) =− jIk0ζ0
4π

×∫ +∞

−∞

e−g0(β)|y−d−h|

g0(β)
e−jβ(x−χ)dβ, (1)
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where ζ0 =
√

µ0

ε0
is the free-space wave impedance and

g0(β) =
√
β2 − k20 is evaluated with positive real part and,

in case it is zero, with positive imaginary part.
Due to the 2-D nature of the configuration and the incident

field, all the generated electric fields in each region will be also
z-polarized and described in the sequel by their z-components.

The formulation of an integral representation of the scat-
tered field by the configuration of Fig. 1(a) requires suitable
analytic expressions of (i) the fields induced on the homoge-
neous (without the PEC cylinder) structure, due to the primary
cylindrical wave (1), and (ii) the Green’s function of the
homogeneous structure.

First, we solve the associated boundary value problem, in
the absence of the cylindrical inclusion, and find that the
z-component of the background electric field into the host
medium (region #1) takes the form

E1,back(x, y) =

∫ +∞

−∞
γback(β)eg1(β)ye−jβ(x−χ)dβ, (2)

where

γback(β) =
jIk0ζ0
π

g2(β)e−g1(β)d×[
e−g2(β)h(g2(β)− g0(β))(g2(β)− g1(β))

− eg2(β)h(g2(β) + g0(β))(g2(β) + g1(β))
]−1

,

with the radiation functions g1(β) =
√
β2 − k20εr1 and

g2(β) =
√
β2 − k20εr2 evaluated as g0(β).

Then, we consider the homogeneous structure excited by a
2-D infinite along z electric line source, located at (X,Y ) in
region #1. The Green’s function is the electric field generated
at (x, y) by this line source. For the observation vector (x, y)
in region #1, it is comprised of a primary (singular) term Gpr1
and a secondary (smooth) term Gsec1 , respectively, given by

Gpr1 (x, y,X, Y ) = − j
4
H

(2)
0

(
k0
√

(x−X)2 + (y − Y )2
)
,

Gsec1 (x, y,X, Y ) =

∫ +∞

−∞
γsec1 (β)eg1(β)(y+Y )e−jβ(x−X)dβ,

where H(2)
0 denotes the zeroth order and second kind cylin-

drical Hankel function, while

γsec1 (β) = e−2g1(β)d
[

cosh(g2(β)h)(g1(β)− g0(β))g2(β)

+ (g0(β)g1(β)− g22(β)) sinh(g2(β)h)
]
×

[4πg1(β)]
−1 [

cosh(g2(β)h)(g1(β) + g0(β))g2(β)+

(g0(β)g1(β) + g22(β)) sinh(g2(β)h)
]−1

.

For the observation point (x, y) lying in region #0, the
Green’s function takes the form

G0(x, y,X, Y ) =

∫ +∞

−∞
γ0(β)e−g0(β)(y−Y )e−jβ(x−X)dβ, (3)

where

γ0(β) = [πg0(β)]−1 eg0(β)(d+h)−g1(β)dg0(β)g2(β)×[
eg2(β)h(g0(β) + g2(β))(g1(β) + g2(β))

− e−g2(β)h(g0(β)− g2(β))(g1(β)− g2(β))
]−1

.

According to the fundamental analytical formula of the
scattering integral (see e.g. p. 228 of [32]), the generated
scattered electric field in the region #1, due to the presence
of the PEC cylinder, has the integral representation

E1,sc(x, y) = −jk0ζ0×∫
C

K(l)

[
Gpr1 (x, y,X(l), Y (l))

+Gsec1 (x, y,X(l), Y (l))

]
dl, (4)

where K(l) is the axial current induced along the PEC
cylinder’s boundary C.

By taking into account the cylinder’s small electrical size,
we can make the so-called thin-wire approximation [28] and
infer that the (unknown) current K does not vary significantly
around C and, therefore, we may consider it as spatially
constant. In this way, the scattered field E1,sc evaluated at
the origin (x, y) = (0, 0) is approximated by (see also [28])

E1,sc(0, 0) ∼=−
πk0aζ0K

2
H

(2)
0 (k0a

√
εr1)

− 2πjk0aζ0KG
sec
1 (0, 0, 0, 0). (5)

By applying the PEC boundary condition for vanishing total
electric field at the center of the PEC cylinder

E1,back(0, 0) + E1,sc(0, 0) = 0, (6)

we obtain

K =
j

2πk0aζ0

E1,back(0, 0)
j
4H

(2)
0 (k0a

√
εr1)−Gsec1 (0, 0, 0, 0)

