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Abstract—How one can fabricate the Parity-Time (PT) sym-
metric siblings of commonly used metals in the visible? This
work tries to give an answer to that question by providing
the features of the active media which conjugately pair the
complex permittivities of ordinary metals (Copper, Aluminum,
Silver, Gold, Platinum) at the optical frequencies. The frequency
response model of quantum dots (QDs) is used to evaluate the
effective permittivity of the active material; their characteristics
which give a PT-symmetric counterpart for the considered
metal are deduced through a multi-step optimization process.
The required resonance frequencies, loss factors and degrees
of population inversion for the QDs are provided for various
frequencies and metals. The response of the metals when they
are PT-symmetrically coupled with the provided mixtures is
demonstrated in specific photonic configurations and interesting
properties with certain applicability potential are revealed.

Metal, Parity-Time (PT) Symmetry, Quantum Dot (QD),
Visible Spectrum.

I. INTRODUCTION

Parity-Time (PT) symmetry, a concept originating from
Quantum Mechanics, is a property attributed to systems having
real eigenvalues even though their Hamiltonian matrix is non-
Hermitian [1]. If one takes a 2 × 2 matrix with frequency-
dependent elements, one can directly understand that there
are combinations of complex diagonal elements which lead to
real eigenvalues; when the frequency (or another parameter)
changes and this condition is no more valid, then we say that
we have a PT symmetry breaking [2]. If the aforementioned
PT symmetry concept gets particularized to Electromagnetics,
it yields to material distributions whose complex (due to har-
monic time dependence) permittivities and permeabilities are
conjugately symmetric around a center or plane of symmetry.
In other words, the lossy and active parts are balanced both in
terms of their magnitudes and their positions which confers
the system an overall loss-free behavior. Such a balanced
combination of materials may be used as a rule to restrict
the multi-dimensional parametric space for electromagnetic
systems and converge to optimized designs in a more direct
way.

Numerous functional electromagnetic devices have been
modeled and designed in this way, from deeply subwave-
length waveguides with asymmetric optical propagation [3]
and modulators [4] with complete control over amplification
and absorption to metasurfaces comprised of artificial meta-
atoms [5] offering a huge number of degrees of freedom
to the designer. Furthermore, PT-symmetric wave steering

components [6], incorporating plasmonic media, have been
analyzed and certain designs have been proposed [7] which
exploit inverse-rib waveguides. The concept of PT symmetry
has been also experimentally demonstrated in large-scale tem-
poral photonic lattices where light transport is performed very
successfully [8]. Finally, highly efficient cloaks [9], perfect
planar lenses [10] in the geometrical optics sense and general
field transformers [11] have been proposed based on and
inspired by the property of PT symmetry.

Outside the PT symmetry framework, combining passive
materials (loads) and especially metals with active components
(sources) has been a routine procedure for very many decades
in designing microwave and photonic (electromagnetic in
general) components. If one gets focused to recent and modern
ideas, one can certainly include fishnet structures comprised of
metals and epoxy doped with Rhodamine dye in order to fab-
ricate lossless double negative media [12] and combinations of
silver plasmonic shells with rare-earth ions to constitute coated
nanoparticle lasers [13]. In addition, dye active molecules
have been also employed to compensate the losses in planar
metallic structures [14] and nanocomposite multilayers [15].
Another significant category of media with active behavior
host quantum dots (QDs), namely semiconductor particles
which are efficient photon emitters when properly excited. In
particular, bi-dimensional arrays of colloidal QDs (belonging
to the groups II-VI of the periodic table of the elements)
can be combined with nonlinear media to elaborate devices
with memory [16], while a deposition of QDs on top of
Polyallylamine Hydrochloride layer and sandwiched in a metal
nanostructure has been reported to increase dramatically the
speed of spontaneous emission [17]. Quantum dots of Indium
Gallium Arsenide near a silver interface can also substantially
enhance electric and magnetic vacuum fluctuations [18].

