POSITIVE ENTROPY INVARIANT MEASURES ON THE SPACE
OF LATTICES WITH ESCAPE OF MASS

SHIRALI KADYROV

ABSTRACT. On the space of unimodular lattices, we construct a sequence of
invariant probability measures under a singular diagonal element with high
entropy and show that the limit measure is 0.

1. INTRODUCTION

Consider the homogeneous space X3 = SL3(Z)\ SL3(R) with the transformation
T3 acting as a right multiplication by diag(e'/?,e'/2 e~1). In a joint work with
M. Einsiedler in [2] we prove the following.

Theorem 1.1. For any sequence of Ts-invariant probability measures p; on X3 and
c € [2,3] with hy,,(Ts) > ¢ one has that any weak™ limit i of (11;) has p(X3) > c—2.

This shows that a lower bound on the entropy of a sequence of measures controls
escape of mass in any weak™ limit. We say that p is a weak™® limit of the sequence
(ui)i>1 if for some subsequence iy and for all f € C.(X) we have

i [ fdus, = [ fdn.
k—o00 X X

If ¢ < 2 then the theorem does not tell us whether one should expect some positive
mass left. In this paper we show that actually it is possible that if ¢ < 2 then the
limit measure could be zero, and also show this in higher dimension.

For d > 1 we let G = SLg11(R) and T' = SLg41(Z). We consider the homoge-
neous space X = I'\G and a transformation T defined by

T(z) = za
where a = diag(e'/4,e/?, ... el/d e 1) € G.

Theorem 1.2. There exists a sequence of T-invariant probability measures (ft;)i>1
on X whose entropies satisfy im;_,o by, (T) = d but the weak* limit p is the zero
measure.

We note here that the maximum measure theoretic entropy, the entropy of T
with respect to Haar measure on X, is d + 1. This follows for example from [3,
Prop. 9.2 and 9.6]. An immediate consequence of Theorem 1.2 is the following
corollary.

Corollary 1.3. For any c € [0, 1] there exists a sequence of T-invariant probability
measures (v;);>1 on X whose entropies satisfy lim_,oo hy,, (T) = d+ ¢ such that any
weak® limit has mass c.

The author acknowledges support by the SNF (200021-127145).
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Theorem 1.1 and Corollary 1.3 suggest the following.

Conjecture 1.4. Let T and X be as above with d > 3 and let ¢ € [d,d+ 1]. Then
for T-invariant probability measures p; on X with h,,(T) > c one has that any
weak™ limit p of (p;)i>1 has p(X) > c—d.

For more general conjecture of the similar spirit we refer to [1]. There, it is
stated in terms of the Hausdorff dimension of the set of points that lie on divergent
trajectories for the non-quasi-unipotent flow.

Let M > 0 be given. For a lattice € X, define the height ht(z) to be the
inverse of the length of the shortest nonzero vector in x. Also, define the sets

Xenvi={z e X :ht(z) < M} and X5 :={x € X : ht(z) > M}.

We note that by Mahler’s compactness criterion X s is pre-compact. Theorem 1.2
follows from the following.

Theorem 1.5. For any € > 0 and M > 1 there exists a T-invariant measure p
with hy,(T) > d — € such that p(X>p) > 1 —e.

We will construct infinitely many points in X.j; whose forward trajectories
mostly stay above height M. Taking union of the sets of forward trajectories
of these points, we will construct a T-invariant set Sy with topological entropy
greater than d — ¢ (cf. Theorem 3.2). To construct the T-invariant probability
measures we want, we will make use of the Variational Principle. In the next section,
we introduce preliminary definitions and deduce Theorem 1.2 and its corollary
assuming Theorem 1.5. In § 3 we prove Theorem 1.5 assuming Theorem 3.2. In
the last two sections we prove Theroem 3.2.

Acknowledgments: This work is part of the author’s doctoral dissertation at
The Ohio State University. The author would like to thank his adviser M. Einsiedler
for encouragement and useful conversations.

2. PRELIMINARIES

2.1. Topological Entropy and Variational Principle. In this section we will
briefly introduce topological entropy and its relation to measure theoretic entropy
which is called the Variational Principle. For details and proofs we refer to Chapter
7 and Chapter 8 of [5].

There are various definitions of topological entropy. Here, we will give the def-
inition of topological entropy in terms of separated sets. Let (Y, dp) be a compact
metric space and let T : Y — Y be a continuous map. Define a new metric d,, on
Y by o

dp(z,y) == max do(T"(x), T"(y)).