. (7)

Once the induced current K is determined, we evaluate
the scattered field in vacuum region #0 by using again the
scattering integral as follows

E0,sc(x, y) ∼= −2πjk0aζ0KG0(x, y, 0, 0), (8)

which, by means of (3), takes the form

E0,sc(x, y) ∼= −2πjk0aζ0K

∫ +∞

−∞
γ0(β)e−g0(β)y−jβxdβ. (9)

The scattered power in the upper half-space is obtained by
using the method of stationary phase [33], yielding

Psc = 8π4(k0a)2k0ζ0|K|2
∫ π

0

|γ0(k0 cosφ)|2 sin2 φdφ, (10)

measured in Watt per meter of z-axis.
In our consideration, the host medium with permittivity εr1

is the lossy ground, the metallic (PEC) inclusion represents
the buried inclusion and the superstrate layer of permittivity
εr2 corresponds to a thin homogeneous layer deposited on the
earth’s surface. The applications related to buried objects in
the ground usually utilize an operational UHF frequency f
in the range from 500 MHz to 1 GHz. The variation of the
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complex dielectric permittivity εr1 within the aforementioned
frequency interval is negligible for all considered cases of very
dry, medium dry or wet ground (similar considerations are
made in [34]). In particular, the following frequency variations
hold for each case (see e.g. [35]): (i) for very dry ground

εdryr1
∼= 3 − j0.05

(
f

106

)−0.4 ∼= 3 − j0.0036, (ii) for medium

dry ground: εmediumr1
∼= 15−j0.1

(
f

106

)0.25 ∼= 15−j0.52 and
(iii) for wet ground: εwetr1

∼= 30 − j3.2, where f is measured
in units of Hz.

Note that the complex ground permittivities have been
approximated by their average value over the UHF frequency
range indicated above. The validity of this approximation is
demonstrated in Fig. 1(b) where the big markers (triangular,
square and circular) correspond to the mean values and the
small dots to the variations of the real and imaginary parts
of εr1 with respect to f for 500 Hz < f

106 < 1000 Hz. It is
evident that the adopted mean values of εr1 approximate quite
accurately all values of εr1 in the entire considered frequency
range and hence we proceed in the sequel by using these mean
values for each of the three considered cases of the ground.
We note that it is possible to retain a frequency-dependence of
εr1 in the integral representation (4), however the difference
is negligible since Re(εr1) � |Im(εr1)| and the presentation
of the results of Section III below, will become less intuitive.

III. PARTICULARIZATION AND APPROXIMATION

The basic aim of the present study is to find the physical
properties (permittivity εr2) and size (thickness h) of the
deposited superstrate atop the ground which aid the detection
of the buried (into depth d) PEC cylinder of radius a from
measurements of its response due to the moving scanning
source (current I , distance χ) excitation. In other words, we
are searching for a layer that can “unlock” the ground in the
sense that the presence of this specifically selected superstrate
will make the two-layered configuration of the earth together
with the superstrate to have effective properties which will
increase the scattered power due to the the hidden target and
hence reveal its presence to an external observer.

Obviously, the practical significance of the work would
have been very limited if we confined our analysis to an
inclusion of specific location and size; therefore, the proposed
deposited layer should work for any type of inclusion inside
the ground by substantially amplifying its scattered field.
Such an amplification does not necessarily require an active
medium; it can be achieved by a suitable redistribution of the
fields into the superstrate layer and the half space. The layer
should enhance the transmission of the incident illumination
into the ground in order for the PEC cylinder to get maximally
excited and at the same time it should not block the scattered
field from the inclusion so that it transmits back to free-space.
If one considers reciprocal superstrate (which is the case here),
these two objectives are equivalent.

In order to find layers that perform this interplay between
reflected and transmitted fields for the incident and the scat-
tered components, we consider the inclusion-free structure
excited in the simplest possible way: by a normally incident

plane wave. The first assumption (inclusion-free) is made in
order to obtain a solution that can work for every inclusion
regardless of its position or size. The second assumption
(plane wave incidence) is made for the sake of simplicity
and in order to obtain results independent from the position
of the line source. In Fig. 2(a), we depict the two cases
of our simplified configuration: our aim is to maximize the
transmission coefficient T1 of the externally incident field into
the earth and the transmission coefficient T0 of the reflected
field back to free space. These two are proportional to each
other (due to reciprocity) and are defined as follows

T0√
εr1

= T1e
−jk0h

= 4
√
εr2
[
ejk0h

√
εr2 (1 +

√
εr2) (

√
εr1 +

√
εr2)

− e−jk0h
√
εr2 (1−

√
εr2) (

√
εr1 −

√
εr2)

]−1 ≡ T. (11)
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Fig. 2. (a) The physical configuration of the inclusion-free structure excited
by normally incident plane waves used for obtaining optimal solutions in an
approximate way. (b) Typical variation of the transmission magnitude |T | on
the complex εr2 plane regardless of the ground permittivity εr1. The gray
“×” marks maximal |T |. Note that it corresponds to real εr2.