In this work, the aforementioned two topics (PT-symmetry,
metals) are combined: we are using techniques that con-
fer active behavior to materials which are paired in a PT-
symmetric way with common metals at the optical frequency
range. In particular, we perform a multi-step optimization to
determine the characteristics of the host materials and the
proper dose and texture of quantum dots that constitute the PT-
symmetric counterparts of bulk metals (materials with complex
conjugate permittivities each other) at every single operating
frequency. The complex dielectric constants of metals are
obtained through measurements [19] compiled by commonly
used databases [20]. The effective complex permittivity of



2

the active medium, namely the host material and the QDs,
is evaluated through Lorentz-Drude model in frequency do-
main followed by implementation of Maxwell-Garnet mixing
formula [21]. The characteristic parameters of the quantum
dots are found and represented when the systems are excited
by visible light. In this way, we obtain the features of QDs
which, dispersed into a suitable host material, work as PT-
symmetric siblings for ordinary metals (Copper, Aluminum,
Silver, Gold, Platinum). The derived PT-symmetric couples
are used in two specific components (bi-layer and touching
cylinders) whose fabrication is assisted by metals nature, and
are found to possess certain interesting properties beneficial
for light steering and photonic energy accumulation.
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Fig. 1. The: (a) real and (b) imaginary relative permittivity ε1(f) for five
different metals in the visible spectrum (400 THz< f < 800 THz).

II. COMPLEX PERMITTIVITIES

A. The Metals

We consider five of the most commonly used metals in
photonic applications: noble (Silver, Gold, Platinum) or not
(Copper, Aluminum). We utilize one of the most valid set of
measurements [19] which is hosted by one of the most well-
established material databases [20]. The provided analysis is

confined to the optical frequencies: 400 THz< f < 800 THz
and the suppressed harmonic time dependence is of the form:
e+j2πft. In Figs. 1, we show the real (Fig. 1(a)) and the
imaginary (Fig. 1(b)) parts of the relative permittivities ε1 of
the five metals, as functions of frequency f . Due to the adopted
time dependence, the imaginary parts of ε1(f) in lossy media
(like the considered metals) are negative (Im[ε1(f)] < 0). As
it is obvious from Fig. 1(a), all the metals across the regarded
frequency range exhibit strong plasmonic response and thus
Re[ε1(f)] < 0 (such a feature becomes very striking in the
case of aluminum). In particular, the real parts become less
negative as the operational frequency increases. As far as the
imaginary parts are concerned, aluminum and platinum are
very lossy and get less lossy for increasing f , while the overall
passivity of silver is small compared to all the other ones. Gold
and copper have relatively small losses for smaller frequencies
(red, orange, yellow colored light) which are increased for
larger frequencies (green, blue, violet colored light).

B. The Active Media

When it comes to the active material with relative dielectric
constant εr2, we use an effective model which has been
thoroughly described [21] and extensively utilized [22], [23],
[24]. More specifically, the relative permittivity of the quantum
dots εQD(f) follows a Drude-Lorentz model written as:

εQD(f) = εhost

[
1 +

6(2a2 − 1)fP
π2 (fR − f + jΓ)

]
. (1)

Obviously, the symbol εhost denotes the relative dielectric
constant of the host material which affects the behavior of
the quantum dots. It should be stressed that (1) is not the
effective permittivity ε2(f) of the mixture of QDs into the
host medium but corresponds to the dielectric behavior of the
particles themselves which are strongly influenced by their
environment. We assume a dispersionless and lossless host
material (Im[εhost] = 0) with permittivity within the value
range: 1 < εhost < 15 which corresponds to a variety of
different media (from polymers to semiconductors) at the
optical frequencies.

The parameter 0 < a < 1 is a probability describing how
hard is for the QDs to get activated and abandon their ground
state to populate the exciton states. For a = 1 we do not
have any reaction from the side of QDs and for a = 0 all
the quantum dots are moving to exciton states and energize
the medium. The amplitude a is taken here as a constant
representing the average state of a quantum dot ensemble
(microcavities, II-VI elements, single-exciton compounds) and
is smaller for more active media. To put it alternatively, the
parameter a is inversely related to the population exchange
between the conduction and valence bands of the effective
medium since it equals to the average occupation factor of
the ground state [25]. Note that a2 > 1/2 indicates an optical
loss and a2 < 1/2 an optical gain for the background electric
field; therefore, in our studies (since we aim at Im[ε2(f)] > 0)
only cases with 0 < a2 < 1/2 are regarded. The parameter
fR is the resonance frequency at which the imaginary part
Im[εQD] gets maximized (in absolute values). In the vicinity
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of f = fR, the real part Re[εQD] makes a sharp variation
following the shape of return-to-zero pulse around εhost as
dictated by the corresponding Kramers-Kronig relation [26]:
Re[εQD(f)] = 1 + 2