0<i<n—1
For a given ¢ > 0 and a natural number n, we say that the couple x,y is (n,¢€)-
separated if d,,(x,y) > € and we say that the set E is (n, €)-separated if any distinct
x,y € E is (n, €)-separated.
Now define s,,(¢,Y") to be the cardinality of the largest possible (n, €)-separated
set and let 1
s(e,Y) :=limsup — log s, (¢, Y).

n—oo 1N

Finally, we define the topological entropy of T with respect to Y by
h(T) = 1% s(e,Y).
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Here is the relation between the topological entropy and measure theoretic entropy:

Theorem 2.1 (Variational Principle). Topological entropy hr(Y') of a T-invariant
compact metric space Y is the supremum of measure theoretic entropies h,(Y")
where supremum s taken over all T-invariant probability measures on the set'Y .

2.2. Riemannian metric on X. Let G = SLyy1(R) and T' = SL441(Z). We fix a
left-invariant Riemannian metric dg on G and for any x1 = I'gy, 22 =I'gy € X we
define

dx(xy,x2) 1= ;Tell; de(91,792)

which gives a metric dx on X = I'\G. For more information about the Riemannian
metric, we refer [4, Chp. 2].

2.2.1. Injectivity radius. Let BH (x) := {h € H |d(h,z) < r} where d is a metric
defined in H and B is understood to be B (1).

Lemma 2.2. For any x € X there is an injectivity radius r > 0 such that the map
g+ xg from B to BX(x) is an isometry.

Note that since X is pre-compact we can choose r > 0 which is an injectivity
radius for every point in X.p;. In this case, r is called an injectivity radius of
X<M .

2.3. Relations between the metrics. We endow R?, R%*+! and R(4+D” with the

maximum norm || - ||. Rescaling the Riemannian metric if necessary we will assume
that there exists g € (0,1) and ¢y > 1 such that
(2.1) da(1,9) < |1 —gll < coda(1,9)

for any g € Bf,*; where G = SLg41(R) as before.

2.4. Some deductions. Now we will deduce Corollary 1.3 from Theorem 1.2 and
prove Theorem 1.2 assuming Theorem 1.5.

Proof of Corollary 1.5. Let {u;} be as in Theorem 1.2 and let A\ be the Haar mea-
sure on X. We know that hy(T) = d + 1 which is the maximum entropy. This
follows for example from [3, Prop. 9.2 and 9.6]. Define v; = ¢\ + (1 — ¢)p;. Then
we have h,,(T) = cha(T) + (1 — ¢)hy, (T) so that lim;_, by, (T) = d + ¢. On the
other hand, lim; .., v; = cA. Hence, limiting measure has ¢ mass left. O
Proof of Theorem 1.2. Now, let us assume Theorem 1.5. For any natural number 4,
we let p1; to be the T-invariant measure with h,,, > d— 1 such that p;(X>;) > 1—1

then any weak® limit has mass 0. O

3. THE PROOF OF THEOREM 1.5

Before we start the construction, we would like to deduce Theorem 1.5 from
Theorem 3.2 below.

Let § > 0 be an injectivity radius for Xy7ps with § < min{ﬁ7 7o }. Here is an
easy lemma which will be used repeatedly in the last section.

Lemma 3.1. There exists N' > 0 such that for any x,y € Xc17p there exists
2 € Xoirar such that d(z,y) < 8/(c33°%) and d(z, TV (2)) < §/(c33°).
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Proof. Let X\ be the Haar measure on X. Since X 175/ is precompact we can cover it
with open balls Oy, s, ..., Oy of diameter §/(c33%). They have positive measure
with respect to the Haar measure. Since T is mixing with respect to the Haar
measure, for any i,j € {1,2,...,k} there exists N;; > 0 with )\(T_l((’)j) NO;) >0
for any { > N;;. Letting N’ = max{N;; : 4,7 = 1,2, ..., k} we obtain the lemma. O

For a given M > 1 we fix N’ as in Lemma 3.1.

Theorem 3.2. Let M > 1 be given. For any large N let K = | {5e™ |. Then there
exist a constant M' > 1 and a set Sy 1n X<pr such that

T (z) € Xeap for all x € Sy and for all 1 > 0.
Moreover, there exists a constant s > 0 such that for any m € N there are subsets
Sn(m) of Sy with the following properties:
(i) cardinality of Sn(m) is K™
(i) Sn(m) is (mN + (m — 1)N', s)-separated and
(iii) for any x € Sn(m) we have
{l € [0,mN +(m—=1)N']: T (2) € Xz p1/(co41) }| = mN.

Now we deduce Theorem 1.5 from Theorem 3.2.

Proof of the Theorem 1.5. Let € > 0 be given and let N’ be as in Lemma 3.1.
Choose N large enough so that

1 1 N’

— _log|l—e™| > d—cand ———
NI og\_lge | > € an N+N’<

and let Sy be the set as in Thereom 3.2.
To obtain a T-invariant probability measure with high entropy we would like

to make use of Variational Principle 2.1. For this, we need a compact T-invarinat
subspace of X. We define

YSM’ = {CC € XSM’ ‘ Tl(l’) € XSM’a for [ > 0}

€

Clearly, we obtain a T-invariant compact subspace containing T'(Sy) for all I > 0.

