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Explicitly correlated Gaussian functions have been used to perform very accurate variational
calculations for the ground states of "Li and ’Li". The nuclear motion has been explicitly included
in the calculations (i.e., they have been done without assuming the Born-Oppenheimer (BO)
approximation). An approach based on the analytical energy gradient calculated with respect to the
Gaussian exponential parameters was employed. This led to a noticeable improvement of the
previously determined variational upper bound to the nonrelativistic energy of Li~. The Li energy
obtained in the calculations matches those of the most accurate results obtained with Hylleraas
functions. The finite-mass (non-BO) wave functions were used to calculate the o’ relativistic
corrections (a=1/c¢). With those corrections and the ® and a* corrections taken from Pachucki and
Komasa [J. Chem. Phys. 125, 204304 (2006)], the electron affinity (EA) of "Li was determined. It
agrees very well with the most recent experimental EA. © 2007 American Institute of Physics.

[DOLI: 10.1063/1.2755767]

I. INTRODUCTION

In a recent work' Pachucki and Komasa reported new
variational infinite-mass (Born-Oppenheimer) calculations of
the ground electronic states of Li~ and Li performed with the
use of explicitly correlated Gaussian functions (ECGFs).
They also calculated the corrections due to the finite mass of
the "Li nucleus, as well as relativistic and QED corrections
proportional to o2, o, and a*. While the variational infinite-
mass energy of Li that they obtained was slightly higher
than  the  best  variational — upper  bound  of
—7.478 060 323 889 7 hartrees,2 their result for Li~ was a
new energy upper bound. In the summary of their paper,
Pachucki and Komasa stated that this new upper bound can
still be lowered if a better optimized basis set is used in the
calculation. Such an improvement may affect the electron
affinity (EA) of Li that they calculated in their work. Since in
the last years we have developed an approach for variational
optimization of ECGFs based on the use of the analytical
energy gradient with respect to the Gaussian exponential pa-
rameters, we decided to revisit the Li~/Li problem to see if
the ECGF results for these systems can be improved.

Although the basis functions (ECGFs) used in our work
are the same as those employed by Pachucki and Komasa in
Ref. 1, our approach differs from the approach used in Ref. 1
in three aspects. First, we do not assume the infinite-mass
approximation in the calculations, and all particles (the elec-
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trons and the nucleus) forming the "Li~ ion and the 'Li atom
are treated on equal footing. Thus, the finite-mass correc-
tions, which in the work of Pachucki and Komasa were cal-
culated using the first-order perturbation theory, in our ap-
proach are explicitly included in the variational
nonrelativistic energy. Second, as mentioned above, we use
the analytic gradient of the energy with respect to the Gauss-
ian exponential parameters in the variational optimizations of
the wave functions. Third, the o? relativistic corrections in
the present work are determined using the finite-mass wave
functions, and thus those corrections include not only terms
due to the motion of the electrons around the center of mass
of the atom but also terms due to the motion of the nucleus.
The calculations of the relativistic correction were carried
out using recently developed algorithms.S_7

The most accurate atomic calculations for systems with
two and three electrons have been done with Slater-type or
Hylleraas-type explicitly correlated functions.>®"" Those
calculations demonstrated that by accurately accounting for
the electron correlation effects and by including the leading
relativistic and QED corrections, the accuracy of the results
of the calculations matches the accuracy of the state-of-the-
art high-resolution experiment. The Slater-type and
Hylleraas-type functions are more effective than ECGFs in
describing the cusp behavior of the wave function, but their
implementation to systems with more than three electrons
has not been achieved due to technical difficulties related to
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calculating the matrix elements. This presently makes the
ECGFs the only viable alternative for very accurate calcula-
tion of atoms with more than three electrons.