π

∫ +∞
0

Im[εQD(ϕ)]ϕ
ϕ2−f2 dϕ. The parameter

Γ is labeled as “loss factor” (since it is multiplied by the
imaginary unit j in (1)) and is expressed in frequency units; it
determines how abrupt is the resonance, namely how narrow
would be the frequency interval at which the change in εQD(f)
happens. Finally, let us conveniently call the parameter fP a
“plasma” frequency which, as it is obvious from (1), makes
stronger the frequency-dependent part of the permittivity and
therefore enhances the resonance (smaller Γ, larger maxima
for Im[εQD(f)] and more abrupt variations for Re[εQD(f)]
close to f = fR). One can point out alternatively that fP
corresponds to a cross section of QD activity. A typical choice
is to assume loss factors and plasma frequencies much smaller
than the resonance frequency: Γ, fP � fR.

The quantum dots described by (1), whose parameters have
been defined and described above, are hosted by a background
medium with relative dielectric constant εhost as already
mentioned. If one implements the Maxwell-Garnett mixing
formula [21], [27] which takes into account the shape of the
inclusions: ε2(f)−εhost

ε2(f)+2εhost
= s

εQD(f)−εhost

εQD(f)+2εhost
, one obtains:

ε2(f) = εhost
2(1− 2a2)(1 + 2s)fP + π2(f − fR − jΓ)

2(1− 2a2)(1− s)fP + π2(f − fR − jΓ)
.

(2)
The ratio s is the filling factor of the quantum dots, namely
the percentage of the volume of the host medium that is
occupied by QDs. It can be checked that if s = 0% the
material is the same with the host: ε2(f) = εhost. It should
be stressed that one could use the Bruggeman’s model [28]
for averaging instead of the aforementioned homogenization
formula; however, we prefer to work with permittivities rather
than employing conductivities in our study.

III. PT-SYMMETRIC PAIRS

A. Parameters Variations and Description

The major purpose of this work is to provide the designer
with two sets of parameters (fR,Γ, fP ) and (a, s) determining
the quantum dots which hosted by a material with permittivity
εhost, lead to an effective medium ε2(f) behaving as the
PT counterpart of a specific metal (with dielectric constant
ε1(f)) at a specific frequency f (namely: ε2(f) = ε∗1(f)). In
order to retrieve this data, we perform a step-by-step adaptive
optimization (with greedy approach at each step) to achieve
ε2(f) = ε∗1(f) for each of the five metals (Copper, Aluminum,
Silver, Gold, Platinum) and for every single frequency f ,
with respect to the six parameters {fR,Γ, fP , a, s, εhost}
incorporated in (2). In particular, we are searching for the
optimal resonance frequency fR close to the current frequency
f since we need the sharp variations of εQD(f) close to the
frequency f under investigation, namely: f < fR < 1.1f . We
choose fR > f for reasons that will become obvious in the
following. As far as the frequencies (Γ, fP ) are concerned,
they are sought within a range like: 0.001f < Γ, fP < 0.2f .
We cannot admit Γ = 0 since: (i) the losses are inevitable and
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Fig. 2. The: (a) real and (b) imaginary parts of the permittivities of copper
(ε1(f)) and the two active materials (ε2(f)) that mimic the PT-symmetric
counterpart of copper at f = 500 THz and f = 700 THz, as functions of
operating frequency f .

(ii) if so, the problem becomes trivial. To put it alternatively,
if Γ = 0, both the real and the imaginary part of ε2(f) tends
to infinity for f → fR (Re[ε2] jumps from −∞ to +∞, while
Im[ε2] increases abruptly from a small positive value to +∞);
thus, every possible value of ε∗1 is crossed by the infinite jumps
of ε2(f) in the vicinity of f = fR. When it comes to the host
permittivity εhost and the ground state amplitude a, they can
vary within the aforementioned intervals: 1 < εhost < 15 and
0 < a2 < 0.5. The filling factor s cannot be very close to
unity otherwise the adopted Maxwell-Garnett approximation
is not valid; thus we assume: 0% < s < 50%.