We have hr(Y<pr) > d — € since Y<pr contains the sets Sy (m) which are
(mN+(m—1)N’, s)-separated by Theorem 3.2. Now, from Variational Principle 2.1
we know that there is a T-invariant measure p on Y<ps, hence on X, with h,(T) >
d —e. In order to obtain the theorem, we want to have p(X>ar/(co4+1)) > 1 —¢, but
we do not get this from Variational Principle itself. Thus, we need to look into the
proof of Variational Principle and see how the measures are constructed.

Let Sy(m) be the subset of Y<p; as in Theorem 3.2. We have that Sy (m) is
(mN+(m—1)N', s)-separated and has cardinality K™ where K = | {5¢®"]. Define
a probability measure

1 lifxre A
Om = Jom Z 6zwhere5x(A)—{ 0if v ¢ A

z€SN(m)
Now, let a probability measure ., be defined by

1 mN+(m—1)N’'—1
m = m T_i
a mN + (m —1)N’ ; om ©
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where o, 0 T"(A) = 0,,(T *(A)) for any measurable set A. We know that
M (Y< ), the space of Borel probability measures, is compact in the weak* topol-
ogy [5, Theorem 6.5]. We obtained a set of measures i, € M(Y<pr). If necessary
going into subsequence, we have that {u,,} converges to some probability measure
pin M(Y<p). The measure p we obtained is T-invariant [5, Theorem 6.9]. From
the proof of Variational Principle [5, Theorem 8.6], we know that u has

. 1
h,u(T\YSM/) > w}gnoo N T (m = DN log Sy (€, Y<pr7)

1
> i log K™
_mg%omN—&—(m—l)N’ 8

1
=——1logK.
N+ N
On the other hand, by assumption we have ﬁ log K > d—¢€ and hence we obtain

h(T) = hy(Tyy_,,) > d—e.

mN+(m—1)N'—1 —q
We have pim (X< ar/(co+1)) = m ZZ:OH ) omOT ™ (X<m/(co+1))-
Hence, from part (i) of Theorem 3.2
(m—1)N' N’

tm (X <my(eo 1)) < MmN + (m — N7 SNEN <€
It is easy to see, approximating X /(co+1) by continuous functions with compact
support, that
X >0/(cot1)) > 1 —€
So, we obtain the theorem if we apply Theorem 3.2 for (co+1)M instead of M. O

4. INITIAL SETUP AND SHADOWING LEMMA

In this section we will construct about eV lattices whose forward trajectories
stay above height M in the time interval [1, N] for some large number N. Later we
prove the shadowing lemma 4.3, which will be used in the proof of Theorem 3.2 in
the next section.

Fix a height M > 0. Let N € N be given. For t = (t1,ts,...,tq) € [0,e~ /44
consider the lattice xy = I'g; where

M/ 0 0 0
0o MYd . 0 0
(4.1) 9t = : : : :
0 0 .. MYe ¢
t ty tg 1
M M M M

We would like to consider those lattices that stay above height M in [1, N] and are
in X165 at time N. We start with first considering the set

Ay = {t S [076_N/d]d : TN(LL't) € X<16M}~
We claim that Ay is significant in size.
Lemma 4.1. For d > 2 let mga be the Lebesgue measure on R, Then

154 1y

mga(An) = (TGd ik
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The explicit constant (% - 4%) has no importance to us. All we need is that
mpa(An) > e~ V. However, the explicit constant simplifies the later work. We
can think of Ay as a subset of the unstable subgroup UT of G with respect to a.
Although Ay has small volume in R, it gets expanded by TV to a set of volume

> e which will give us an (I, s)-separated set of cardinality > ed.

Proof. We will prove that mpga(Aly) > (15d — L)e Y where

164~ 4d
1
(4.2) N=AnN [EefN/d, e N/d)d,

Assume that ht(T" (z;)) > 16M. So, for some nonzero (p1, pa, ..., pa, q) € Z4" with
ged(p1,p2, -y pd, q) = 1 and ¢ > 0 we must have

||(p17p27 -os Dd q)gta’N”

t1 to tq 1 _
= [|(py MM + qﬁ)eN/d7 (pa MY + qﬂ)eN/d> ooy (pa MM+ qﬂ)ewd, g—e V)

M
1
< 160
So, letting € = Wﬁ/i/d we have
t; . eN
(4.3) |pi+qm| <eforalli=1,2,..,dand g < %

We have t; € [e /4 eN/4]. For a fixed ¢, we will calculate the Lebesgue
measure of (t1,tg,...,tq) € [sxe~N/4 e=N/4] for which (4.3) hold for some p;’s.