The proportionality constant
√
εr1 corresponds to the ratio

of wave impedances between vacuum and host ground. For
a fixed frequency f (fixed wavenumber k0) and a fixed type
of ground εr1, the quantity |T | to be maximized is a sole
function of a complex variable εr2 and a positive real variable
k0h. In Fig. 2(b), we show a typical variation of function
|T | on the complex plane of the layer’s permittivity εr2 for a
representative set of parameters (similar behavior is exhibited
regardless of the permittivity εr1). One can observe that the
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maximal value of |T | (indicated by a gray “×”) is achieved
for a lossless superstrate (Im(εr2) = 0). That property cannot
be considered to hold a priori for general layered systems
but for this specific configuration and for the considered
ranges of the structure’s parameters it has been checked to
be indeed valid. Therefore, we can restrict the parametric
space by adopting only real permittivities εr2. Additionally,
we avoid exotic metamaterials or ε-near-zero (ENZ) materials,
and hence consider that εr2 > 1.
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Fig. 3. (a) The optimal (maximal |T | criterion) permittivity εr2 of the
deposited layer as function of the its electrical thickness h/λ0 for various
types of ground (inclusion-free configurations). (b) The maximum transmis-
sion magnitude |T | = |T1| = |T0|/|

√
εr1| as function of the its electrical

thickness h/λ0 for various types of ground (inclusion-free configurations).
(c) The ratio of the scattering power integrals p/p′ as function of the its
electrical thickness h/λ0 for various types of ground (d = 3λ0, a = 0.1λ0).

Based on the latter assumptions, we can simplify our prob-
lem by maximizing a function |T | of two positive variables:
h
λ0

> 0 and εr2 > 1. We perform such a maximization
operation for every single value of layer’s electrical thickness
h
λ0

within a certain range and in Fig. 3(a), we show the

optimal values of the permittivity εr2 for the three sorts of
ground (εr1 very dry, medium dry and wet). In other words,
we depict all the combinations of electrical sizes h

λ0
and

dielectric constants εr2 which lead to maximal transmission
|T | for each of the three ground type scenarios. Note the
stability of the optimal material with respect to h

λ0
for the

case of a very dry ground and the convergence of the best-
case permittivities for the other two types of ground as h

λ0
gets

larger. Furthermore, the larger is the dielectric constant εr1 of
the ground, the larger is the optimal dielectric constant εr2 of
the layer. From these “optimal pairs”, one should choose the
one that gives the best transmission; such a selection is made
in Fig. 3(b). Obviously, the optimal transmission is smaller
the more lossy is the ground since the power lost during
the travel and converted into heat becomes more substantial.
The markers show the maxima of the three curves (one for
each type) and indicate the electrical thicknesses h

λ0
which,

combined with the respective εr2 given by Fig. 3(a), give the
optimal solutions for the deposited layer for each of the three
considered scenarios (very dry, medium dry, and wet ground).

The maximal transmissions of Fig. 3(b) and the indicated
three optimal parameters for the layer (k0hopt, εr2,opt) cor-
respond, according to our strategy described above, to the
inclusion-free configuration. In order to test the performance of
the determined optimal superstrates when the buried inclusion
is present, we go back to the complete structure of Fig. 1(a)
and the formula of the scattered power (10). A meaningful
indicator of how much more detectable the inclusion becomes
in the presence of the layer is the ratio of a superposition
of the scattered powers for all possible positions of the line
source. In particular, we define the following two integrals
corresponding to scattered powers in the presence and in the
absence (εr2 = 1) of the deposited layer, respectively

p =

∫ +X

−X
Psc(χ)dχ , p′ =

∫ +X

−X
P ′sc(χ)dχ, (12)

where X is a suitably large distance such that the evaluated
integral values are stabilized. In Fig. 3(c), we show the ratios
p
p′ (for each type of ground) as functions of h

λ0
for the permit-

tivities indicated by Fig. 3(a). It is emphasized that (especially
in the cases of medium dry and wet ground) the ratio of
the scattered power integrals is substantial which verifies that
the superstrate layers, selected through the analysis of the
inclusion-free structure of Fig. 2(a), are indeed effective in
amplifying the scattering response from the inclusion. Even
more importantly, the variations of p

p′ are quite stable with
respect to h

λ0
and the maxima of the curves are exhibited at

points close to the corresponding ones that the curves of |T |
in Fig. 3(b) are maximized.