The intervals of the input parameters defined above concern
only the first (initial) step of the greedy optimization. At
every single step the ranges become smaller based on the
variations of the previous step with the same number of points.
In this way, we trap the optimal solutions within shorter
and shorter value intervals which are more and more finely
chopped. If the best results are appeared on the upper or
lower limits of the initial ranges, we moderately expand them.
We do not claim that the followed optimization process is
the best for that kind of objective function defined as the
normalized relative difference between the permittivity ε2 and
the ideal PT-symmetric value ε∗1: |ε2−ε

∗
1 |

|ε2|+|ε∗1 |
(with optimization
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parameters {fR,Γ, fP , a, s, εhost}, constant f and specific
kind of metal). However, the average error that we obtain
(value of the objective function referred above) gets as low
as 0.005% without demanding high computational power. It
is therefore sensible to assume that with use of more advanced
computational grids and by adopting smarter optimization
techniques, one can achieve perfect PT symmetry for the
considered metals at particular frequencies.

The graphs from a typical/indicative execution of the afore-
mentioned optimization procedure are depicted in Figs. 2.
More specifically, we show the frequency-dependent variations
of the real (Fig. 2(a)) and the imaginary (Fig. 2(b)) parts of
the complex permittivities ε1 = ε1(f) of an ordinary metal
(copper in this particular case). We also illustrate the dielectric
behavior of the corresponding mixtures of quantum dots into
a host medium when they are approximating PT symmetry
at f = 500 THz (blue curve, orange light) and at f = 700
THz (red curve, violet light). It is clear that the conjugate
approximation (ε2 ∼= ε∗1) dictated by PT symmetry is well
achieved in the vicinity of the two considered frequencies by
the two active materials. This is the outcome of the resonances
which are occurring very close to the two selected frequencies
(fR = 510 THz for f = 500 THz and fR = 714 THz
for f = 700 THz). This substantial change in value happen-
ing at a resonance makes the frequency-resonating quantity
(permittivity in our case) to cover a huge range of values
within a very small interval of frequencies; therefore, one can
calibrate the rest of the model’s parameters to achieve an exact
equality of the quantity (ε2(f)) with the given value (ε∗1(f))
at the specific frequency f . The significant change in values
of Im[ε2(f)] may raise certain concerns related to the overall
character (passive or active) of the structure. If it operates at
a slightly higher frequency than the selected f , the imaginary
part of the active counterpart would be much larger than that
dictated by PT-symmetry; therefore, the operational frequency
should be carefully chosen otherwise the system would act as
a laser and lose its PT-symmetric (lossless) response.

It is due to this calibration that the resonance of the second
active material (at f = 700 THz) is broader (Γ = 0.005f
and fP = 0.084f ) than the resonance of the first material
at f = 500 THz, where: Γ = 0.001f and fP = 0.09f .
It is noted that since the real part of dielectric constants ε2
should always be negative (due to the plasmonic nature of
metals), the resonance frequency is always greater than the
frequency f of PT-symmetry. That is because the equality
ε2 = ε∗1 is feasible only across the decreasing negative part
of the variation Re[ε2(f)] which corresponds to f < fR (see
Fig. 2(a)). Additionally, the quantum dots of the first active
mixture (activated at f = 500 THz) are getting equally easily
energized (a = 0.14, i.e. closer to full inversion ) but occupy
much less space (s = 28%) than the corresponding QDs of the
mixture activated at f = 700 THz (s = 35%). As far as the
permittivities of the host medium are concerned, they are quite
high for both materials: εhost = 10 for the first and εhost = 8
for the second one, which can be searched within the family
of optical semiconductors [21], [29], [30], [31], [32].