16
‘We have
t;

@74
If 16¢ge < % then (p1,p2,...,pa) = 0 and since we only need to consider the primitive

€ [ge, 16ge].

vectors in x; we have ¢ = 1. In this case, ‘JW € [e,16€] and hence (4.3) does
not hold. So, we can assume that

1
16ge > —.
qe B

We note that QW must be in the e-neighborhood of an integer point. If
16ge € (1/2,1) then [ge, 16ge] does not contain any integers and only possible way
for (4.3) to hold is when ¢ 7777 is in (1 — €, 1+ €) so that ¢; must be in

(1— E)M(d-s-l)/d (1+ e)M(d‘H)/d)

)

q q

Thus, for a fixed ¢ € ( ﬁ, ﬁ) we have that the Lebesgue measure of points that
satisfy (4.3) is

2eM(d+D/dN T 9ddpd+1
(e s
q q
Now, for 16ge > 1 we have that [ge, 16ge] has at most < 15ge + 1 integer points.
Thus, there could be < 15ge+ 2 integers for which QW can be e-close for some
t;. Since 16ge > 1 we have 15ge + 2 < 48¢e. Hence, arguing as in the previous case,
for a fixed g > 1%35 we have that the Lebesgue measure of points satisfying (4.3) is

M(d+1)/d

d
)) =96 M.
q

< ((48qe><2e><
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Thus, we obtain that the Lebesgue measure of points for which (4.3) hold is

i) oddansar: 5o
2ded pi+
< _ + 96%e2 prd+1
DI S
q:[32€] q:[ﬁ]

Since € = #A;H, the above inequality simplifies to

) g0 L) ggaw
—N
(4'4) =e Z 16dqd + Z 1624 pfd+1

7= 3z =[ 151

We want to show that, independent of IV, the term inside the parenthesis is strictly
less than 1.

B E
L 16<) od B 7o¢ | od B 1 (L 1 J 1 _‘)< 1
169¢4 = 169 = 8d L t16e”  '32¢ '/~ 8
S 22
On the other hand,
55 ]
=~ 96%e N 96%e~N eV 1
1624 M fd+1 = 162d pfd+1 16 < 9d+4 pfd+1°
7= 15
Together, we see that the inequality (4.4) is
1 1 y e N
< (87 v < g
d
Thus, we conclude that mga(An) > mgpa(Ay) > (327 — 3)e . O

From the set Ay, in fact from A’y as in (4.2), we want to pick about e?" elements
which are not too close to each other so that within IV iterations under T they get
apart from each other. For this purpose, let us partition [T%e*N/d,e*N/d]d into
[V |? small d-cubes of side length e~ N(d+1)/d,

Now, consider even smaller d-cubes of side length each lying at the
center of one of the small d-cubes. We need to find a lower bound for the number
of these smaller d-cubes that intersect with the set A’y. Each of these d-cubes has

volume equal to (%)de_N(d'H). Thus, there could be at most

(e ][4
(%)ded\'(dﬂ) ~ | 134

many that do not intersect with A’y. Therefore, for N large, at least
44 1
Nid_ |2 _aN| s 2 _aN
L) {130!6 w =13°

of these smaller d-cubes do intersect with A’y.

Let us pick one element ¢ from each of these smaller d-cubes that is also contained
in A’y and consider the set S (1) of these lattices z; = I'g; where ¢, is as in (4.1).
To simplify notation we let

(4.5) Sy(1) = {1, 22, ..., v} = {T91,T92, ..., gk }

13 ,—N(d+1)/d
16
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where
1
K =|—e™].
e
We note that for elements ¢,t’ that are picked from different d-cubes one has
1 15

4. Se NUHD/d < 1 /|| < e N/d,
(46) i <t -t < roe

Proposition 4.2. For a given large N the set Si(1) = {x1,22,...,xx} has the
following properties:
(i) ht(T'(x;)) > M forl e [1,N] and i € [1, K],
(i) ht(z;) < M and ht(T™ (z;)) < 16M for any i € [1, K],
(iil) fori# j we have d(g;, g;) < Fge™™'* and d(T™ (g,), T" (95)) = giz-

Proof. Let x; = xy = I'g; for some t = (t1,ta,...,tq) € | 66*N/d e~ N/ (cf. (4.1)).
It is easy to see that x; € X<ps. On the other hand, by construction ¢t € Ay so
that T (Q]‘t) S X<16M~

Now, consider the vector v = (tﬂl, %, - tﬁd, ﬁ) € xy. We have
t 1/d t 1/d t 1/d —1
T(U) = 1 ) 2¢ RS d 367)
M M M M
so that
~(N-1)/d o1 1
[ T()[| < maX{T, ﬁ} <
Also,
TN(U) _ tleN/d7 tgeN/d7 . tdeN/d, e—N)
M M M M
which implies
- 1
T™W)| < -
1T W) < mas{ o, Sy < L

Since the function || T'(v)|| in I has only one critical point we conclude that for
[=1,2,..,N
ht(T!(z;)) > M.