While our works employing ECGFs have focused on
small molecular systems,'z_]8 there have been works done
with those functions on small atoms."'*™! Recently we have
joined this effort with works on *He and “He (Ref. 3) and on
’Be and “Be*,>® where we showed that by using an extended
basis set and by employing a gradient-based variational op-
timization of the Gaussian parameters, we can achieve a very
high accuracy in variational calculations with ECGFs. In this
work we apply the approach to the Li/Li~ system.

Il. METHOD USED IN THE CALCULATIONS

Li and Li~ are four- and five-particle problems, respec-
tively, for an approach that does not assume the infinite-mass
approximation. In general, for a system of N particles with
masses M; and charges Q; (i=1,...,N) the approach that we
use comprises the following steps. In the first step we trans-
form the total nonrelativistic Hamiltonian of the system to an
internal Hamiltonian by separating out the center of mass
motion. This reduces the N-particle problem to a
n-pseudoparticle problem (n=N-1). In the transformation
the laboratory Cartesian coordinate system is replaced by a
system, whose first three coordinates are the laboratory co-
ordinates of the center of mass rj, and the remaining 3n
coordinates are internal Cartesian coordinates, whose origin
is placed at the nucleus (called the reference particle). The
positions of the other particles (electrons) are described using
the Cartesian position vectors r;. The internal Hamiltonian
H,, has the following form:

(2 L35y, v)

i=1 Mi zl]#z

+Eq°q’+22 (1)

T i=1 i<j Tij

where u,=M M,,,/(M,+M,,,) are reduced masses. The
separation of the total Hamiltonian into the internal Hamil-
tonian and the Hamiltonian of the motion of the center of
mass is exact. One can notice that H;, represents a system of
n pseudoparticles (pseudoelectrons) with charges ¢,=Q;,,
and reduced masses w; moving in the central potential of the
charge of the reference particle. We call the internal particles
as pseudoparticles because, while they have the same
charges as the original particles, their masses are replaced by
the reduced masses. For Li, the number of pseudoparticles is
3 and for Li~ it is 4.

To describe the relativistic effects in 'Li and 'Li~, we
use the Dirac-Breit Hamiltonian in the Pauli approximation,
which suffices for light atoms where the velocities of the
electrons are relatively low.”** In this work we only con-
sider the ground states of Li and Li~. Those states have the S
symmetry. For such states the Dirac-Breit-Pauli Hamiltonian
has the following form:

H™ = Hyy + Hp + Hoo + Hss, ()

int ™

where
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For 'Li in au., go=01=3, ¢1=0,=-1, ¢,=0;=-1, ¢3=04
=-1, my=M=12786.3933, m=M,=1, my=M;=1, and
my=M,=1. Additionally for "Li", ¢;=Qs=—1 and my=M;
=1. In this work we do not consider the electron-nucleus
spin-spin interaction because it is a negligibly small effect in
comparison with the electron-electron spin-spin interaction.

Since both "Li and "Li~ have a nucleus with spin of 3/2,
this needs to be taken into consideration in the calculation. In
the atomic Dirac-Breit-Pauli Hamiltonian the Darwin correc-
tion describing the interaction of the nucleus (with charge Q,
spin 52 and mass M) with an electron has the following
form:

27 0

= DI+ 08,

where g is the g factor (for 'Li nucleus it is 2.170 951), and
0 for an integer spin,

(=11 : . (3)

v, for a half-integer spin.

The general form of the basis functions used in this work to
calculate the "Li and "Li~ § states is
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TABLE 1. Nonrelativistic energies (in hartrees), a? relativistic corrections (in mhartrees), and the total energies (in hartrees) for the ground states of “Li~, “Li,
Li", and "Li. Notations MV, D, SS, and OO stand for mass-velocity, Darwin, spin-spin, and orbit-orbit corrections, respectively. E=Eyy+Ep+Ess(e—e)