As far as the stability of the system is concerned, it is
definitely an issue to be considered since the system involves

active elements. In [9], a related system was studied for
different purposes (cloaks modeling), and it was found that
it is always possible to design a specific dispersion of the
active and passive elements that guarantee full stability. For
this reason, we expect that, also for the structures involving
the aforementioned active media as PT symmetric twins of
ordinary metals, full stability for any finite input signal can be
achieved. The demand for stable system could play the role
of an extra constraint in the optimization formulation, which
would be the topic of a future work.

The results of the optimization technique described in
the previous paragraphs which correspond to PT-symmetric
relations as these indicated by Figs. 2, are presented in the
following. We think that there is not a contradiction between
large number (six) of input parameters {fR,Γ, fP , a, s, εhost}
which are swept in order to satisfy one complex condition:
ε2(f) = ε∗1(f). If the number of input parameters is the
same with the number of minimized objectives (deviations
from exact equalities), this does not necessarily guarantee
exact equalities unless we consider linear objectives (and even
in this case, not always). Furthermore, having many degrees
of freedom gives the designer the flexibility to conclude to
alternative solutions or introducing constraints related to the
input parameters (such as a high a in our case).
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Fig. 3. The necessary (normalized) resonant frequencies fR/f of the QDs
mixture to constitute a PT-symmetric medium for each metal at the considered
frequency f .

B. Main Results and Discussion

In Fig. 3, we show the (normalized) optimal resonance
frequencies fR/f of the QDs which are required in order
to build a PT-symmetric counterpart of the corresponding
metal (Copper, Aluminum, Silver, Gold, Platinum) as function
of operating frequency f . As indicated above, the resonance
frequency fR is always larger than f because only then the
variation of Re[ε2(f)] can take the necessary negative value
Re[ε∗1(f)]. Tuning the resonance frequency of the quantum
dots to a specific value is not a trivial procedure. However,
certain methods that can control the frequency response of
QDs have been reported [33], [34] and implemented [35].

In Fig. 4, the (normalized) optimal factors Γ/f determining
the losses in the corresponding QDs mixtures are shown for
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Fig. 4. The necessary (normalized) loss factors Γ/f of the QDs mixture to
constitute a PT-symmetric medium for each metal at the considered frequency
f .

various frequencies and metals. Very low-loss quantum dots
are employed regardless of the considered metal. Especially
for silver and aluminum the parameter Γ is extremely small
in the visible spectrum; such a feature is attributed to the
very small |Im[ε1]| for silver and the very negative Re[ε1]
and Im[ε1] simultaneously for aluminum. On the contrary, the
loss tolerance gets higher for copper and gold as the frequency
f increases and is overall substantial for the case of platinum.
Despite the fact that locating materials to create quantum
dots of small losses is a quite challenging task for, specific
techniques have been successfully utilized [36], [37].
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Fig. 5. The necessary (normalized) “plasma” frequencies fP /f (or cross
sections) of the QDs mixture to constitute a PT-symmetric medium for each
metal at the considered frequency f .

In Fig. 5, we represent the (normalized) optimal plasma
frequencies fP /f which should characterize QDs in order
to make a PT-symmetric pair for the regarded metals and
frequencies. This is not a very crucial quantity since its role
can get easily compensated by the loss factor Γ. As far as
the variations are concerned, we observe that PT-pair of the
platinum possesses the lowest fP which is due to the relatively
flat spectrum of its real permittivity as indicated by Fig. 1(a).
On the other hand, the higher fP is needed in the cases of
copper and aluminum, while gold and silver require moderate

plasma frequencies for their PT-symmetric siblings which on
average decrease with respect to f .
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Fig. 6. The amplitude associated to ground-state occupation a of the QDs
whose mixture (with a host material) constitutes a PT-symmetric medium for
each metal at the considered frequency f .