Therefore, it is verified that the strategy of simplifying the
configuration (inclusion-free) and the excitation (plane wave)
in order to extract the optimal dielectric constants εr2,opt and
electric thicknesses k0hopt is effective and yields satisfying
results for the full problem of Fig. 1(a). For this reason, we
are going to use the obtained solutions from this simplified
problem in the following numerical results.
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IV. NUMERICAL RESULTS

A. Arbitrary Materials

The optimal dielectric constants εr2, corresponding to the
results of Fig. 3(b) referring to the simplified model, are the
following:

(i) εdryr2,opt = 1.84 for very dry ground,
(ii) εmediumr2,opt = 3.88 for medium dry ground,

(iii) εwetr2,opt = 5.52 for wet ground,
while the corresponding electrical thicknesses k0h of the
deposited layer are:

(i) k0h
dry
opt = 0.94 for very dry ground,

(ii) k0h
medium
opt = 0.79 for medium dry ground,

(iii) k0h
wet
opt = 0.66 for wet ground.

As referred above, these optimal parameter values are derived
by using the maximal |T | criterion (independent from depth or
shape of the inclusion); the criterion of maximal p

p′ is mainly
used for verification.

Figs. 4(a)-6(c) depict the variations of the scattered fields
and their powers for the optimal aforementioned superstrate’s
parameters classified according to the considered type of
ground. More precisely, first the very dry ground case is
considered. Fig. 4(a) depicts the variations of the scattered
power Psc versus the horizontal position χ of the primary
line source when no superstrate is present and when the
configuration is covered by the optimal superstrate layer.
Moreover, Figs. 4(b) and 4(c) show the contour plots of the
magnitude of the scattered electric field E0,sc in the air region
as functions of the electrical coordinates

(
x
λ0
, yλ0

)
when no

superstrate layer is present and when the superstrate layer
is the optimal one, respectively. From the symmetry of the
distributions, it is obvious that Figs. 4(b) and 4(c) correspond
to central excitation (χ = 0). Figs. 5(a)-5(c) and 6(a)-6(c)
depict the corresponding plots with Figs. 4(a)-4(c) for the
cases of medium dry and wet ground respectively. It is evident
that, for each of the three considered cases with respect to
the ground, the scattered power increases for almost all line
source’s positions χ. The increase is (relatively) larger for the
wet ground which is the case in which the ground possesses the
largest losses. Similar conclusions hold for the plots of |E0,sc|:
the beneficial influence of the superstrate layer is evident in
the sense that the scattered field in the air region increases
considerably with the addition of the optimal superstrate; the
more substantial increase is again observed for the wet ground.
It is also worth to note that the horizontal region with respect
to x

λ0
for which larger scattered field is obtained shrinks as

one moves from the very dry to the medium dry and finally
to the wet ground. Hence, the location of the buried inclusion
becomes most evident for the wet ground.

B. Practical Realization

The aforementioned optimal sets of superstrate’s parameters
(k0hopt, εr2,opt) have been obtained from a procedure that
did not take into account practical realization limitations and
constraints. As far as the thicknesses k0hopt are concerned, the
actual implementation error is proportional to the sensitivity of
the utilized length measurement device. Since we are talking
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Fig. 4. (a) Scattered power Psc versus the position χ of the line source
without any superstrate and with the optimal superstrate. (b) Contour plot of
the magnitude of the scattered electric field |E0,sc(x, y)| in the air region on
the map of the Cartesian electrical coordinates (x/λ0, y/λ0) in the absence of
the deposited layer (χ = 0). (c) Contour plot of the magnitude |E0,sc(x, y)|
on the map of (x/λ0, y/λ0) in the presence of the optimal layer (χ = 0).
Plot parameters: very dry ground, d = 4λ0, a = λ0/5, f = 750MHz.

about low radio frequencies, such an error is considered as
negligible. However, it is difficult to fabricate a medium of
specific dielectric constant εr2,opt without suffering certain
imperfections.