—N/d_=N/d]

Let x; be another element and let ¢’ € [{-e ,€ 4 be such that z; = xp =
I'gy. From (4.6) together with left invariance of the metric we have

t—t 1
AT (90). T (g0) = dla™a=Vgia™, a¥a N gfa™) > 1Ml neacnya L
The fact that d(g;, g;) < 22e~V/4 follows from (4.6) also. O

Our main tool for the construction of lattices is the shadowing lemma:

Lemma 4.3 (Shadowing lemma). Let € € (0,70/(3¢co)) be given. If d(z_,zy) <€
for some x_,x, € X then there exists y € X such that

(i) d(T'(y), T!(z_)) < 2coee! @ D/4 for all 1 < 0 and

(i) d(T'(y), T'(z4)) < 3coe for all 1 > 0.
Moreover, there exists ¢ in the centralizer C of a with d(c,1) < 3coe such that
d(T'(y), T (x4 ¢)) < 6c3eeUHD/D for all 1 > 0.
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Proof. We have z_ = x,g for some g = (g;;) € SL(d + 1,R) with d(g,1) < e
Consider

1 0 0 0
0 1 0 0
ut = . N
o o0 .. 1 0
Uy U ... U4 1
and let y = x_ut. For ||(uy,uz,...,uq)| < 2coe we have
d(T! (y), T'(z_)) = d(z_u*d, z_a)
=d(z_d'a utal, x_dh)
1 0 0 0
0 1 0 0
<d : : : c|t
0 0 1 0
upeld+D/d oy cld+1)/d ugel@+/d 1
< (g, ug, - . . ug)|[e@HD/4 < ocgeeld+D)/d,
This establishes part (i). Now, we let
g = gu®
g11 + G1(d+1)U1 91d + 91(d+1)Ud 91(d+1)
921 + g2(d+1)U1 92d + 92(d+1)Ud 92(d+1)
9(d+1)1 + 9(d+1)(d+1)U1 - 9d+1)d T 9(d+1)(d+1)Ud  G(d+1)(d+1)
Since d(g,1) < ¢, from (2.1) we have that
|9@a+1)(@+1) — 1| < [lg = 1| < cod(g, 1) <1/2.
In particular, gig41ya+1) # 0. Letting u; = fg(dgfl% for i = 1,2,...,d we can

make sure that the unstable part with respect to a is 0. For any i € [1,d] we have
l9(a+1)il < llg — 1|| < coe. Hence, we have
1 Cp€

m?x{\g(d+1)i|} < —= = 2¢p€.

||(u17u27""ud)||: | 1/2

[9a+1)a+n)]
Now,
d(T'(y), T (z+)) = d(T'(w4.9u™), T (z4)) = d(z1a'a""g'a’,z1a') < d(a”'g'd’,1).
Since unstable part of ¢’ is 0, for [ > 0 we obtain

d(T (y), T (z4)) < d(¢',1) = d(gu™,1) < d(u*,1) +d(1,9) < |lu*| + € < 3cge.
For the last part, let

911 + g1@+nur - - 91d t 91(d+1)Ud 0
921 + go@aynur - 924 t 92(d+1)Ud 0

ci= : : : :
0

0 0 9(d+1)(d+1)
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then we have that ¢ € C with d(c,1) < d(g’,1) < 3cge, and hence d(c™1,1) < 3cge.
On the other hand, if we let u~ = ¢~ !¢’ then, v~ € U~ and

lu™ —1|| < cod(u™,1) < cod(g’,1) + cod(1,¢) < 6cie.

Thus, d(Tl(y>7Tl(I+c)) = d(m+gu+al,z+cal) = d(x+g’al,x+cal) < d(g/alacal) =
dla=le lg'al 1) = d(a " u"al, 1) < |[u™ — 1]je”d+D/d < G2eetd+1)/d, O

5. CONSTRUCTION

In this section we construct the set Sy mentioned in the introduction with the
properties as in Theorem 3.2. Repeatedly using both the shadowing lemma and K
lattices constructed in the previous section we obtain more and more lattices that
in the limit gives the set Sy.

Recall the set S (1) constructed in § 4 (see (4.5)). Let M’ > 0 be a height
that depends on N such that for any x; € Sy (1) and for any I = 0,1,..., N we
have T!(z;) € X<pv. Recall that 6 > 0 is an injectivity radius for X175, with
§ < min{giz,m0}. Now, let 1 € (0,6) be such that 27 is an injectivity radius of
Xonr. Recall that K = [fe®]. We will prove Theorem 3.2 with choice of
s = n/e* and with the choice of M’ as defined above.

Theorem 3.2 follows from the following proposition.