In Fig. 6, the necessary amplitudes associated to ground-
state occupation of the QDs a is depicted as function of
the operating frequency for all the considered cases. It is
remarkable that aluminum, despite the its huge losses (see
Fig. 1(b)), requires modestly inversed (small gain, large a)
quantum dots for its PT-symmetric pair, a feature that is related
to the very small losses of the corresponding mixture (see
Fig. 4). All the noble metals (and copper) demand very small
a for lower frequencies but such a request gets relaxed for
increasing f . When it comes to gold, it requires QDs mixtures
with small a both at low (red light radiation) and high (violet
light radiation) frequencies and can tolerate larger amplitudes
in-between (green light radiation). Selecting the amplitude a
of QDs at a given frequency is doable; in patricular, there are
plenty of active (emissive) elements and compounds which
can play the role of quantum dots and additionally certain
controlling processes are described in the bibliography [38],
[39], [40], [41].
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Fig. 7. The volume over volume concentration s (in percentage) of QDs
whose mixture (with a host material) constitutes a PT-symmetric medium for
each metal at the considered frequency f .

In. Fig. 7, we show the variation of the optimal filling
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factor s = s(f) (in volume over volume percentage) of the
quantum dots into the host material, a mixture which describes
the active medium, namely the PT-symmetric twin of the
regarded metal at frequency f . It is clear that PT-symmetry
does not demand very large concentration of quantum dots into
the host substance otherwise Maxwell-Garnett approximation
would not be valid. Most importantly, there are cases that
the necessary volume over volume ratio s falls below 35%
which means that the mixture can work as a well homogenized
medium. Gold needs less and less QDs to equalize their losses
as f goes toward ultraviolet (UV), while silver, aluminum,
copper and platinum (far from the violet spectrum) exhibit a
relative stability in terms of the required s.
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Fig. 8. The necessary (lossless) relative permittivity εhost of the medium
that hosts the QDs so that the overall mixture to constitute a PT-symmetric
medium for each metal at the considered frequency f .

In Fig. 8, we represent the permittivity εhost = εhost(f)
that the (lossless) host material of the PT-symmetric medium
should have for every single of the considered metals and f .
We note once again that the flattest curves are obtained for
aluminum and platinum, while silver and copper need much
different hosts for different frequencies.

It should be remarked that this study gives only the
optimal set of parameters {fR,Γ, fP , a, s, εhost} that make
ε2(f) = ε∗1(f) and does not examine if such combinations of
resonance frequencies (fR), loss factors Γ, plasma frequencies
fP , ground-state occupation degrees a, filling factors s and
host permittivities εhost are feasible at the specific operating
frequency f . Finding and fabricating actual active materials
that can achieve PT-symmetry for the commonly used metals
is a very ambitious target that is not addressed in the work
at hand. However, the presented results can be very useful
for the device designer since one can estimate how different
are the available combinations for QDs (fR,Γ, fP , a, s) and
hosts materials (εhost) from the ideal combinations given by
the graphs in Figs. 3-8.

Most importantly, the adopted process can be modified (and
that would be the objective of a future study) to return not
one, but multiple solution sets {fR,Γ, fP , a, s, εhost} which
correspond to an overall good performance (ε2 ∼= ε∗1). In
this way, one can relax the criterion of exact PT-symmetry
and select that solution which obeys better the availabil-

ity/cost constraints and the feasibility/integration limitations.
For example in Figs. 2, the presented variations of ε2(f) that
makes a PT-symmetric pair for copper at f = 500 THz and
f = 700 THz are different from those reported as optimal in
Figs. 3-8 (copper, red curves). This is an indication that there
are multiple feasible solutions to design PT-symmetric active
media for particular metals and frequencies. An additional
challenge would be not to find PT-symmetric pairs for one
frequency f but for a specific spectral range. That could be
also feasible if we relax further our demands for perfect PT
symmetry and employ higher computing power.

An objection that could be also raised regarding the pre-
sented study is to what extent the adopted classical model
(1), which ignores saturation and quantum phenomena, can
describe combinations of quantum dots. One can respond that
if the considered time frames are small enough (which may
be possible since we are referring to optical frequencies),
the active behaviors predicted by the classical model can
approximate relatively well the reality.