In this subsection, we are using specific natural/ordinary
materials whose suitable mixtures can possess electromag-
netic properties close to the ones dictated by the determined
optimal permittivities. As a basic material we use a very
common granular substance: sand, whose dielectric constant
εsandr

∼= 3 does not have imaginary part and is dispersionless
within the considered frequency range; see e.g. [36], [37],
and [38, pp. 246-262]. By inspecting the permittivities εr2,opt
that we should effectively mimic, we need a sparser and a
denser material than sand. For the sparser one, we can utilize



IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. , NO. , 2016 7

−2 −1 0 1 2
0

1

2

3

4

5
x 10

−3

dipole electrical position χ/λ
0

sc
at

te
re

d 
po

w
er

 P
sc

(χ
) 

(W
/m

)

 

 

without superstrate
with optimal superstrate

(a)

x/λ
0

y/
λ 0

 

 

−2 0 2
2

2.2

2.4

2.6

2.8

3

0

0.05

0.1

0.15

0.2

0.25

0.3

(b)

x/λ
0

y/
λ 0

 

 

−2 0 2
2

2.2

2.4

2.6

2.8

3

0

0.05

0.1

0.15

0.2

0.25

0.3

(c)

Fig. 5. The respective plots with those of Figs. 4(a)-4(c) for medium dry
ground and d = 4λ0, a = λ0/5, f = 750MHz.

polyurethane foam whose properties are identical to those of
vacuum εfoamr

∼= 1 (at UHF band) and for a denser substance,
we select 2-propanol which is the least lossy of the common
available materials for low radio frequencies. The permittivity
of propanol follows the following law [39]

εpropanolr
∼= 3.65 +

17

1 + 0.00028j
(

f
106

)0.966 . (13)

Our plan is to use sand as the host medium and proper
inclusion of the two other substances (foam, propanol) so
that the final mixture has effective permittivity similar to the
optimal ones for each case. Certainly, there are many practical
questions and difficulties to be answered in the operational
use in the real world, like for example the deposition of the
utilized materials on real ground. These issues can be mitigated
by for example putting our mixture layer on top of a very
thin sheet of inert and elastic polymer which guarantees the
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Fig. 6. The respective plots with those of Figs. 4(a)-4(c) for wet ground and
d = 4λ0, a = λ0/5, f = 750MHz.

planar shape of the deposited layer. When it comes to the very
dry ground scenario, the optimal effective dielectric constant
εdryr2,opt

∼= 1.84 can be directly obtained by mixing sand with
foam and, in order to maximize the sparsifying effect of the
foam, we use it in the form of small disks as indicated by the
corresponding mixture formula. In particular, the permittivity
of this substance (large number of polyurethane foam disks
into sand) is given by [38, pp. 68]

εdryr2
∼= εsandr + udry

(
εfoamr − εsandr

)
×

2εfoamr + εsandr

(3− udry)εfoamr + udryεsandr

, (14)

where udry is the volume filling factor of foam into sand.
Note that both of the media used (εsandr and εfoamr ) are
characterized by an absence of dispersion. Therefore we can
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Fig. 7. (a) The real permittivities (mixture of sand and foam disks and mixture
of sand and propanol, namely propanol-soaked sand) compared to the optimal
ones. (b) The actual transmission magnitude. (c) The actual relative power.
Dashed lines correspond to ideal results.

simply compute the proper filling factor by

Re(εdryr2 ) = εdryr2,opt ⇒ udry ∼= 0.45. (15)

It is stressed that almost half the volume of the obtained
medium should be filled by small disks of foam something
which is quite challenging in terms of homogenization. That
situation would be even harder if we used other shapes of
foam inclusions with weaker effect [38].

As far as the cases of medium dry and wet ground are con-
cerned, the optimal effective dielectric constants εmediumr2,opt

∼=
3.88 and εwetr2,opt

∼= 5.52 can be directly obtained by mixing
sand with 2-propanol (the procedure is quite straightforward,
however manpower in form of mechanical assistants may be
needed) and since the latter is liquid, simple weighted aver-
ages of the permittivities are quite accurate for the dielectric

constant of the propanol-soaked sand

εmediumr2 (f) ∼= (1− umedium)εsandr + umediumε
propanol
r (f),

(16)