+Eqo.
System Basis E ponrel PEyy ?Ep @’Egs(e—e) ?Eqo PE,y Eponet+ @PE,
“Li~ 1000 —7.500774 663 3 -4.178 1311 3.378 0959 0.182326 4 —-0.022969 4 -0.640678 1 -7.5014153414
1500 -7.500776 0325 -4.180456 8 3.3802526 0.1822292 —-0.022 969 4 —-0.640944 4 -7.501416976 8
2000 —-7.500776 375 6 —4.180 558 2 3.3804389 0.182219 1 —-0.022969 4 —0.640 869 6 -7.5014172453
2500 —7.500776 488 8 -4.180 884 9 3.380 8039 0.182 169 2 —-0.022969 4 -0.640 881 1 -7.5014173700
3000 -7.500776 526 1 -4.1810319 3.380963 3 0.182 166 4 —-0.022 969 4 -0.6408717 -7.501417397 8
3500 -7.500776 5517 -4.1810265 3.380973 2 0.182 158 8 —-0.022 969 4 —-0.640 8639 -7.5014174156
4000 -7.500776 567 4 -4.181062 8 3.380998 1 0.182 1560 -0.022969 4 -0.640 8782 -7.5014174456
4500 -7.500776 577 5 -4.1810525 3.381 006 2 0.182 1555 —-0.022969 4 —-0.640 860 2 -7.5014174378
5000 —7.500776 584 8 —-4.1810447 3.381 0149 0.182 1543 —-0.022 969 4 —-0.640 8449 —7.5014174297
6000 —7.500776 594 8 -4.181 1871 3.381 1493 0.182 154 1 -0.022 969 4 -0.640853 1 —7.501417 4479
7000 -7.500776 601 2 -4.181 1868 3.381 1509 0.182 1538 -0.022969 4 -0.640 8515 -7.5014174527
“Li 1000 -7.478 060276 4 -4.182 6900 3.381984 6 0.1822155 -0.023 1962 —-0.641686 1 -7.478701 962 4
1500 —7.478 060 305 5 -4.1827267 3.382 094 6 0.1822113 -0.023 1962 -0.6416169 —7.478701 9225
2000 -7.478 0603135 -4.182953 4 3.3822949 0.1822111 -0.023 1962 -0.641 6435 —7.478701 957 1
2500 -7.478 060317 1 -4.1829504 3.382 306 1 0.182 198 9 -0.023 1962 -0.6416416 —7.478 701958 7
3000 -7.478 0603190 -4.1829877 3.3823724 0.182 196 4 -0.023 1962 -0.6416151 —7.478701934 1
3500 -7.478 0603199 -4.182998 2 3.3823836 0.182 1924 -0.023 1962 -0.6416183 —7.478 701938 3
4000 —7.478 060 320 9 -4.183 0002 3.3823858 0.182 1925 -0.023 196 2 -0.641618 1 -7.4787019390
4500 -7.478 060 321 6 -4.183002 1 3.382 3882 0.182 1902 -0.023 1962 -0.6416199 —7.4787019415
5000 —7.478 060 322 1 -4.183002 1 3.3823897 0.182 1869 -0.023 1962 -0.6416217 —7.478 701943 8
6000 —7.478 060 322 8 -4.183 0374 3.3824249 0.182 1829 -0.023 1962 -0.6416257 —7.478701 948 6
7000 -7.478 060 323 2 -4.1830314 3.3824230 0.182 1772 -0.023 1962 -0.6416274 -7.4787019507