IV. SPECIFIC CONFIGURATIONS

Based on the remarks above, we assume that one can find,
at an optical frequency f , a suitable distribution of QDs
with characteristics (fR,Γ, fP , a) occupying a portion s of
the volume of a host medium with permittivity εhost, which
gives a dielectric response very close to the PT-symmetric
one of the considered metal. Therefore, we can proceed to
the demonstration of the response of PT-symmetric couple in
configurations that the role of passive electrode can be played
well by ordinary metals. In the following, we use the notation
k0 = 2πf

√
ε0µ0 = 2π/λ0 for the operational wavenumber

into vacuum (λ0 is the operational wavelength into vacuum).
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Fig. 9. The spatial distribution of the magnitude of the magnetic field
|Hz(x, y)| on the xy plane when a ẑ-polarized magnetic current is illumi-
nating at distance w = 0.05λ0 from: (a) a slab of metal with thickness d,
(b) a slab of the PT-symmetric pair of the metal with thickness d, (c) two
PT-symmetric slabs back-to-back each one with thickness d. Plot parameters:
copper, f = 600 THz, ε1 ∼= −4.3− 4.9j, d = 0.05λ0.
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A. The Case of Bi-layer

Since metals can easily be shaped into thin planar sheets
and active QD-enriched sheets can be deposited on them, the
configuration of a bi-layer [42], [43], [44] (two successive
layers of the same thickness d) fits well within our consid-
erations. Therefore, we consider two layers positioned back-
to-back parallel to yz plane (normal to the x̂ axis): one made
of the considered metal of dielectric constant ε1 and another
made of the corresponding mixture (with dielectric constant
ε2 = ε∗1) of quantum dots (permittivity εQD) hosted in a
suitable background medium (permittivity εhost). To obey
the PT-symmetry, the layers have equal thickness d and if
one assumes electrically small thicknesses, namely k0d � 1,
one obtains the following approximate formulas (via Taylor
expansion) for the reflection and transmission coefficients
respectively:

ρ =
k0d

2
√
u2 − 1

·[
u2
(
ε1 + ε2 −

ε1 + ε2
ε1ε2

)
+ 2− ε1 − ε2

]
, (3)

τ = 1− k0d

2
√
u2 − 1

·[
u2
(
ε1 + ε2 +

ε1 + ε2
ε1ε2

− 4

)
+ 2− ε1 − ε2

]
. (4)

The notation u = kt/k0 is used for the relative transverse
wavenumber that distinguishes the propagating (|u| < 1) from
the evanescent [45] (|u| > 1) waves.

The condition to have real reflection and transmission
coefficients for evanescent waves is to have PT-symmetry with
respect to the common surface of the two slabs. If ρ, τ ∈ R,
the magnitude of the evanescent waves along the common
boundary gets conserved and the overall field concentration
becomes enhanced [46]. In order to feed the structure with
evanescent waves, we use a magnetic current line source
located very close to the slab surface (at distance w = 0.05λ0).
As far as the metal is concerned, we choose copper working
at the green part of the visible spectrum (f = 600 THz)
at which ε1 ∼= −4.3 − 4.9j. For its PT-symmetric twin we
need, according to Figs. 3-8, a lossless medium [31], [32] with
εhost ∼= 6 which hosts quantum dots with moderate loss factor
Γ ∼= 0.01f and plasma frequency fP ∼= 0.22f [29], while
possessing a substantial ground state occupation corresponding
to a ∼= 0.3. The QDs should occupy s ∼= 40% of the volume
of the host material a dose with which the Maxwell-Garnett
formula [27] is valid.

In Figs. 9, we show the the spatial distribution of the (sole)
magnetic ẑ component |Hz(x, y)| with respect to the observa-
tion point (x/λ0, y/λ0), as evaluated by numerical simulations
(COMSOL Multiphysics), for three different configurations.
In Fig. 9(a) we have copper (metal) alone: an electrically thin
slab of copper with thickness d = 0.05λ0 is excited by the
aforementioned magnetic dipole. We can observe the blocking
effect of the metallic layer on the incident illumination dictated
by image theory. In Fig. 9(b) we have the active counterpart
(hosted QDs) alone and one can see the hot spots at the origin
and a mild enhancement of the field along the vertical bound-

ary reminding of surface plasmon polaritons. In Fig. 9(c), we
considered the proposed PT-symmetric structure (two back-to-
back electrically thin slabs of metal and active medium). The
enhancement is huge; much larger than the corresponding of
Fig.9(b), despite the fact that an equal amount of activity (i.e.
gain contribution of QDs) is used (the one imposed due to
the active slab with permittivity ε2 and thickness d). Most
importantly, the field gets concentrated across the separating
surface for many wavelengths λ0 along the ŷ axis which makes
this component suitable for wave steering and pattern tailoring.