εwetr2 (f) ∼= (1− uwet)εsandr + uwetε
propanol
r (f), (17)

where umedium, uwet are the corresponding filling factors for
the two medium dry and wet ground. Since the relations (16),
(17) are dispersive, we select to equalize the real part of the
aforementioned permittiviities εmediumr2 (f), εwetr2 (f) with the
optimal ones εmediumr2,opt , εwetr2,opt only at the central frequency
f̄ = 750MHz of the considered spectral range. In particular,
the proper coefficients umedium, uwet and the corresponding
dispersive functions of the effective permittivity for the utilized
materials are evaluated as follows

Re(εmediumr2 (f̄)) = εmediumr2,opt ⇒ umedium ∼= 0.05

⇒ εmediumr2 (f) ∼= 3.03 +
0.87

1 + 0.00028j
(

f
106

)0.966 , (18)

Re(εwetr2 (f̄)) = εwetr2,opt ⇒ uwet ∼= 0.15

⇒ εwetr2 (f) ∼= 3.09 +
2.5

1 + 0.00028j
(

f
106

)0.966 . (19)

Note that the umedium, uwet are quite small. If we used water
instead of propanol, the respective filling factors would be
even smaller (because εwaterr

∼= 81) which could jeopardize
the isotropic nature of the mixture. Furthermore, water is more
lossy that 2-propanol which would deteriorate the performance
of the (ideally lossless) layer in terms of amplifying the
scatterer’s response.

In Fig. 7(a), we mark the (real) optimal lossless values of the
permittivity εr2 for the three ground types (large markers) and
the dielectric permittivity values depending on frequency f for
500 Hz < f

106 < 1000 Hz given by (18), (19) of the actual
mixtures (series of small dots). In the case of very dry ground,
the employed materials are lossless and non-dispersive; thus,
the actual solution is identical to the ideal one (and hence we
do not examine it further). For the other two cases (medium
dry and wet ground), the real part is very close to what should
be for the entire frequency spectrum, while the imaginary part
is moderate and dependent on f . The good coincidence of
the real parts is natural since the filling factors are selected
by equalizing the real permittivities and the frequency range
is relatively small; furthermore, the losses are larger in the
wet-ground scenario since more (lossy) propanol is needed to
approximate εwetr2,opt.

At this point, let us quantify the effect of these imperfections
on the performance indicators of the proposed structures.
In Fig. 7(b), we show the magnitude of the transmission
coefficient |T | as function of the operational frequency f for
the two types of ground, when the actual materials are used.
With dashed lines we show the best transmission score for the
optimal permittivities in each case. The quantity |T | possesses
substantial values for the entire frequency spectrum which are
close to the optimal values. It is remarkable that transmission
is not maximized at the central frequency f̄ , for which the
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real part of the permittivity is exactly equal to εr2,opt, but
close to it. This happens due to the fact that the real part of
the permittivity does not change substantially with frequency,
contrary to the imaginary part. In other words, at a frequency
f = 700MHz, smaller than f̄ , the real part of the effective
dielectric constant may be very close to the optimal value and
the losses more diminished leading to higher transmissions.
To test the proposed realizable structures, we evaluate also
the criterion referred to the complete configuration (in the
presence of the buried inclusion), namely the ratio p

p′ , as
function of the operational frequency f . The results are plotted
in Fig. 7(c). One directly observes that the magnitude of
the represented quantity is quite high for both scenarios of
the ground. The difference from the optimal performance
(indicated by dashed lines) is larger for the wet ground than
in the case of medium dry ground. Furthermore, the maxima
of the curves are exhibited at frequencies higher than f̄ which
show the influence of the peripheral parameters (inclusion’s
depth and point nature of the source) on the full problem.

In Figs. 8, we show the integral of the scattered power over
all positions of the source, defined in (12), normalized by
the corresponding quantity p0 when the inclusion is located
at the ground surface (d = 0), as function of the electrical
depth of the inclusion d

λ0
. Obviously, due to the presence of

losses, the curves are downward sloping indicating that the
detection of the inclusion is more difficult, the deeper is buried.
Furthermore, the rate of decrease is smaller, the less lossy is
the ground which is again attributed to the smaller attenuation
the waves are subjected to. The graph of Fig. 8 has been
produced for the optimal frequency f = f̄ but, due to the
normalization constant p0 which varies with f , the graphs are
very similar (almost identical) for every frequency within our
operational range (for the same type of ground).
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Fig. 8. The normalized integral of scattered power p/p0 as function of the
electrical depth of the inclusion d/λ0 for several scenarios of the ground the
central frequency: f = f̄ = 750 MHz. Plot parameter: a = 0.2λ0.