Li™ 1000 —7.500 164 005 3 -4.176 8019 3.3772920 0.1822857 -0.023496 0 -0.640720 1 —7.500 804 725 5
1500 -7.500 1653742 -4.179 1269 3.379 448 3 0.182 188 5 -0.0234959 -0.640986 0 —7.500 806 360 3
2000 -7.5001657173 -4.179 2283 3.379 634 6 0.182 178 4 -0.0234959 -0.6409112 —7.500 806 628 6
2500 —7.500 1658305 -4.179 5549 3.379 999 5 0.182 128 6 -0.0234959 —-0.6409227 —7.500 806 753 2
3000 —7.500 165 867 7 -4.1797019 3.380 158 8 0.182 1257 -0.0234959 -0.6409132 —7.500 806 7810
3500 —7.500 1658933 -4.179 696 5 3.380 168 7 0.182 118 1 -0.0234959 —-0.640905 5 —7.500 806 798 8
4000 —7.500 165909 0 -4.1797328 3.380 1937 0.182 1153 -0.0234959 -0.6409197 —7.500 806 828 7
4500 —-7.500 165919 1 -4.1797225 3.380 2017 0.182 114 8 -0.0234959 —-0.640901 8 —7.500 806 820 9
5000 -7.500 165926 3 -4.1797147 3.3802105 0.182 113 6 -0.0234959 -0.640 886 5 —7.500 806 812 8
6000 -7.500 1659363 -4.179857 1 3.380 344 8 0.182 113 4 -0.0234959 —-0.640 894 7 —7.500 806 8310
7000 —7.500 1659427 -4.179 856 8 3.380 346 5 0.182 113 1 -0.0234959 -0.640 893 1 —7.500 806 835 8
Li 1000 —7.477451 8833 -4.1813604 3.381 1807 0.182 1749 -0.0237230 -0.6417279 -7.478093 6112
1500 =7.4774519125 -4.1813970 3.381290 6 0.182 1707 -0.0237230 —-0.641 6587 -7.478093 5711
2000 —7.4774519204 -4.1816237 3.3814909 0.182 1705 -0.0237230 —-0.641 6853 —7.478 093 605 7
2500 —7.4774519240 -4.1816207 3.381502 1 0.182 158 3 -0.0237230 —-0.641 6833 —7.478 093 607 3
3000 —7.4774519258 -4.181 6580 3.381 568 3 0.182 1558 -0.0237230 -0.641 6569 —7.478 093 5827
3500 —7.477451926 8 -4.181 668 4 3.3815796 0.182 1518 -0.0237230 —-0.641 660 1 —7.478 093 586 9
4000 —7.4774519277 -4.1816705 3.381 581 8 0.182 1519 -0.0237230 —-0.641 6599 —7.478 093 5876
4500 —7.477451928 4 -4.1816724 3.381 584 1 0.182 149 6 -0.0237230 —-0.641 661 6 —7.478 093 590 1
5000 =7.4774519290 -4.1816724 3.3815857 0.182 146 3 -0.0237230 -0.641 663 4 -7.478 0935924
6000 =7.4774519297 -4.181707 6 3.381 6209 0.182 1423 -0.0237230 -0.641 667 5 —7.478093597 1
7000 =7.4774519301 -4.1817017 3.3816190 0.182 136 6 -0.0237230 —-0.641 669 2 —7.478 093 599 3
o =exp[-1' (L, L, ® I;)r], (4) each basis function is square integrable. The permutational