B. The Case of Kissing Cylinders

Given the fact that metals are malleable and thus easily
shaped into wires, we are examining the configuration of
two kissing cylinders [47], [48] one of which is metallic.
In particular, two PT-symmetric cylinders (metal of dielectric
constant ε1 — left hand side and QDs-doped active medium
of dielectric constant ε2 = ε∗1 — right hand side) of the same
radius r are touching each other. The structure is illuminated
by a TM (magnetic field with sole ẑ component) plane
wave along an arbitrary angle. The boundary value problem
is analytically solvable [49], [50] and the solution can be
expanded to cover the anisotropic [51] and the spherical [52]
analogous; however, here we confine ourselves to numerical
simulations for brevity. This structure has been proposed [47],
[48], when both cylinders are metallic, to enhance surface
plasmon modes in the vicinity of the common point of the
two scatterers. Back in our study, we use a silver cylinder
(r = 0.3λ0) as the passive element at f = 600 THz where:
ε1 ∼= −7.8−0.78j and a mixture of QDs hosted by a material
with permittivity εhost ∼= 13 (semiconductors at the optical
frequencies [27], [30], [31], [32]) as the active electrode. The
quantum dots should have, according to Figs. 3-7, extremely
low losses (Γ ∼= 0.0007f) which constitutes a weak point in
terms of the system’s constructability [33] but, on the other
hand, the plasma frequency is ordinary [34]: fP ∼= 0.22f . The
QDs should get quite easily pumped to the excited state (small
a ∼= 0.05) and the filling factor is within the permissible limits
(s ∼= 40%).

In Figs. 10, we show the contour plots of the TM magnetic
field magnitude in dB (20 log |Hz(x, y)|) on the (x/λ0, y/λ0)
map, based on numerical simulations, for three different in-
cidence angles. In Fig. 10(a), the system gets excited from
the passive side (indicated by the wavy arrow) as in Fig. 9(c).
We note that there is an interesting field pattern around the
touching point which is comprised of two hot spots and two
dark arcs of very low field. The field enhancement is much
larger when the structure is illuminated from the active side
(Fig. 10(b)), while the relative distribution in the vicinity of
the singularity is very similar to that of Fig. 10(a). Such an
enhancement is natural because the active sibling is directly
fed in the latter case. An intermediate scenario is elaborated
in Fig. 10(c), where the plane wave comes from the bottom
and the PT-symmetric pairs are excited in a balanced and
symmetric way. One observes considerable field confinement
and focusing which can enable our structure to operate as
accumulator of photonic energy.
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Fig. 10. The spatial distribution of the magnitude of the magnetic field
20 log |Hz(x, y)| (in dB) on the xy plane in a configuration of two touching
PT-symmetric cylinders of radius r excited by a plane wave coming from: (a)
the side of the metal, (b) the side of the active medium, (c) the bottom side.
Plot parameters: silver, f = 600 THz, ε1 ∼= −7.8− 0.78j, r = 0.3λ0. The
wavy arrows show the direction of plane-wave illumination.

V. CONCLUSION

The characteristics of the frequency-dependent Lorentz-
Drude model of quantum dots when they are hosted by
a lossless background medium are optimally determined to
provide PT-symmetric siblings for a list of commonly utilized
metals at the optical frequencies. These optimal parameters
lead to active structures which in certain case are found to
be fabricable at least in an approximate sense. The obtained
PT-symmetric couples are used to elaborate specific device

configurations which are compatible with the metallic texture
and have a number of interesting features.

The next step to this study would be to modify the adapted
optimization procedure to give multiple candidate mixtures
of quantum dots from which the closest to the available
real-world active media would be selected. Furthermore, the
PT-symmetry objective can get slightly relaxed so that a
good result is achieved not at a sole frequency but across a
continuous spectral range. We believe that these outcomes,
starting from the presented results in this work, may inspire
further experimental and theoretical efforts in the emerging
field of parity-time engineering of photonic devices.
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