C. Additional Test Cases and Discussions

We examine the validity and the performance of the de-
veloped methodology in some additional test cases. More
specifically, we consider the scattering problem of a normally
incident plane wave impinging on a buried inclusion of ar-
bitrary shape at d = 1.8λ0. Scattered field simulations are
performed with COMSOL Multiphysics [40]; the considera-

tion of the plane incident wave was selected for simplicity of
the computations via COMSOL.

Figs. 9(a)-9(c) depict the magnitude of the scattered electric
field (namely the difference between the total electric field
and the background electric field; the latter is induced in
the inclusion-free configuration composed of a three-layered
dielectric medium) at all domains. It should be stressed that
the the field in the interior of the inclusion is non-zero because
we represent only the scattered component which should be
of equal magnitude and opposite with the background one (or
better its analytic continuation in the area of the object) to give
a zero outcome at the cross section of the scatterer as imposed
by the PEC nature of the buried inclusion. We consider plane-
wave normal illumination for the case of a wet ground and
of operating frequency f = 750MHz. Figs. 9(a), 9(b) and
9(c) correspond, respectively, to an absent superstrate layer,
to an optimal ideal superstrate and to an optimal realizable
superstrate, where the ideal parameters are computed by
the techniques of Sections II and III, while the realizable
parameters by the procedure of Section IVB. The significant
increase in the scattered field’s values when using an optimal
ideal layer is evident. Importantly, this increase remains still
significant when using a realizable layer which approximates
the parameters of the ideal layer. Moreover, it is worth to
note that although the optimal parameters of the superstrate
layer were calculated via the analysis of the boundary value
problem of Section II, involving a line-source primary field
and an inclusion of circular shape, these parameters may
also offer a significant increase in the scattered field in the
problem considered in this section corresponding to plane
wave incidence on a buried inclusion of arbitrary shape.

Next, we examine the variations in the achieved scattered
field’s increase with respect to the changes of the operating
frequency. To this end, we depict in Figs. 10(a) and 10(b)
the magnitude of the scattered electric field at all domains at
f = 750MHz for a medium dry ground and (a) an absent
superstrate and (b) an optimal ideal superstrate. Figs. 10(c)
and 10(d) depict the magnitude of the scattered electric field
at f = 500MHz and f = 1GHz, respectively, where the
parameters of the optimal superstrate layer are those computed
for the same scattering problem at f = 750MHz. It is ob-
served that the superstrate’s parameters determined to achieve
enhanced scattered field’s values at f = 750MHz also produce
a substantial enhancement at f = 500MHz and f = 1GHz.

V. CONCLUDING REMARKS, APPLICABILITY ASPECTS
AND FUTURE EXTENSIONS

The traditional problem of detecting a buried inclusion into
lossy earth was considered. In this study, we did not make
any changes in the measuring process but we did change the
configuration of the problem. In particular, we deposited a
passive superstrate on the surface of the earth to redistribute
the fields into all the regions (air, superstrate, ground) so that
the transmission of the incident illumination is maximized. Us-
ing rigorous integral equation formulation, we showed that the
scattered power due to the inclusion is significantly enhanced
when an optimal superstrate layer is used and, importantly,
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Fig. 9. Magnitude of the scattered electric field at all domains for f =
750MHz and a wet ground and (a) an absent, (b) an optimal ideal, and (c)
an optimal realizable superstrate. The buried inclusion has an arbitrary shape
and is located at d = 1.8λ0. Normally incident plane-wave illumination.

this power enhancement is not severely downgraded when
conventional realizable materials are employed.

The implementation of the proposed method is expected to
be quite inexpensive because realizing the permittivity values
of the optimum superstrate layer resulting by using mixing
formulas and mixing sand/water/propanol (according to the
discussions of Section IVB) does not require the use of any
costly materials. Moreover, since the superstrate layer needs
only to be of centimeters to ten centimeters thick, the amount
of the utilized materials is also reasonable. If very large areas
are needed to be probed with the proposed method then the
experimental procedure might become time-consuming. Still,
this cost is in a way only a very “low-level” expense, requiring
no skilled workforce or technical expertise; just mixing and
subsequently deploying very inexpensive materials. In gen-
eral, the labor needed for the production, transportation, and
deposition of the mixture superstrate is a “low-cost” labor and
certainly does not require technologically efficient realizations.
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Fig. 10. Magnitude of the scattered electric field at all domains for a medium
dry ground and (a) an absent superstrate at f = 750MHz, and an optimal
ideal superstrate at (b) f = 750MHz, (c) f = 500MHz, and (d) f = 1GHz.
The buried inclusion has an arbitrary shape and is located at d = 1.8λ0.
Normally incident plane-wave illumination.