where ® is the Kronecker product symbol, r is a vector of
the internal Cartesian coordinates of the four pseudoparticles
(for "Li” ris a 12X 1 vector, for 'Li r is a 9 X I vector), L,
is the lower triangular matrix of nonlinear variation param-
eters (for 'Li~ L is a 4 X4 rank 4 matrix and for "Li L, is a
3 X3 rank 3 matrix), and I3 is the 3 X 3 identity matrix. The
use of the L,L; product instead of a single matrix allows us
to vary the L, without any restrictions and still ensure that

symmetry of the two electrons is implemented through ap-
propriate symmetry projections applied to the basis func-
tions.

As in our previous non-Born-Oppenheimer calculations
on atomic and diatomic systems, the wave functions for the
ground states of 'Li and 'Li~ have been obtained using the
variational method by minimizing the total energy with re-
spect to the linear expansion coefficients {c;} and the nonlin-
ear parameters of the basis functions {L;}. In the minimiza-
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TABLE II. Contributions to the electron affinity of Li: comparison of the values obtained in this work with those of Pachucki and Komasa (Ref. 1)

Contribution type Li~ (hartree)® Li (hartree)® EA (cm™)* Li~ (hartree)® Li (hartree)® EA (cm™)°
E onrel —7.500 165943 —7.477451930 4985.1495 —7.500 776 444 —7.478 060 320 4985.61(18)
Epy 0.000 610 658° 0.000 608 393°¢ -0.4972 0.000 610 791 0.000 608 525 —-0.497(0)
azErel —0.000 640 893 —0.000 641 669 -0.1703 —0.000 640 967 —0.000 641 703 -0.161(5)
azEgl;D 0.0072 0.000 111 328 0.000 111 361 0.007(0)
0(4E81)5D 0.0002 0.000 003 397 0.000 003 398 0.000(0)
E -7.500692 111¢ —7.477 978 840¢ 4984.9867 —7.500 691 895 —7.477978 739 4984.96(18)

“This work. Our E,, includes the finite-mass contribution.
PReference 1.

“The finite-mass correction. We computed this value as the difference between our finite-mass and infinite-mass nonrelativistic energies, In Ref. 1 this was

computed with the perturbation theory.

“This energy includes the @Edpp, QED

tion we used analytically determined energy gradient. The
use of the gradient significantly accelerated the optimization
process and allowed us to achieve a high accuracy of the
calculations at a lower computational cost.

lll. RESULTS

The results of the calculations of the nonrelativistic en-
ergies and relativistic corrections are summarized in Table 1.
In the table we show how these quantities converge with the
number of basis functions. Results from 1000 to 7000 basis
functions in increments of 1000 are shown. Since all previ-
ous calculations on Li and Li~, including those of Pachucki
and Komasa,] have been done for an infinite nuclear mass,
we also show in the table infinite-mass energies. These ener-
gies were calculated using the basis set obtained for "Li and
"Li™, and no additional optimizations of the nonlinear param-
eters were performed. Our previous calculations on atomic
systems have shown that adjusting only linear parameters
{c,} is sufficient to account for a change of the nuclear mass
from its finite value of 12 786.3933 hartrees to infinity.

The infinite-mass energy results (denoted as “Li and
“Li~ in Table I) obtained in our calculations can be directly
compared with the recent results by Pachucki and Komasa.'
Our “Li~ variational energy obtained with 7000 basis func-
tions of —7.500 776 601 2 hartrees is noticeably lower than
their result of —7.500 776 444 hartrees. The improvement is
much smaller for “Li. Here our energy obtained with 7000
basis functions is —=7.478 060 323 2 hartrees and their result
is =7.478 060 320 hartrees. We should add that the best
variational energy for Li of —7.478 060 323 889 7 hartrees
was recently obtained with Hylleraas-type basis functions by
Puchalski and Pachucki.”

The convergence of the total variational energy with the
number of basis functions is faster for Li than for Li~. Going
from 6000 to 7000 basis functions, the Li~ energy decreased
by 6 X 10~ hartree, while the Li energy decreased by only
4 107'° hartree. This is expected due to the larger by one
number of electrons in Li~ than in Li. In effect, when the
electron affinity of Li is calculated as a difference of the total
relativistic energies of Li and Li~ plus the difference of the
relativistic corrections, the results should be an upper bound
to the true EA value.

In Table I we also show all individual relativistic energy
corrections of the order of a? calculated in this work using

©) and o*EW  corrections taken from Ref. 1.

our finite-mass wave functions and the first-order perturba-
tion theory. The sums of those corrections added to the non-
relativistic total energies are shown in the last column of the
table (E,oei+a’E,;). As one can see, the convergence of
@’E, is quite good, however, not as good as for the total
nonrelativistic energy. Our a? relativistic corrections for 'Li
and “Li, calculated with the 7000-term wave functions, of
—0.000 641 669 and -0.000 641 627 hartree, respectively,
can be compared with the o? correction equal to
—0.000 641 703 hartree obtained with the infinite-mass wave
function by Pachucki and Komasa." The values are very
similar but not identical.