Proposition 5.1. As before, let N be sufficiently large. For any positive integer
m, there is a subset

S;V(m) = {xillémim 101,09, eeny b € {1, 2,..., K}}
of X<y with the following properties:
(i) for any x € S\ (m) we have

[{l € [0,mN + (m = 1)N']: T'(2) € X>pr/(co+1)}| = MmN,

(ii) for any x € S\ (m) we have TmNHm*l)N/(x) € Xcirm,
(iii) for any distinct ;,iy. ip s Tjrja.. g € Sn(M), SAY 4y # jn, there exist

g,h € G such that
T(n_l)(NJrN/)(v’Cim...zﬂm) =Tyg and T(n_l)(NJrN/)(%jz...jm) =TIh

with d(T'g,Th) = d(g,h) and that
o .
d(T¥(9). TV (h) > 6 — 57 if n = m and
m—n-+2
d(T™(9), TV (h)) > 6 -0 37 ifnellm)
1=3
Moreover, we can make sure that for x;,. ;, € Sy(m) and for xi,. i, ., €
S;V(m + 1) we have d(mi1i2~-i7n7xi1i2<-~i7n+1) < dem ™.

To derive Theorem 3.2 from Proposition 5.1 we need the lemma below which
helps us to determine when two lattices get separated.

Lemma 5.2. For I'g,Th € X with T!(Tg), T(Th) € Xap in [0, N] assume that
d(g,h) < % and d(T"(9), TN (h)) > %. ThenT'g,Th is (N, 2%)-separated, that is,
there exists | € [1, N] with d(T"(T'g), T"(Th)) > Z%.
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Proof. Since we have d(g,h) < % and that d(T"(g),T"(h)) > 2, there exists
[ € [1, N] such that

AT (g) T W) < 5 < d(T(9), T (1),

We have d(T(g),T(h)) = d(a=*h~ga,1) = d(a " 'uTaa " u"ca,1). On the other
hand, we note that any two elements of the unstable subgroup with respect to a
gets expanded at most by the factor of e(@*1/4 under the action of T. Together
with triangle inequality we have

dla " 'wTaa " 'u"ca, 1) < d(a " uTaa ' u" ca,a uta) + d(a ' uTa, 1)
=d(a 'u"ca,1) +d(a uTa,1)
< d(ue,1) + @D/ gt 1)
<e(d(ue, 1) +d(ut, 1))
< 2e%d(utu"e, 1),

Thus, d(T'(g), T'(h)) < 2¢2d(T'"(g), T""*(h)) < 2. On the other hand, T'(I'g),
T!Y(T'h) are in Xy and 27 is an injectivity radius of X ;. Hence,

d(T'(Tg), T'(Th)) = d(T'(9), 7' (1)) = .

Proof of Theorem 8.2. For any m let us pick a set

S;V(m) = {ximmim : il,’ig, ,Zm e {1,27 ,K}}
as in Proposition 5.1. Also, assume for x;4, .4, € Sy(m) and for z;,..i,,,, €
Sy (m + 1) we have d(Ziyiy...i0s Tiyig...ipy,) < 0™ If we fix a sequence {i;} C
{1,2,..., K}, then the sequence {x;,, T i,, Ti,iyis, ---} becomes a Cauchy sequence
and hence converges. So, we let Tyyy = limy, o0 Tiyiy.. i, Varying the sequence
{#;} we define the set

N = {JJ{”} : {Zl} C {1,2, ,K}N}
Also, define subsets Sy (m)’s of Sy
Sn(m) = {zgy  {iy < {1,2,..., K} with 4, = 1 for all [ > m}.

By definition of SN(m) and by (i) of Proposition 5.1, for any x;,; € Sy(m) we
have

{l € [0,mN + (m —=1)N']: T'({1}) € X>p/(cos1)}| = mN.
As for part (i7), again from the construction of the set Sy (m) and from (iiz) of
Proposition 5.1 we conclude that for any distinct x;,y, 75, € Sn(m), say in # jn,
there exist g, h € G with T(”fl)(NJer)(x{il}) =Ty, T("fl)(N+N/)(:c{jl}) =Th and
d(T'g,Th) = d(g, h) such that

- 1
d(TN(9), TV (h) > 6 -5 37 = 177;5
=3

If d(I'g,T'h) > 2 then there is nothing to show, if not then from Lemma 5.2 for
some s € [1,N] we conclude that d(T*(I'g), T*(Th)) > % since 2% < 1L4. Thus,
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for some s € [1, N] we have
n— 4 S n— 4 S ’rl
@ (TN g ), TODNEN D g 1)) >

and hence the set Sy (m) is (mN + (m — 1)N’, n/e?)-separated since n < m. This
concludes the proof. ([l

Now, we will make use of what we obtained in the previous section to prove
Proposition 5.1.