An other issue is the fact that the determined parameters of
the optimal superstrate depend in general on the variations of
the ground’s parameters. However, it is expected that the val-
ues of the superstrate’s parameters obtained by the developed
method are not so sensitive in variations of the other quantities
of the problem (in the sense that when a characteristic of the
configuration varies then beneficial influence in the scattered
field is still observed). Partial evidence of this fact was already
reported in Section IVC above where it was shown that a
substantial change in the operating frequency does not at
all deteriorate the achieved field enhancement. In any case,
if in an experimental implementation it is anticipated that
the ground’s characteristics are variable, then the optimal
superstrate’s parameters can be easily controllable by changing
the mixing ratios of the utilized two-component mixture.

The proposed method is non-invasive, and thus can be
very useful in many applications where non-destructive remote
sensing methods are required. Hence, our approach would be
perfectly suited to those applications where one cannot or
may not mechanically go below the surface of the ground,
i.e. cannot dig in (or even if one could dig, that would
be much slower than an electromagnetic scanning method).
Some indicative applications to this direction are all kinds
of civilian applications of GPR’s, like nondestructive testing
of structures and pavements, locating utility lines or buried
structures, tunnels etc. Other areas could be archaeological
searches and mapping as well as environmental applications
like characterizing the pollution state of ground or even
perhaps for gold nugget prospecting in riverbeds. Particularly,
concerning the detection of land mines or UXO’s, some special
precautions need to be taken in the practical implementation
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of the proposed approach. For example, some type of remote
control of setting the optimized layer on top of sites, where
there is an indication that land mines or UXO’s may be
located, could prove useful. Moreover, environmental conse-
quences after the utilized material is removed should be taken
into account in cases that the ground is to be subsequently
exploited. For example, if the ground surface is on a farming
field and it is of importance not to jeopardize the continuation
of cultivation then the effect of the material mixtures on the
ground could be examined and in some cases other substances
be sought. Nevertheless, in other applications, like archaeology
which may take place in deserts, there would certainly be no
harm and problems of deploying sand mixtures or polluting
agricultural areas would perhaps not be so important. When
it comes to demining applications, then there is of course a
tradeoff: to win is more (discovering and getting rid of mines)
than lose (environmental concerns due to the utilized mixture).

Several interesting future extensions of the presented
method are feasible. A rough surface ground could be consid-
ered which would model properly bouldered terrains. How-
ever, since we are working at low microwave frequencies,
the surface roughness can be in most cases safely considered
quite small so that the assumption of a flat ground surface
can accurately approximate realistic situations. Indeed, for
a moderately rough ground surface the relative rms sur-
face height deviation is small compared to the operating
wavelength. Moreover, non-PEC buried inclusions could be
tested in order to find how much the “unlocking” effect is
deteriorated compared to the PEC case. Is is expected that the
method would work with similar accuracy and also produce a
considerable amplification of the scattered wave. This is due to
that our approach is based on the inclusion-free structure and,
as shown in details in Section III above, the superstrate layers,
selected through the analysis of the inclusion-free structure,
are indeed very effective in amplifying the scattering response
from the inclusion. The 2-D solution, obtained in this work,
is expected to be quite accurate in realistic applications when
the intention is to try to detect elongated objects which can be
approximated as 2-D in the transverse plane; in such a case
some a priori knowledge of the direction the long axis of the
object is pointing is required. The extension of the method to
3-D scattering is complicated but feasible. The dyadic Green’s
function has to be considered and subsequently expanded into
Fourier integrals involving the vector eigenfunctions in the
corresponding coordinate system (e.g. spherical or spheroidal
system; in the spherical one these are the vector spherical wave
functions M and N). For an electrically small scatterer the
mean value theorem for vector triple integrals can be invoked
in order to extend the procedure leading to the derivation of
the approximate expression (9) of the present 2-D analysis.

Other future research steps would be to test how the
achieved enhancement in the scattering response of the buried
inclusion is translated into improvement of the detecting
inclusion accuracy (related to position, size and texture) of the
standard methods. It is also interesting to test how the addition
of a superstrate affects the measuring and the algorithmic
procedures of inverse scattering when secondary obstacles are
present and how the overall detection performance changes.
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