In Table II we present the calculation of EA of Li using
the energies obtained in this work with 7000 basis functions,
and we compare it with the calculation of Pachucki and
Komasa.' In the first row of the table we list our finite-mass
total energies of 'Li and 'Li~ and the infinite-mass energies
of Pachucki and Komasa. The second row contains finite-
mass corrections (Epy) for the two systems. While in our
approach those corrections are calculated as the difference
between the corresponding finite-mass and infinite-mass total
energies, in the approach used by Pachucki and Komasa they
are calculated as perturbations to the infinite-mass energies.
As one can see, our Epy; corrections for both systems are
slightly smaller than theirs and the difference is about 0.02%.
However, the difference between Efy; for Li and Li~, i.e., the
contribution of the finite-mass effect to the EA of Li, is vir-
tually identical in our calculations as was in the calculations
of Pachucki and Komasa.

Slightly larger differences of about 0.036 and
0.009 cm™! between our results and those of Pachucki and
Komasa appear in the contribution to the EA from the non-
relativistic energies and from the o? relativistic corrections.
The former is the result of Pachucki and Komasa for Li~
energy being not as well converged as our energy. The latter
may result from our use of the non-Born-Oppenheimer (BO)
wave functions in calculating the relativistic corrections and
their use of BO wave functions.

Since we have not computed QED corrections of the
orders of & and o* and Pachucki and Komasa did, we used
their values to get our final EA result. The QED corrections
are very small in this case and contribute less than 0.01 cm™!
to the EA value. With those corrections, our EA of Li equals
to 4984.9867 cm™'. This result agrees very well with the EA
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TABLE III. Convergence of the electron affinity for ’Li. The computed
values include o and o* QED corrections taken from Pachucki and Komasa
(Ref. 1).

Basis EA (cm™)
1000 4984.5209
2000 4984.9398
3000 4984.9783
4000 4984.9877
5000 4984.9831
6000 4984.9861
7000 4984.9867
Ref. 1 4984.96(18)

Expt. (Ref. 25) 4984.90(17)

of 4984.96(18) cm™! by Pachucki and Komasa as well as
with the most recent experimental value of
4984.90(17) cm™'. %

Finally, we found that it interesting to examine how the
EA converges with the number of functions in the basis set.
The pertinent information is presented in Table III. As one
can see, the EA value is already well converged with 3000—
4000 basis functions.

IV. SUMMARY

In this work we have presented a series of calculations
leading to the determination of the electron affinity of the Li
atom. The calculations have been done without assuming the
Born-Oppenheimer approximation regarding the separability
of the electronic and nuclear motions (i.e., with the inclusion
of the nuclear motion in the nonrelativistic Schrodinger
equation). In this work we differ with the approach employed
earlier by Pachucki and Komasa,' where they first calculated
nonrelativistic infinite-nuclear-mass energies and then cor-
rected them for the finite mass of the Li nucleus using the
perturbation theory. By recalculating the Li and Li~ ground-
state energies with an infinite mass of the nucleus, we ob-
tained energy values that we could compare directly with the
infinite-mass energies obtained by Pachucki and Komasa.
The comparison showed that our nonrelativistic energies are
better converged (particularly for Li~) than theirs. Our Li~
infinite-mass and finite-mass energies are new improved up-
per bounds for this system. In the next step we calculated the
relativistic corrections of the order of a? to the 'Li and 'Li
energies using our nonrelativistic finite-mass wave functions.
The difference between the Li/Li~ nonrelativistic energies,

J. Chem. Phys. 127, 134107 (2007)

plus the difference between the relativistic corrections, gave
us the initial EA value. To obtain the final EA value we
added the QED corrections calculated by Pachucki and Ko-
masa to our result. The value of EA we got agrees well with
the most recent experimental result of Haeffler et al”
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