Proof of Proposition 5.1. We inductively prove (i) and (i4i) and briefly discuss how
these arguments imply (7). Let us fix some large N.

For m = 1 let SN\ (1) = {z1,22,...,xk} be the set as in Proposition 4.2. It is
clear that (i) and (it) are satisfied. Let z; = I'g;,x; = I'g; be distinct elements
(cf. (4.5)). Then letting g = g; and h = g; we obtain (iii) since the part (iii) of
Proposition 4.2 gives

AT (90), T (97)) > g7 > 6
Now, assume that the proposition holds for m = k > 1, we have the set Sy (k) =
{Ziyig.ig 291,92,y ik = 1,..., K}. Let us construct the set Sy (k + 1).

For any x;,,..4, € Siy(k), we have TkNJr(k*l)N/(xim,_ik) € Xc17m. Hence,

applying Lemma 3.1 we have that for z; there exists z with

A(TFNHE=DN" (i), 2) < 6/(c33%) and d(z;, TV (2)) < 6/(c33°).

Now, we apply shadowing lemma with z_ = TEN+ (k=N (Ziyig..ip) and x4 = 2
and € = 6/(c33%). There exists y such that

4]

(5.1) d(T' (y), THTNFE=DN (2,0, 0) < Tygel(dﬂ)/d for 1 <0 and
i)
1)
(5.2) d(T'(y), T!(2)) < s for 120,
0

We have d(z;, TV () < d(z;, TV (2))+d(TV (2), TV (y)) < 6/(c43°)+0/(c33%) <
§/(c237). We apply shadowing lemma once more with z_ = TN,(y) and 4 = z;
and € = §/(c237). There exists 3’ such that

(5.3) AT (), THTN () < %e“d“)/d for I < 0 and
Co
5
(5.4) d(T(y"), T!(x;)) < —= for 1 >0
0

Also, there exists ¢; € C' with d(c;,1) < c;% such that

(5.5) d(TH(y), Tz jc;)) < ?%e*l(d“)/d for 1 >0

Now we let @;,4,...4,5 = T*k(NJrN')(y’) and varying j we obtain the set

Sh(k+1) = {Ziyiying 0 5 € {1,2, ..., K}}.
Let us justify part (i¢) first. Let us fix some j = 1,2, ..., K. Recalling that z;,;,. ,; =
T *N+N) (1) we obtain from (5.4) with I = N that
)

d(T(k+1)N+k}N (xlllzlkﬂ)’TN(xJ)) < COF
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Moreover, from Proposition 4.2 we have TV (xj) € X<c16Mm so that

/ ht (TN (2
ht(T(k+1)N+kN (Tirig..inj)) < % < 17TM.
36

To prove (ii) let us consider any distinct pairs s 4,4, and ;. jjey, D
S\ (k +1). First, assume that ig41 # jr+1 and let g,h € G be such that

Tk(N+N )(xi1i2...ikik+1) =Ty, Tk(N+N )(Ij1j2-“jkjk+1) =Th
with
(56) d(Tk(N+N/)+N(xilig...ikik+1cik+1)7TN(ajik-H))

)
= d(TN(gCik+1)7TN(gik+1)) < 37567N(d+1)/d and

(5'7) d(Tk(N+N )+N(x.jlj2-~~jkjk+1cjk+l )7 TN (mjk-u ))

5
= d(TN (hej ), TV (gjn))) < e N+D/

35
for some ¢;, ., ,,¢j,.,, € C with d(c;,,,,1) < 60%6 and d(cj,,,,1) < 00536 as in (5.5).

Thus, we have

)

0
P and d(gjk+17hcjk+1) < 35"

d(gik+1 ) gcik+1) < 3

We also note from Proposition 4.2 that d(gi,.., gj,,,) < 33e~N/4. Thus, for N large
enough we get

d(g,h)

< d(97 gcik+1) + d(gcik+1 ) gik+1) + d(gik+1 ) gjk+1) + d(gijru hcjk+1) + d(hcjk+1 ) h)
5 .5 30 nm 6 b

< 376 + 3*5 + Tﬁe + 3*5 + 376
)

< 37

In particular, d(I'g,Th) = d(g,h) since ¢ is an injectivity radius for X.175,. On
the other hand, from Proposition 4.2 we know that

1

N N

d(T (gik+1)ﬂT (gjk+1)) > SM > 0.
So, together with (5.6) and (5.7) we conclude that

d(T"(g), T (h))
> d(TN(gik+1)ﬂ TN(ng:+1)) - d(TN(gik+1)ﬂ TN(g)) - d(TN(gjk+1)7 TN(h))

O —N@+vsa_ O 0 _Natna_ O
5

5 5
- 036 39 03
5

>6—§.
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Now, assume that i,, # j, for some n < k. By replacing [ in (5.1) by I — (k —
n)(N + N’) we obtain
(5.8) d(T'"NEND () RN TN (g i)

< U= (k=n)(N+N")(d+1)/d o ] < 0.

298
c53

On the other hand, if we replace [ in (5.3) by I — (k — n)(N + N’) — N’ we get

(59) d(Tlf(kfn)(NJrN )—N (yl)’Tlf(kfn)(N%»N )(y))

< %6(1_(16—71)(1\’4-1\’/)—N/)(d"'l)/d for 1 <0.
0

Thus, (5.8) and (5.9) together with the triangular inequality give

d(Tl—(k—n)(N-&-N/)—N' (y/)7 Tl+n(N+N/)—N' (xil’ig...ik))

< Le(l—(k—n)(N+N')—N’)(d+1)/d
0035

for I < 0 where y' = T*’f(NJrN/)(g;ilizmikj) for j =1,2,..., K. Thus, we have

(5.10) d(Tn(N+N,)7N/+l(xi1i2...ik)7Tn(N+N/)7N,+l($i1i2...’ik+1))

o 0 - (k-m)(NEN))(d+1)/d
0035

and

(5'11) d(Tn(N+N =N +l($j1j2---jk)7 Tn(N+N =N +l(xj1i2-<-jk+1))

o O - (k-m(NHN))(d+1)/d
6035

Now, from the induction hypothesis we have that there are ¢’, h/ with
TN (5, 4,) =Tg', TN (@ 5, 5) =TH
such that d(T'¢’,Th’') = d(¢’, ') and that
0 .
d(TN (¢, TN (1)) > 6 — 5 if n =k and
k—n+2

d(TV(g), TN(W)>6-6 > 37'ifne[l k).
=3

Let g, h € G be such that
T(nil)(NJrN )(xi1i2~~ik+1) =Ty and T(nil)(N+N )(lejz---jk+1) =Th
with

6 ’7
d ! Y [-(k—n)(N+N'")—N](d+1)/d
(gag) < 00356 ,
) /

d(h h’ _ Y l=(k=n)(N+N )7N](d+1)/d.

( ’ )< 00356
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This can be done using (5.10) and (5.11) with [ = —N. In particular,

0 (kNN (A1) /d.

603‘)

0035

d(TV(g), TN (¢)) <

Also, since by construction

T=D(N+N) ), = DIVEN)

Liyig..ipyr zj1j2---jk+1) € X<171Vf

and since :,%e[_(k_")(N+N/)_N](d+1)/d is less than the injectivitiy radius ¢ for X <17/
we have

d (T(n_l)(N+N/)(xiliQ“-ikA—l)?T(n_l)(N+N/)("I"ilizmik)> = d(gvg,) and
d (T(nfl)(NJrN/)(l,jleI..ijrl)’T(nfl)(NJrN')(Ijlﬁmjk)) _ d(h, h/).

Now, if n = k then

S8 _ 0 _ 9
34 0035 0035
1)
>0 — 33
k+1—n+2
=5-0 > 37!
=3

Otherwise, if n < k then

d(T"(g), TV (h)) > d(T™(¢'), TN (1)) — (TN (¢), TN (9)) — d(T™ (W), T™ (h))
k—n+2
_ 19 0 (km)(NEN)(d+1)/
> 51231 2 k—n)(N+N")(d+1)/d

k—n+2
>6-06 Yy 37'—g.3 (k)
=3

k+1—n+2

=6—0 Z R
=3

This concludes the proof of (ii7) for n = k + 1 and the inductive argument.

Now, we will briefly point out why () holds. Clearly it is true for the elements
of S\ (1) as suggested by Proposition 4.2. In the inductive step, to estimate the
distance between the elements of S (m) and S (m + 1) under the action of T we
made use of (5.6), (5.7) , (5.10), and (5.11) and obtained part (iéi). Arguing in the
same way, we can inductively prove for any m > 1 and for any = € S (m) that

m—n+3
d(Tl+n(N+N/)($),Tl(.’L‘7))<5 Z S—k
k=3
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for some z; € Sy(1) and for | € [n(N + N’),(n+ 1)N + nN’)] with n < m. In
particular,

) > )
l+n(N+N") l ) § -k _
d(T (l’),T (.’E])) < 6k_33 = E

for some z; € Sy (1) and for [ € [n(N + N’), (n + 1)N + nN')]. Together with (7)
of Proposition 4.2 we obtain
.
ht(Tl+n(N+N/)($)) > htc(’j([s‘ (z5)) > M
5+l co+1

for I € [n(N + N'),(n+ 1)N + nN')]. This justifies ().
Finally, from (5.10) with n =1 and [ = —N we have

d(mhiQ...ikvxi1i2..4ik+1) < 00375 6(7N7(k71)(N+N/))(d+1)/d < 6671{

which concludes the proof. ([l
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